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BIOGRAPHICAL NOTE
Evcum, fl ¢ 300 BC,

Evcrip 1s saxd to have been younger than the first pupils of Plato but older
than Archimedes which would place the tume of Ius flourishing about 300 B ¢
He probably recerved hus early mathematical education 1 Athens from the
puptls of Plato, since most of the geometers and mathematicians on whom he
depended were of that school Proclus, the Neo-Platonst of the fifth century,
ssserts that Euchd was of the school of Plato and “intimate with that philos-
ophy " His opinton, however, may have been based only on his view that the
treatment of the five regular (“Platome”) solids m Book XIIT 1s the “end of
the whole Elements *

‘The only othe: fact concerming Fucld 15 that he taught and founded a school
at Alexandra in the time of Ptolemy I, who reigned from 306 to 283 B¢ The
evidence for the place comes from Pappus (fourth century A ), who notes
that Apollomus “spent a very long time with the pupils of Euchd at Alexan
dra, and 1t was thus that he acquired such & scientsfic habit of thought
Proclus elams that 1t was Ptolemy I who asked Euchd if there was no shorter
way to georetry than the Elements and recerved as answer “There 15 no royal
road to geometry "’ "The other story about Luchd that has come down from
antiquty concerns his answer to 2 pupll who at the end of s first lesson 1n
geometry asked what he would get by learniug such things, whereupon Euclid
called hss slave and saud “Give hum & comn since he must needs make gain by
what be learns ”’

Something of Euclid's character would seem to be disclosed 1n the remark of
Pappus regarding Euclid s “scrupulous fairness and us exemplary kindness
towards all who advance mathematical science to however small an extent ”
b ~

problem 1n conics
Euchd’s great work, the thirteen books of the Elements, must have become a
classic soon after publication From the time of Archimedes they are constant-
Iy referred to and used as a basic text-book It was recogmzed 1 antiquuty that
Eucld had drawn upon all hts predecessors According to Proclus, he “collect-
ed many of the theorems of Eudoxus, perfected many of thoee‘.of;fheatem‘s,
v v PR L sl o o

nsmons (of figures), the Opfics and the Phenomena, a treatise on the geometry
of the sphere for use 1 astronomy His lost Elements of AMfusic may have pro-
wided the basis for the extant Sectio Canons on the Pythagorean theory of
musie Of lost geometrical works all except one belonged to higher geometry
Since the later Greeks hnew nothing sbout the hife of Euclid, the medieval
x



< BIOGRAPHICAL NOTE

translators and editors were left to therr own devices He was usually ealled
Megarensis, through f with the philocopher Eucleides of Megara,
Plato’s contemporary The Arabs found that the name of Euelid, which they
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who has not learned the Elements of Euchid,” thus transfernng the inseniption
over Plato’s Academy to all scholastic doors and substituting the Efements for
geometry
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BOOK ONE

DEFINITIONS

1 A pownt 1s that which has no part
2 A line 13 breadthless length
3 The extremities of & hne are ponts
4 A straight hine 15 & Iine which hes evenly with the pomnts on itself
5 A surface s that which has length and breadth only
6 The extremities of a surface are lines
7 A plane surface1s o surface which lies evenly with the strmight hnes on1t-
sell
8 Aplaneangle1s the melination to one another of twoliesn a plane which
meet one another and do not hie 1n 2 straight line
9 And when the lines containing the angle are straight, the angle 1s called
rectilineal
10 When a straight line set up on a straight Iine makes the adjacent angles
equal to one another, each of the equal angles 1s right and the straight line
standing on the other 13 called & perpendicular to that on which 1t stands
11 An obtuse angle 13 an angle greater than a night angle
12 An acute angle 1s an angle less than a nght angle
13 A boundary 18 that which 1s an extrerty o‘f anything
PP e '

equal to one another,

16 And the pomt 1s called the cenire of the aircle

17 A dwameter of the circle 1s any straight Iine drawn through the centre and
termuinated 1n both directions by the cireumference of the circle, and such &
straight hine also bisects the ewrele

18 A semucyrcle 13 the figure contamed by the diameter and the ctrcumfer-
ence cut off by 1t And the centre of the semcircle 13 the same as that of the
arcle

19 Rectilineal figures are those which are contained by straight lines, trilat-
eral figures being those contamned by three, quadrilateral those contarned by
four, and multilateral those contained by more ths:n four straight knes

on e " e U

L IO S,



2 EUCLID

22 Of quadnlateral figures, a square 15 that whach is both equilatera! and
nght angled, an oblong that which 1s nght-angled but not equilateral, a rhom-
bus that which 1s equilateral but not nght angled, and a rhombord that which
has 1ts oppostte sides and angles equal to one another but 1s neither equilateral
nor nght-angled And let quadnlaterals other than these be called trapezia

23 Parallel straight hnes are straight hnes which, being m the same plane
and being produced indefimtely 1n both directions, do not meet one another 1n
either direction

POSTULATES

Let the following be postulated

1 To draw a straight hne from any pomt to any pont

2 To produce a fimte straight line continuously 1n a straight line

3 To desenbe a circle with any centre and distence

4 That all nght angles are equal to one another

5 That, if a strught hne falling on two straight nes make the mteror an-
gles on the same side less than two night angles, the two strught Ines, 1f pro-
duced indefimitely, meet on that side on whieh are the angles less than the two
nght angles

COMMOX NOTIONS

1 Things which are equal to the <ame thing are als0 equal to one another

2 If equals be added to equals, the wholes are equal

3 If equals be subtracted from equals, the remainders are equal
[7] 4 Things which comneide with one another are equal to one another
[8] 5 The whole 1s greater than the part

BOOK I PROPOSITIONS

ProrostTion 1
On a guen fintle straight line to construct an equilateral inangle
Let AB be the miven fimte straight line
Thus 1t 18 required to construet an equr-

C.
lateral tnangle on the straight e AB
Wiith centre d and distance 4B let the
arele BCD be descnibed, {Post 3)

agan, with centre B and dsstance BA let
the circle ACE be described [Post 3)
and from the pont C,1n which the circles
cut one another, to the pomnts 4, B let the
straight hnes CA, CB be jouned  [Post 1]
Now, since the pont A 1s the centre of the aircle CDB,
AC1»equal to AB [Def 15)
Agan, ance the point B 15 the centre of the circle CAE,
BC 13 equal to BA [Def 15]
But €A was alwo proved equal to 4B,
therefore each of the straight hnes CA, CB 15 equal to 4B
And things which are equal to the same thing are slso equal to one another,
therefore CA 15 also equal to CB NI}
Therefore the three straight knes CA, AB, BC are equal to ope another
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Theglflore the t:angle 1%0 1s equilateral, and 1t has been constructed on the
te st t hin . .
given Anile straig] e (Being) what 1t was required to do

Prorosrrioy 2

To place at a gien posnt (as an extremity) a strawght line equal (o q grren
straght line

Let 4 be the given pomnt, and BC the given straight hine

Thus 1t 15 Tequired to place at the pont 4 (as
an extremuty) & strmght hne equal to the gnen
straight line BC

From the pomt 4 to the pomt B let the straight
line AB be joined, [Post 1]
and on 1t let the equilateral tnangle DAB be con-
structed [r 1]

Let the straight lineg AE BF be produced n a

straight hne with DA, D. [Post 2]
with centre B and d.\,stance BC let the circle CGH
be described, Post 3}
and agmin with centre & and distance be let the eircle GAL be desenbed
[Post 3]
Then since the pomnt B 1s the centre of the circle CGH,
B( 15 equal to BG
Agamn, since the pownt D 1s the centre of the circle GKL,
DL 1s equal to DG

And 1n these DA 1s equal to DB,
therefore the remamder AL 1s equal to the remamder B@ [CN 3]
But BC was also proved equal to BG,
therefore each of the straight hnes AL, BC 13 equal to BG
And things which are equal to the same thing are also equal to one another,
[eN 1)
therefore AL 13 also equal to BC
Therefore at the given pomt 4 the straight Ime 4L 1s placed equal to the

given strught lme BC {Bemg) what 1t was required to do

ProrosITION 3

Gueen tiwo unequal straight lines, to cut off from the greater a straght line
equal to the less
Let AB, C be the two given unequal straight
lmes and let AB be the greater of them
—_t Thus 1t 1s required to cut off from A B the greater
a straight line equal to ¢ the less
0, At the point 4 let AD be placed equal to the
straight me C, 2]
and with centre 4 and distance AD let the cu-cle
B DEF be described [Post 3]
Now, since the pount 4 1s the centre of the czm)e

/ DEF,
AE s equal to AD [De



4 EUCLID

But € 15 also equal {0 AD
Therefore each of the straight hines AE, € 1s equal to AD,
50 that 4 E 15 also equal to ¢' [cN 1]
Therefore given the two straight hnes AB, C, from 4B the greater AE has
been cut off equal to € the less
(Being) what 1t was required to do

Prorosrrion 4

1f two triangles have the two sides equal to bwo sides respecliely and have the an
gles contained by the equal straight lines equal, they will also have the base equal lo
the base the truangle will be equal to the lrtangle and the remainang angles will be
equaltothe hich the equal sides sublend
Let ABC, DEF be t“o trmnglcs has mng the two sides AB, AC equal to the
two sides DE, DF respectively, namely AB to DE and AC to DF, and the an-
gle BAC equal to the angle EDF

I 52y that the base BC 15 also equal to the base EF, the tnangle ABC will be
equal to the tnangle DEF, and the remaming angles will be equal to the re-
those which the equal sides subtend that

and the angle ACRB to the sngle DFE

ed to A 0

the tniangle DEF
andf the point 4 be placed on the point D
and the straight lme AB on DE,

then the pomnt B will also comade with
E because AB 1s equal to DE 3 +

Apgamn AB coinciding with DE, B £
the straight lme AC will also comeide with DF, because the angle BAC 1s equal
to the angle EDF
hence the pont €' will also comede with the pomnt F, because AC 1s agamn
equal to DF

But B also comeided with E

hence the base BC wll comerde with the base EF

[For1f when B coinades with E and € with F, the base BC does not coincide
with the base EF two straight lines will enclose & space which 1s impossible

Therefore the base BC will comerde with EF) and will be equal to1t [CN 4]
Thus the whole tnangle ABC will comeide with the whole tnangle DEF, and
will be equal to tt

And the remaining angles will also comnede with the remanmg angles and
will be equal to them,

the angle ABC to the angle DEF,
and the angle ACB to the angle DFE
Therefore ete
(Being) what 1t was required to prove

Prorostion 5

Inusoscelesirianglestheangles at the base are equal to one another and, +f the equal
slraaght lines be produced further, the angles under the base wall be equal to one

anol
Let ABC be an 1sosceles tnangle having the nde AB equal to the side AC,
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and let.c the straight hues BD, CE be produced further in a straght hme with
[Post 2}
I say that the angle ABC is equa) to the angle ACB, and the angle CBD to
the angle BCE
Let a pont 7 be taken at random on BD,
(mm AEF the greater let 4G be cut off equal to AF the

and let the straight hwes FC, GB be jomed fPost 1f
Then, smce 4 15 ¢qual to 4G and 48 to AC,
the two stdes FA, ACare equ:zl 10 the two sdes

v t
and the tnangle AFC 13 equal ta the tnongle AGB,
and the remanipg angles will be equal to the remanng angles respectively,
narmely those which the equal stdes subtend
that s, the angle ACF to the sngle ABG,
and the angle AFC to the angle AGR It 4
And, since the whole AF 3s equal fo the whole AG,
and i these AB13equal to AC,
the remaader BF 15 equal to the remmnder (C
But FC was also proved equal to 68,
therefore the tno sides BF, FC are equal to the twa sides G, OB respectively,
i . v v

A « mma PP N

AL e LLAE LU ROLIE LU N Bty W Ba dUgIL Gl
the remaung angle ABC 15 equal ta the remaming angle ACB,
aud they are at the base of the tmangle 4 BC
But the angle FAC was alse proved equal to the angle GCB,
and they are under the base
Therefore ete QED.

PROPOSITION G
If 21 a traangle tros anples be equal bo one arother, the sudes wheh subtend the egual
angles w1l alse be equal to one onother
Let ABC be a tnangle haviog the angle ABC equal to the angle ACS,
1 say that the side 45 1s alsa equal to the srde AL
A For, if AB 13 unequal to AL, one of them 18 greater
o Tet AR be preater, and from A58 the grester let DB be cut
off equal to AC the Jess,
et D be jomed
Then, sxace DB 1s equal Yo AT,
) [ and BC 55 comnton,

-~
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the two sides DB, BC are equal to the two sides AC, CB respectively,

and the angle DBC 1s equal to the angle ACB,

therefore the base DC 1s equal to the base AR,

and the tnangle DBC will be equal to the tnangle ACB,
the less to the greater
which 18 absurd
Therefore AB 1s not unequal to AC,
1t 1s therefore equal to 1t

Therefore ete QED

ProrosiTioON 7
Guen two straight hines constructed on a straight line (from tts extremilres) and
5 o Ter te .

same exuenmity win i
For, if possible, given two straight hines AC, CB constructed on the straight
Ine AB and meetmng at the pomnt C, let two other straight
hnes AD, DB be constructed on the same straight line [
AB, on the same side of 1t, meeting i another pomt D
and equal to the former two respectively, namely each to
that which has the same extremity wath 1t, so that CA 15
equal to D4 which has the same extremity A with 1t, and
CB to DB which has the same extrermty B with 1t, and let A B
CD be joined
Then, since AC 1s equal to AD,

D

* o [r 8

Agam, since CB 1s equal to DB,
the angle CDB 13 also equal to the angle DCB
But 1t was also proved much greater than 1t
which 13 impossible
Therefore ete QED

Prorosrrion 8

If two trigngles hate the two sides equal to two sides respectively and have also the
base equal to the base, they will also hate the angles equal which are contained by
the equal straight Lines

Let ARC, DEF he two tnangles having " G g
the two sides AB, AC equal to the two sides
DE, DF respectively, namely AB to DE, and
AC to DF, and let them have the base BC
equal to the base EF, C F

1 say that the angle BAC 1s also equal to B !

the angle EDF
e ene A ! * 777, andf the pomnt B
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because BC 15 cqual to BF
Then, BC comerding with LF,
B4, AC wili alsa cowesde with £D, DF,
for, if the base BC comerdes with the base £, and the udes B4, AC do not
comerde with £0, DF bat fall besrde them as £G, G
fhen, given two strught dwes constructed on a strmght Yne {from sts ex-

But they cannot be so constructed igks]
Therefore 1t 13 not possble that of the base BC be apphed to the base EF,
the sides B4, AC should not comerde with £D, DF,
they will therefore comerde,
s0 that the angle BAC will also canaide wath the angle EDF, and will be equal
tot
f therefore etc 4ED
Prorosiiow 9
To beseet o gaven rectilineal angle
A Leét the angle BAC be the given reetiines! angle
Thus 1t 1s required to bisect 1t
Let o pomnt D be taken at random on 43,

o et AE be ent; off from AC equal to A D fr 3
£ et DE be jomed, and on D let the eqmiateral tnangle DEF be
constructed,
g f ¢ let AF be jomed

1 say that the angle BAC las been bisected by the strught hne AF
For, smce 4D 15 equal t0 AR,
and AF 18 comraon,
the two mdes DA, AF sre equal 10 the two sides BA A4 F respeetively
And the base DF 1s equsl to the base BF,

therefore the angle DAF 1s equal to the angle ZAF Ir 8
Therefore the gaven rectihunea) angle BAC has been bisected by the strught
hoe 47 QEF

Prorosirion 10

T biscet @ gseen fimite straght line
Let AB be the mven finrte straight line
Thus it 13 required to bisect the fmite strasght e 4B
Let the equilateral triangle 4 BC be constructed on 1t v 1
S and lat the angle ACB be lisected by the strarght lmei
i

C.

I say that the strasght line AB has heen bisected at
the powat D

For smnce 4C 1s equal to OR,

and CD 18 tomrmoy,
the two sules AC, CD are equal to the tv o sides BC, CD
A L 8 respectively,
and the angle ACD 1s equal 1o the angle BCD,
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therefore the base AD 1s equal to the base BD [t 4)
Therefore the given fimite straight hne AB has been bisected at D Q B F

ProrostrioN 11

To draw a straight line at right angles to a given straght line from a gwven
pontonat

Let AB be the given straight line, and € the given pomt on 1t

Thus 1t 15 required to draw from the pomt C a straight line at nght angles to
the straight lme AB

Let a pomt D be taken at random on 40, F

let CE be made equal to €D,  [r 3]
on DE let the equlateral tnangle FDE be con-
structed, Ir1

and let FC be jomed,

1 say that the straight hne FC has been
drawn at night angles to the given straight Ine +
AB from C the given pont on 1t

For, siee DC 15 equal to CE,

and CF 15 common,
the two sides DC, CF are equal to the two sides EC  CF respectively,
and the base DF 1s equal to the base FE,
therefore the angle DCF 1s equal to the angle ECF, [r 8
and they are adjacent angles

But, when a strmght line set up on a straight line makes the adjacent angles
equal to one another, each of the equal angles 1s nght, [Def 10}

therefore each of the angles DCF, FCE 1s nght

Therefore the straight hne CF has been drawn at night angles to the given
straight hne AB from the given pomnt C on 1t QEF

] 3 3 B

ProrosiTion 12

To a quen tnfinite strawght line, from & guen pownt which 18 not on 1t o draw ¢
perpendicular straght line

Let AB be the given infinite straight hne,and € the given pomnt which 1snot
on 1t
thus 1t 13 required to draw to the given infimite straight hne A B, from the given
pouwnt € which 1s not on 1t, a perpendicular
straight line

For let 2 pont D be taken at random
on the other side of the straight ine AB,
and with centre C and distance CD let
the aircle EFG be descnbed [Post 3}
let the straxght ine EG be bisceted at H,

It 10)

and let the straight lines CG, CH, CE be
Jom [Post 1}

1 say that CH has been drawn perpendicular to the given infinite straight
line AB from the gnven pont C which 13 not on it

For, smee GH 13 equal to HE,

and HC 13 common,

F
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the two sides GH,‘H.C are equil to the two sdes EH, HC respectively,

[Def 10}
Therefore CH has been drawn perpendicular fo the given wfinste straught
hne A8 from the given pomt € which 13 not on 1t QEF

FrorosiTiov 13
Tf 8 strasght hine set up on a strasght line make angles, 1t wrll moke exther tico right
angles or angles equal to two right angles
For let any straight hoe AH set up on the straight hine €D make the angles
CBA, ABD,
Tsay that the angles OB4, ABD sre either two nights angles or equal to two

£ night angles
A Now, if the angle CBA 1s equal to the angle ABD,
they are two nght angles Def 30}

But, if not, let BE be drawn from the pomnt B at
5 & nght angles to CD, g

~ee onnn . s

theretore the angles (A&, LB are equal to the three angles (BA, Abk,
ERY a2
Agaug, since the angle DB4 5s equal to the two angles DBE, EBA,
let the angle ABC be added to each,
therefore the angles DRA, ABC are equal to the three angles DBE, EBA,
48C ICN 23
But the angles CBE, EBD were also proved equal to the same three angles,
and things which are equal to the same thing are also equal to one anot\her
fCN 13
therefore the angles CBE, EBD are also equal to the angles DBA, 4BC
But the angles CBE, EBD are two nght angles
thetefory the sngles B4, ABC are also equal to two nght angles
Therefore gte QED

Prorostrion 14

If ymth any elroaght e, and o2 5 powt on sl {00 tiraghtl lines vat bypng an the
came mde make the adjacent angles equal to two right angles, the two straight haes
il be 1n ¢ sirawght line with one another

For with any straight hine AB, and at the pomt B onit let the two strght
lnes BC, BD not Iy ing on the same side mahe the adjacent angles 4BC, 4BD
equal ta two nght angles,

I say that BD 131w & straght hne wath C8
c For, if BD 15 not 1 a straught kne with BC, let BE be 1o a strught hne with

R
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Then, since the straght line 4B stands on the straight hne CBE,
the angles ABC, ABE are equal to two night angles [r 13]
But the angles ABC, ABD are also equal to two 3
right angles, A
therefore the angles CBA, ABE are equal to the

angles CBA, ABD [Post 4and CN 1]
Let the angle CBA be subtracted from each, B o
therefore the remaming angle ABE 1s equal to the remaining angle ABD,

[cN 3
the less to the greater which 1s impossible
Therefore BE 1s not 1n a straight line with CB
Similarly we can prove that nerther 1s any other straight line except BD
Therefore CB 15 1n a straight hine with BD
Therefore ete QED

ProrosiTION 15

If two strarght lines cut one another, they make the tertical angles equal to one
another
For let the straight hines AB, CD cut one another at A

the pont E,
I say that the angle AEG 1s equal to the angle DEB,
and the angle CEB to the angle AED o

lin

angies Any, VLD,
the angles AED, DEB are equal to two nght angles [r 13]
But the angles CEA, AED were also proved equal to two nght angles,
therefore the angles CEA, AED are equal to the angles AED, DEB
(Post 4and CN 1)
Let the angle AED be subtracted from each,
therefore the remaining angle CEA 1s equal to the remawmung angle BED
[CN 3]
Similarly 1t can be proved that the angles CEB, DEA are also equal
Therefore ete QED
[Porism From thisit 1s manifest that, if two straight Lines cut one another,
they will make the angles at the potnt of section equal to four nght angles |

ProrostrioN 16
In any triangle, +f one of the sudes be produced, the exterior angle 18 greater than
etther of the wnterior and opposile angles
Lct ABCbea tnangle and let one side of 1t BC be produced to D,
a et * 7713 greater than either of the intenor and

" and let BL be jomed and produced tn a
straight hoe to F,
let EF be made equal to BE, [r 31
let FC be jowned [Post 1], and let AC be drawn through to G [Post 2]
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Then, since 4F is equal to EC, and BE to EF,
the two sides AZ, EB sre equal to the two ades CF, EF respeetively;
a r  and the angle AEB is equal {o the angle FEC,
for they are verhiral angles ir 15)
Therefore the base 4B 1s equal to the base FC,

3 and the tnangle A BE s equal o the triangle CFE,
and the remamng angles are equal to the remam-
ing angles respectively, namely, those which the

g 5 B equal sides subtend; o4
therefore the angle BA K is equal to the angle ECF
But the sngle ECD is greater thun the angle

ECF; . N3
§ b - ' agle ACD
Therefore ete. ' QED

Prorostriow 17
In any triangle two angles taken logether in any manner are less than two
right angles
et ABC be a {riangle;
1 say that two angles of the triangle ABC taken together 1 any manner are
A fess than txwo nght angles
For let BC be produyced to D {Post 2,
Then, simce the angle ACD 18 an exte
nor angle of the 4riangle ABC,
1t 16 greater than the intenor and opposite
5 aegle ABG {t. 18}
Let the ongle z‘lCE be added to each,

Prorosirion 18
In any triangle the greater side subtends the 'yrealle'r angle . g
P . . i
‘ . AB, let AD
by . Lt d let BD be
jomed .
“I'hen, swace the aaple ADB is an exterior
angle of the triangle BCD,,
3t 15 greater than the wkerior and opposite
g < angle DCB [ 1]
But the angle ADB s equal to the angle ABD,
ance the ade AB 15 equal to AD; ’



12 EUCLID

therefore the angle ABD 15 also greater than the angle ACB,
therefore the angle ABC 13 much greater than the angle ACB
Therefore etc QED

Pon-

In anw s
1 v tuan the angle BOA;
T W~ than the side AB
¥ L us eccher equal to A5 ar less A
Now AC 1s not equal to 4B,
for then the angle ABC would also have been equal to the angle B
ACB, ix 8]
but 1t 13 not,
therefore AC 15 not equal to AR e
Neither 13 4C less than 4B,
for then the angle 4 BC would also have been less than the angle ACB, {1 18}
but 1t 1s not,
therefore AC 13 not Iess than AB
And 1t was proved that 1t 1s not equal exther
Therefore AC 18 greater than AB
Therefore ete QED

Prorostriow 20
In any triangle two sides tahen together wn any mdanner are greater than the re-
mamng one
For let ABC be a tnangle
I say that i the tnangle ABC two sides taken fogether w any manner sre
greater than the remmning one, namely
BA, AL greater than BC,
AB, BC greater than 4C,
BC, C4 greater than AB
For let BA be drawn through to the pomt D, let D4 be made cqual to €4,
and et D¢ be Jommed
Then mince D4 1s equal to AC, 2
the angle ADC 15 nlso equal to the angle ACD [t 5}
therefore the angle BCD 13 greater than the angle ADC

{CN 5

And, since DCB 13 a tnangle having the angle BCD greater
than the angle BOC, &
and the greater angle 13 subtended by the greater side, [t 18]

therefore DB 1 greater than BC
But D4 1s equal to AC,
therefore BA AC are greater than BC

Sumlarly we can prove that 4B, BC are algo greater than CA, and BC, C4
than A8

Therefare et¢ agp

Provostriov 21
If on one of the sides of @ Lriangle, from als extremties, there be constructed fwo
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sraight lines meeling within the triangle, the straght lines so constructed woill be
Yess than the remnrrung two sides of the triangle, but trall tontazn & greater angle

On BC, one of the udes of the tnangle ABC, from its extremuties B, C, let
the two straight hues BD, DC be construeted meeting within the tniangle;
1say that BD, DO nre Joss than the remumng 1o sides of the tnangle BA,
AC, but contaw an angle BDC greater than the angle BAC,
4 For let 8D be drawn through to £
Then, smee in any tnangle two sides are greater
20]

fr
the two aides 4B,
Let AL be saded to eaLh,
g T therefore B4, 40 are gr'eaf_gr than BE, EC

therefore CE, EB are greater than CD, DB
But BA, AC were proved ireater than BE, EC,
therefore BA, AC are much greater than BD, DO
Agaan, since in any tnangle the exterior sngle 18 greater than the interor
and oppostte angle, {r 16}
therefore, in the tnangle CDX,
PP KR

. e

Therefore ete QEp
Propostriow 23
Out of three strarght bines, tohack are equal B threr guen straaghi ines o construct
a triangle thus it 1s necessary that two of the strawght lines laken together 17 any
manner should be greafer than the remamtng one {r 208
Let the three miven straight hines be 4, B, £, and of these let two taken to-
gether 1n any manner be greater than the remaimng one,

namely A, B greater than €,
A, C greater than B, o
znd B, C greater thag 47



1 EUCLID

and let DF be made equal to 4, PG equal to B, and GH equal to C [t 3]

With centre F and distance FD let the circle DKL be descnibed,

agamn, with centre G and distance GH let the circle KLH be desenbed,

and let KXF, KG be jomed,

1 say that the tnangle AFG has been constructed out of three straight lines
equalto 4, B, C

For, mnee the point F 1s the centre of the eircle DKL,

D 15 equal to FK
But FD s equal to 4,
therefore KF 15 also equal to 4
Again, sinee the poini G 1s the centre of the aircle LKH,
GH 15 equal to GK
But GH s equal to €,
therefore KG s also equal to C

And FG 15 also equal to B,
therefore the three straight hines KF, FG, GK are equal to the three straight
Iines 4, B, C

Therefore out of the three strasght hines KF, FG, GK, which are equal to the
three given straight hnes 4, B, C, the tnangle XFG hag been constructed

QEF
Prorosmriov 23

On a gren straight line and of a pownt on 1f to construct a rectilineal angle equal fo
a guen vecitlineal angle

Let AB be the gven straught hine A the pont on 1t, and the anglo DCE the
given rectibineal angle,

thus 3t 18 required to consiruet on the gmien straight hine AB, and at the
pomt A on it, a rectihineal angle equal to the guen rectitneal angle DCE

<]
¥

13
A G B
On the straght bnes €D, OF respectineh lot the ponts D, E be taken a4
random,
let DE be jomed,

el
¥ and the base DE 13 equal to the hase F,
the angle DCL 1s equal to the angle FAG r 8
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Therefore on the given straight hme AB, and at the pant 4 on 1t, the recti~
Lineal angle FAG has been constructed equal to the given rectibneal angle
DCE QEP

Prorosiriov 24

. a ' . y P .

Let ABC, DEF be two trisngles having the tvwo sdes 4 B, AC equal to the
two sides DE, DI resperinely, namely AB to DE, and AC to DF, and let the
angle at A be greater than the augle st D,

1 say that the base BC s also greater than the base EF

A [ For, smee the angle BAC is greater

than the angle EDF, let there be con-

structed, on the strasght hine DZ, and at
the powtt D on 1, the angle EDG egual to
the angle BAC; {r 23
& let DG be made equal 1o either of the tvo

¢ @ ¥ straght hnes AL, DF, apd let EG, FC he

”

jomed
Then, since AB 15 equsl to DE, and AC to DG,

Agan, smee DF 13 equal to DG,

EGF,
and the greater angle 19 subtended by the greater side, fr 19}
the side EG 15 also greater than EF
But £G 15 equal to BC
‘Therefore BC 13 also greater than EF
Therefore ete QED

Prorosiriov 25

If teo triangles have the two sides equal to {uo swdes respeatualy, but have the base
greater than the base, they w2l also hove Ihe one of the angles contained by the equal

straight linea greater than the other
e . ' tes TfT *Tequal o the

°, and et the

Now the angle BAC 1 not equal to the angle ZDF, for then the base BC
would al0 harve been equal to the base EF, fr4
but it s not,
therefore the angle BAC 13 not equal to the angle EDF,
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Neither agam 13 the angle BAC less than the sngle EDF, for then the base
BC would also have been less than the base EF, fr 211
a 9

8 [ F
but 1t 18 not, therefore the angle BAC 1s not less than the angle EDF.
But 1t was proved that 1t 1s not equal erther,
therefare the angle BAC 18 greater than the angle EDF

Therefore ete 2ED
Provositron 26

v - . B . . PR
remaining Sides and the angle to the angle

T4 APA mem 4 4 Fadies 1 A PR .
1 . '
1 T .
e . '

stdes respectively, namely AB to DE and AC to DF, and the remawung angle
to the semaiming angle, namely the angle BAC to the angle BDF

B

(23

1] S E F

For, of AB1s unequal to DE, one of them 19 greater
Let 1B be greater and et B be made equal to DE, and let GC be joined
Then, smnece BG 1s eyual to DE and BC to EF,
the twa stdes OB, HC are equal to the two sides DE, EF respectinely,
and the angle GBC 15 equal to the angle DEF,
therefore Ahe base GC 18 equal to the base DF,
and the tnangle GBC 1s equal to the tnangle DEF,
aud the remaunng 2ugles will be equal to the remaming angles, namely those
shich the equal sides subtend, it 4
sy o -

But the ar

.
Therefore AB 13 not unequal to DI

and 1s therefore equal to st
But BC 18 ko equal to EF,
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therefore the two mdes AB, BC are equal to the two sides DE, EF res-
pectively,
and the angle ABC 1s equal to the angle DEF,
therefore the base AC 1s equal to the base DF,
e '

namely AC to DF and BC to EF, and further the remammng angle BAC 13 equal
to the remaming angle EDF

For, if BC 15 unequal to EF, one of them 1s greater

Lf;fi BC be greater, 1f possible, and let BH be made equal to EF, let AH be
10100

Then, stnce BH 1s equal to EF, and AB to DE,
the two sides AB, BH arc equal to the two sides DE, EF respectn ely, and they
contain equal angles,

therefore the base AH 1s equal to the base DF,
and the tnangle ABH 1s equal to the tnangle DEF,

and the remaining angles will be equal to the remammng angles, namely those
which the equal sides subtend, . r 4]

s [ATASN

and opposite angle BCA
which 15 1mpossible [r 16)
Therefore BC 15 not unequal to EF,
and 15 therefore equal to 1t
But 4B 1s also equal to DE,
therefore the two stdes A B, BC are equal to the two sides DE, EF respectively,
and they contain equal angles,
therefore the base AC 1s equal to the base DF,
the triangle ABC equal to the tnangle DEF,
and the remawmng angle BAC equal to the remammg angle EDF 1 4]
"Therefore etc QED

Prorosrriov 27

If a strarght line falling on two strarght Iines make the allernate angles equal to one
another, the straxght Lines will be parallel to one another
For let the straight hne EF fallng on the two straight lines AB, CD make
the alternate angles AZF, EFD equal to one another,
A € e 1 say that AB 1s parallel to CD
For if not, AB CD when produced will ment
G erther in the direction of &, D or towards A, ¢
& 5 Let them be produced and meet, 1 the dirpe.
tion of B, D, at G
Then 1 the triangle GEF,
the exterior angle AEF 13 cqual to the intenor and opposite angle EFG
which 1s impossible {t 16l
Therefore 4B, CD when produced will not meet 1n the direction of B, P
Simularly 1t can be proved that neither will they meet towards 4, €
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But strasght lines which do ot meet 1 either direction are parallel;

{Def 23}
therefore A B 1s parallel to CD
Therefore ete QED
Prorosrrion 28

If @ straght line faling on hiro straxght bines make the exlerror angle equal fo the
interior and opposile angle on the same side, or the intertor angles on the same side

equal to two right angles, the strarght lines w1l be parallel lo one another
For let the straight ine EF falling on the two straght lines 48, CD male
< San e s T . Pt

For, sunce the zméle EGB 15 equal to the angle Y
GHD, A B
while the angle EGB 1s equal to the angle AGH,
1 15} H
the angle AGH 13 also equal to the angle GHD, © i
and they are alternate, ¥

therefore AB 1s parallel to CD {r 271
Agam, since the angles BGH, GHD are equal to twa night angles, and the
angles AGH, BGH are also equal to two night angles, fr 13}
the angles AGH, BGH are equal to the angles BGH, GHD
Let the angle BGH be subtracted from each,
therefore the remaiming angle AGH 15 equal to the remammng angle GHD,
and they are alternate,
therefore A B s parallel to CD fr 27)
Therefore efe QED]

Prorosrrion 29

A straght line falling on parallel straight ines makes the allernate angles equal lo
one anather the exterior angle equal to the tnlertor and opposile angle, and the in-
fertor angles on the same side equal fo fico rght angles

For et the strmight Line EF fall on the parallel straight hnes AB, CD,

1 say that 1t makes the alternate angles AGH, GHD equal, the extertor nngle
EGB equal to the mtenor and oppostte angle GIID and the interior angles on
the same side, pamely BGH, GHD equal to two night angles

For, if the angle AGH 1s unequal to the angle
GHD, one of them 13 greater

Let the angle AGH be greater A G B

Let the angle BGH be added to each,
therefore the angles AGH, BGH are greater than the

\3

angles BGH, GHD c i 0
But the angles AGH, BGH are equal to two night
angles, Ir 131 f

therefore the angles BGH, GHD are less than two nght angles
But straght lnes produced indefimtely from angles less than two night an-
gles meet, {Post 51
therefore AB, CD, of produted indefinitely, will meet,
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but they domot = & Bemn cndln cor B bt oL
Therefore the angle £

Agam, the angle AGH 1s equal to the angle EGB, [r 15
Chlass e O T
D ICN 2}
{r 13}
therefore the angles BGH, GHD are also equal to two nght angles
Therefore ete eED
Prorpostrrox 30

Strarght lines parallel {o the same strawght line are also parallel to one another
Let each of the straight lines 4B, CD be parallel to EF, I say that AB1s also
parallel to CD

B

. Pre i

R e e e [t =)

But the

[cx§ 1
and they are alternate
Therefore 4B 1s parallel to CD QED
PgorostrioN 31
Through a quen pownt lo draw a straght Line parallel fo a guen siraght
hine

Let A be the given pomnt, and BC the given straight hae
thus 16 13 required to draw through the pamt 4 a straght bne parallel to the
straight line BC
Let a pomt D be taken at random on BC,

£ A 7 and let AD be jomed, on the straight hne DA,
and at the pont 4 onat, let the angle DAE be
construeted equal to the angle ADC [r 23], and
g 5 T Jet the straight line AF be produced mn a straight
e with EA
- - a . L I DA DU hag
127
rawn
F

Prorosirion 32
In any tnangle, 1f ane of the sides be produced, the exlertor angle 38 equal o the heo
sntertor and apposile angles, and the three nterior angles of the {riangle are equal
1o two right angles
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Let ABC be a tnangle, and let one side of 1t BC be produced to D,

I sav that the extenor angle ACD 1s equal to the two intersor and opposite
angles CAB, ABC, and the three intenor angles of the tnangle ABC, BCA,
CAB are equal to two nght angles

For let CE be drawn through the paint € parallel to the straight hine ABl

[r 3t

Then, since 4B 1s parallel to CE, N

and AC has fallen upon them,
the alternate angles BAC, ACE arc cqual to one
another {1 29
Agun, since AB 1s parallel to CE,
and the straight ine BD has fallen upon them,
the exteror angle ECD 1s equal to the mtenor B 0

BAC, ABC

Let the angle ACB be added to each,
therefore the angles ACD, ACB are equal to the three angles 4BC, BCA,
CAB

But the angles ACD, ACB are equal to two nght angles, [r 13]
therefore the angles ABC, BC 1, CAB are also equal to two nght angles
Therefore ete QED

Prorosrrion 33

The strawght lines youming equal and parallel strarght lincs (at the extrematies which
are) tn the same directions (respectirely) are themselves also cqual and parallel
g 4D ann v iy

) join
them
Iea , y A
Let BC be joned

Then since AB1s parallel to €D, and BC has
fallen upon them
the alternate angles ABC, BCD are equal to one
anather v 201
And, since AB1s equal to CD,
and BC 1s common
the twosides AB BC arcequal to the tnosides DC, CB,
and the angle A BC 13 equal to the angle BCD,
therefore the base 4C 13 equal to the base BD,
and the tnangle ABC 1s equal to the tnangle DCB,
and the remaiung angles will be equal to the remaining angles respectnnely,
namely those which the equal stdes subtend It 4]
therefore the angle ACB 1s equal to the angle CBD
And since the straight line BC falling on the two straight hnes AC, BD has
made the alternate angles equal to one another,
AC 15 parallel to BD Ir 27
And 1t was also proved equal to it
Therefore etc QED
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Prorosiion 34

In parallelogrammae areas the opposle sides and angles gre equal to one another,
and the diameter bisects the areas
v asmna

A b For, since AB 13 parallel to CD,
and the strarght ne BC has fallen upon them,
the alternate angles ABC, BCD are equal to one
another Ir 209
2 Agam, smce AC 13 parallel to BD and BC has
fallen upon them,

""""" 1

therefore they will also have the remaming sides equal to the rematning

sides respectively, and the remuning angle to the remaining angle,  [1 26]
therefore the side AB 1s equal to O,

and AC to BD,

Vomae g

PP

L gle CDB

to one another
I say, next, that the diameter also bisecta the areas
For, since AB 15 equal to CD,
and B(C 18 common,
the two sides AB, BC are equal to the two sides DC, CB respectively,
and the angle ABC 13 equal to the angle BCD,
therefore the base AC 1s also equal to DB
and the tnangle ABC 13 equal to the tnangle DCB 14
"Therefore the diameter BC bisects the parallelogram ACDB QED
Prorosrriov 35
Perallelograms which are on the same base and 1n the same parallels are equal to
one another
Let ABCD, EBCF be parallclograms on the same base BC and in the same
parallels AF BC,
1 say that ABCD 1s equal to the parallelogram EBCF
A o E ¢ For since ABCD 1s a parallelogram,
AD s equal to BC [r 34]
For the same reason also
EF 1s equal to BC,
so that AD 1s also equal to EF, cx 1]
B T and DE 13 common, /
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therefore the whole AE 1s equal to the whole DF cv2
But AB 1s also equal to DC, {r 34
therefore the two sides EA, AB are equal to the twosides FD, DC respectively,
and the angle FDC 1s cqual to the angle E4A B,
the exterior to the interor, [t 29}
therefore the base FB 1s equal to the base FC,
and the tnangle E {8 will be cqual to the tnangle FDC [r 4
Let DGE be subtracted from each,
therefore the trapezium A BGD which remaing 13 equal to the trapezium EGCF
which remains A 3]
Let the tnangle GBC be added to each,
therefore the nhole parallelogram ABCD 13 equal to the whole parallelogram
EBCF {c.a 2
Thercfore ete QED

Prorosrrion 36

Parallelograms u hich are on equal bascs and tn the same parallels are equal to one
another
Let ABCD, LFGH be parallelograms which are on equal bases BC, FG and
1n the same parallels A, BG,
1 say that the parallelogram ABCD 1s equal to EFGH
For let BE, CII be joined A o € H
Then, since BC 1s equal to FG,
while
FG1s cqual to LH,
BCisalsoequal to EH  (CA 1)
But they are also parallel
And EB, HC jom them, B c F G
but straight hines jouung equal and parallel stratght lines (at the extremities
which are) 1n the same directions (respectively) are equal and parallel [1 33)
Therefore EBCH 18 2 parallelogram [r 34
And 1t 18 equal to ABCD,
for 1t has the sime base BC with1t, and 15 1n the same parallels BC, Al with

it [t 35)

Tor the same reason also EFGH 1s equal to the same EBCH, {1 35)

s0 that the parallelogram ABCD 1s also equal to EFGH  [CN 1}
Therefore ete QLo

Prorostriov 37

Triangles which are on the same basc and tn the same parallels are equal to one
another

Let ABC, DBC be triangles on the same base BC and in the same parallels
AD, BC,

1 say that the tnangle ABC 1s equal to the E AD F
tnangle DBC

Let AD be produced in both directions to

E,F,
'through B let BE be drawn parallel to C4, ' ¥
Ir 31
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and through C let CF be drawn parallel to BD [r 311

Thlen each of the figures EBCA, DBCF 15 a parallelogram, and they are
equal,

for they are on the same base BC and 1n the same parallels BC, EF [r 35]

Moreover the tnangle ABC 1s half of the parallelogram EBCA, for the di-

ameter AB bisects 1t [r 34]
And the tnangle DBC 1s half of the parallelogram DBCF, for the diameter
DC bisects 1t it 34)

[But the halves of equal things are equal to one another ]

Therefore the tnangle ABC 1s equal to the tnangle DBC

Therefore etc QED

PropositioN 38

Trangles which are on equal bases and wn the same parallels are equal to
one anather

Let ABC, DEF be tnangles on equal bases BC, EF and 1n the same parallels
BC, AD,

1 say that the tniangle ABC 15 equal to the tnangle DEF

For let AD be produced 1 both directions to G, H,

through B let BG be drawn parallel to CA, {r 31
and through F let FH be drawn parallel
G A_D H to DE

Then each of the figures GBCA, DEFH
15 & parallelogram,
and GBCA 13 equal to DEFH,

B T E F for they are on equal bases BC, EF and
1n the same parallels BF, GH r 30]

Moreover the tnangle ABC 1s half of the parallelogram GBCA, for the diam
eter AB isects 1t [t 34
And the triangle FED 1s half of the parallelogram DEFH, for the diameter
DF bisects 1t (1 34)

[But the halves of equal things are equal to one another ]
Therefore the tnangle ABC 1s equal to the triangle DEF

Therefore ete QED

ProrosiTron 39
Equal trangles which are on the same base and on the same side are also in the
same parallels
Let ABC, DBC be equal tniangles which are on the same base BC and on
the same side of 1t
(I say that they are also mn the same parallels ]
And [For] let AD be jomned, I say that AD s parallel to BC
For, if not, let AE be drawn through the pomnt A
A ] parallel to the straight line BC, [r 313
and let EC be jomned
Therefore the triangle A BC 1s equal to the tnangle

EBC,
8 ¢ for 1t 1s on the same base BC with 1t and 1n the same

parallels [ 37]/
But ABC1s equal to DBC, /

e

r
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therefore DBC 13 also equal to EBC, N 1)
the greater to the lees which 13 impossible
Therefore AL 15 not parallel to BC
Simzlarly we can prove that neither 13 any other straght line exeept AD;
thercfore AD 13 parallel to BC.
Therefore ete QED

Prorosition 10

Tqual triangles which are on equal bases and on the same sude are aleo in the same
parallels

Tet ABC, CDE be equal tnangles on equal bases BC, CE and on the same
side

I say that they are also in the same parnllels

Tor let AD be joined, A o

I «ay that AD1s parallel to BE

Tor, if not, Jet AF be drawn through A parallel to BE
[t 31] and let FE be joined

Therefore the triangle ABC 13 equal to the tnangle ¥ £
FCL
for tl:e} are on cqual bases BC, CFE nnd 1n the <ame parallels BE, AF [x 38

But the triangle A BC 13 cqual to the tnangle DCE,

therefore the tnangle DCL 13 also equal to the tnangle I'CE,
A1)
the greater to the less which s impossible
Thercfore AF 1s not parallel to BE
Similarly we can prove that neither 1s any other straight line except AD,
therefore AD 13 parnllel to BE
Therefore etc QED

Prorosrriov 41

If a parallelogram hate the same base with a triangle and be 1n the same parallels,
the parallelogram 13 double of the triangle
Tor let the parallelogram A BCD have the same base BC with the tnangle
EBC and let 1t be i the same parallels BC AT,
T say that the parallelogram ABCD 13 double of the 4 D
tnangle BEC
For let AC be joined
Then the tnangle ABC 1s equal to the tniangle EBC,
for 1t 13 on the same base BC with 1t and in the same ¥ ¢
parallels BC' AE [z 37]
But the parallelogram A BCD 13 double of the triangle ABC,
for the diameter AC isectsit, fr 341
50 that the parallelogram ABCD 1s also double of the tnangle EBC
Therefore etc QED

ProrostTION 42

To construet tna guen rechilineal angle a parallelogram equal o a given trangle
Let ABC be the given tnangle, and D the given rectitneal angle,
thus 1t 1s required to construct 1n the hneal angle D & 1lel

equal
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G to the tnangle ABC
Let BC be bisected at E, and let AE
be joined,
on the straight line EC, and at the pomt
E on 1t, let the angle CEF be constructed
equal to the angle D, 1 23]
through A let AG be drawn parallel to EC, and fr 313
through C let C@ be drawn parallel to EF
Then FECG 1s a parallelogram
And, since BE 13 equal to EC,
W

-a1 4D v LTI v i

therefore the parallelogram FECG 13 equal to the tnangle ABC

ProrosiTioN 43

In any parallelogram the complements of the parallelograms about the diameter are
equal to one another
Let ABCD be a Tlel and AC s d.
and about AC let EH, FG be parallelograms and BK, KD the so-called com-
plements,
1 «ay that the complement BK 18 equal to the complement KD
For, since ABCD 133 and AC its d.
the trniangle ABC 13 equal to the triangle ACD {1 34]
Agan, since EH 13 a parallelogram, and AKX 13
A H D tsd
¢ the tniangle AEK 13 equal to the tnangle AHK
For the same reason
the triangle KFC 1s also equal to AGC
Now, since the triangle AEK 1s equal to the
tnangle AHK,

5% < and KFC to KGC,

the triangle AEK together with KGC 1s equal to the tnangle AHK together

with KFC [CN 2]
And the whole tniangle A BC 13 also equal to the whole ADC,

therefore the complement BK which remans 1s equal to the complement KD

‘which remains (CN 3]
Therefore ete QED

ProrosiTioN 44

To a guen straight line to apply wn e gueen rectilineal angle a parallclogram equal
1o a gren triangle

Let AB be the given straight line, C the grven triangle and D the giv en rect-
lineal angle,
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1 4 cpn enlénanal sablap angten shttna 1M tmananclaan alén

Let 713 be yomed [ 2 4 K
Then, since the straght
lhne HF falls upon the
parallels AJI, I'F, ]
the angles ANIF, HFE are G t
equal to two right angles
{t 20 H A L
Therefore the angles BHG, GFE are less than two nght angles,
and strarght lines produced mdefinttely from angles less than two nght angles
meet, [Post 5]
therefore 2B, FE, when produced, will meet
Let them be produced and meet at X, through the point A let KL be drawn
parallel to either EA or FH, [t 31]
and let JIA4, GB be produced to the ponts L, M
Then HLKF 1s a parallelogram,
HEK 151ts diameter, and AG, ME are parallelograms, and LB, BF the so-called
complements about HK,

thercfore LB 15 equal to BF. [t 43]

But BF 13 cqual to the tnangle €
therefore LB 13 also equal to € [cx 1
And, since the angle GBL 13 equal to the angle ABJ, r 15)

while the angle GBE 1s equal to D,
the angle A BAf 13 alse equal to the angle D

Therefore the parallelogram LB equal to the guven trangle € has been ap-

pled to the given straight line 4B, 1n the sngle ABY which 1s equal to D.
QEF
Prorostrion 45

To construct, wn a guen rectilincal angle, a parallelogram equal to & guen ree-
tilincal figure

Let ABCD be the given rectiltmeal figure and E the given rectilineal angle,
thus 1t 18 requred to construet, 1n the given angle E, o parallelogram cqual to
the rectilineal figure ABCD

:[‘D F G L
B K H M
Let DB be jomned and let the parallelogram FH be constructed equal to the

tnangle ABD, m the angle HKF which 1s equal to E, 1 42]
let the parallelogram GAf equal to the triangle DBC be applied to the straight
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hne GH, 1n the angle GHAL which 1s equal to E r 44)
—~ A P . . e GHA,
" N 11
therefore the :mgles I-‘AH KHG are equ:ﬂ to the ang]es KHG, GIIM
29]
. lines
) two

nght angles,
therefore KH 1s1n a straight hine with HAf [r 14]
And, since the straight ine H@ falls upon the parallels KAf, FG, the alter-
nate :mgles MHG, HGF are equal to one another 1 29]
Let the angle HGL be added to each,
therefore the angles AHG, HGL are equxl to the angles HGF, HGL  [CN 2]

But the angles IIIHG H GL are equal to o nghc angles, fr 29}
e ' [cN 1]
[ 14]
[r 34}
and HG to ML slso,
KF 15 also equal and parallel to ML, {CN 1,1 30]
and the straight lines KM, FL join them (at therr extremmcs) therefore KM,
FL are also equal and parallel [r 33]

Therefore AFLA! 1s & parallelogram
And, since the tnangle ABD 1s equal to the parallelogram FH,
and DBC to GM,

ProrosrTion 46

On a guen straight line to describe a square

Let AB be the given strarght line, thus 1t 18 required to
describe a square on the straight line AB

Let AC be drawn at night angles to the straght ine AB
from the pomnt 4 on 1t {1 11] and let AD be made cqual
to AB,

through the pomt D let DE be drawn parallel to 4B,
and through the point B let BE be drawn parallel to AD

fr 31)

Therefore ADLB 15 a parallelogram,
thereforc AB s equal to DT, and AD to BE [1 34]
alen AN

* 1 one another,

1 say next that 1t 15 also nght angled
For, aince the straight line AD falls upon the parallels AB, DE,
the angles BAD, ADE are equal to two nght angles
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But the angle BAD 15 nght

therefore the angle ADE 1s also nght

And m parliclog areas the oppostte sides and angles are equal to one

another, {t 31]
therefore each of the opposite angles ABE, BED 1s also nght

Therefore ADEB 13 nght-angled

And 1t was glso proved equilateral

Therefore 1t 1sa square and it 1sdescnbed on thestraight kne 4B a 2 ¥

ProrosiTioy 47
In right-angled triangles the square on the side subtending the rght angle 12 equal
to the squares on the stdes conlaining the right angle
Let ABC be a nght-angled tnangle having the angle BAC nght,
1 say that the square on BC 1z equal to the squares on Bd, AC
Tor let there be de cnibed on BC the
square BDEC and on BA AC the squares
GB HC [1 46}
through A let AL be drawn parallel to
either BD or CE andict AD FC bejomed Il
Then @nce cach of the angles BAC
BAG 13 nght 1t follows that with o
straght lme B4 and at the point A on 1t
the two straight ines AC {6 not lying on
the same side make the adjacent angles B 1
equal to two nght sngles
therefore CA 15 1n g straight line with AG
{t 14}

H

-

For the same reason
BA 13 also in a straght hine with A
And minee the angle DBC 1s equal to the
angle FBA for each 1s nght, ot
let the angle A BC be added to each
therefore the whole angle DBA 15 equal to the whole angle FBC [CN 2]
And smce DB 1s equal to BC and FB to BA
the tno sides AB BD are equal to the two sides FB BC respectively,
and the angle ABD 1s equal to the angle FBC
therefore the base 4D 1s equal to the base £ C,

and the triangle ABD 13 equal to the tnangle FBC 4
Now the paralletogram BL 1s double of the triangle ABD for they have the
same base 5D and are i the same parallels BR AL [t 44

And the square GF 13 double of the triangle I'BC
for they agatn have the stme base FB and arc m the same parallels 8 G’C)
Ir 41]

[But the doubles of cquals are equal to one another |
Therefore the parallelogram BL 15 also equal to the square GB
Suatlarly of AZ BA be joined
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and the squares GB, HC on B4, AC
Therefore the square on the side BC 1s equal to the squares on the sides BA,
AC

Therefore ete QED

PropostTIoN 48

If 1n a triangle the square on one of the sides be equal fo the squares on the remain-
1ng two sides of the triangle, the angle contawned by the rematning two sides of the
iriangle 13 right
For n the tnangle A BC let the square on one side BC be equal to the squares
on the sides BA, AC,
c T say that the angle BAC 1s nght
For let AD be drawn from the pomt 4 at night angles to
the straight lne AC, let AD be made equal to BA, and let
DC be joined
Since DA 13 equal to AB,
the square on DA 1s also equal to the square on 4B
Let the square on AC be added to each,
o s B therefore the squares on DA, AC are equal to the squares
on BA, AC
But the square on DC 15 equal to the squares on DA, AC, for the angle DAC
13 nght, 471
and the square on BC 13 equal to the squares on BA, AC, for this1s the hy-
potheas,
therefore the square on DC 13 equal to the square on BC,
so that the side DC 13 also equal to BC
And, since DA 15 equal to AB,
and AC 15 coramon,
the two sides DA, AC are equal to the two sides BA, AC,
and the base DC 15 equal to the base BC,
therefore the angle DAC 13 equal to the angle BAC r 8
But the angle DAC 18 nght,
therefore the angle BAC 13 also night
Therefore etc Q E D,



BOOK TWO

DETFINITIONS

1 Any rectangular parallelogram 1s said to be confained by the two strught
lines contuning the right angle

2 And 1n any paralielogramrmue area let any one whatever of the parallelo-
grams about 1ts drameter with the two complements be called a gnomon

BOOK IT PROPOSITIONS
Prorositron 1
If there be two straght Iines, and one of them be cul inlo any number of segments
whatever, the rectangle contained by the two straight lines 18 equal to the rectangles
contained by the uncut straight line and cach of the segments
» Let A, BC be two straight lines, and let BC be cut at random at the points
E

Isay that the rectangle contuned by 4, BC 15 equal to the rectangle con-
tamed by 4, BD that contamed by 4, DE and that contuned by A EC
For let BF be drawn from B at nght angles
to BC, @1l A
let BG be made cqual to 4, x 3) <
through @ let GH be drawn parallel to BC

[t 31)
and through D, E, C let DR, EL, CH be drawn
parallel to BG o

Then BH 1s equal to BR, DL EH t

Now BH 1s the rectangle A BC for it 1> ¢
contaned by GB, BC and BG s cqual to 4,
BA 1stherectangle A, BD forit 1s contamed by GB, BD and BGiscqualto 4,

and DL s the rectangle A DE for DA that1s BGisequal to A [1 34]

Similarly also LH 15> the rectangle A EC

Therefore the rectangle A, BC 1s equal to the rectangle 4, BD, the rectangle
A, DE and the rectangle 4, EC

Therefore ete QED

ProrositioN 2
If a strawght line be cut at random the rectangle contained by the whole and both
of the segments s equal fo the square on the whole
For let the straight line AB be cut at random at the pomnt C
1 say that the rectangle contamned by AB BC together mith the rectangle
contamed by B4, AC 1s equal to the square on AB
30
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For let the square ADEB be deseribed on AR [1 46), and let CF be drawn
through C parallel to etther AD or BE [t 31]
A Then AE 13 equal to AF, CE

Now AE 15 the square on AB,

AF 15 the rectangle contamed by BA, AC, for 1t 13 con-
tamned by DA, AC, and AD 1s equal to AB,

and CE 1s the rectangle AR, BC, for BE 13 equal to AB

Therefore the rectangle B4, "AC together with the rectungle
AB, BC1sequalto the square on AB
) E Therefore ete. QED

Prorosttion 3

I / a straight line be cut at random, lhe rectangle contained by the whole and one of
15 equal to the d by the and the square on

lhe aforesard segment
F o v

R L R
I 1 the rectangle con-
e square on BC
For let the square CDEB be desenibed on CB, [1 46)
let ED be drawn through to
and through A let AF be drawn parallel to either CD
or BE [r 31)
Then AE 1s equal to AD, CE
Now AE 13 the rectangle contamed by 4B, BC, for
1t 13 contained by AB, BE, and BE 15 equal to BC,
AD 18 the rectangle AC, CB, for DC 15 equal to CB;
and DB 1s the square on CB
Therefore the rectangle contamed by AB, BC 15 equal to the rectangle con-
taned by AC, CB together with the square on BC
Therefore etc

QED

ProrosiTioN 4

- . - . o T LI SN

rectangie contaneu by db, Lo
4 For let the square ADER be deseribed on AB,
[t 461

let BD be jomned,
G through C let CF be drawn paralle] to either AD or

EB,
and through G let HE be drawn parallel to enhemg
or DE [r 31)
Then, since CF 18 parallel to AD, and BD has fallen
° F on them,
y
the exterior angle CGB1s equal to the intenior and opposite angle ADB [z 29]
But the angle ADB 1s equal to the angle ABD,
stnee the side BA 1s also equal to AD, I st
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therefore the angle CGB 13 also equal to the angle GBC,
so that the side BC 13 nlvo equal to the side CG 16
But CB 13 equal to GR, and CG to KB, (e 34]
therefore GK 18 aleo equal to KB,
therefore CGR B 1s equilateral
T say next that it 1salso nght-angled
For, since CG 1s parllel to BR,
the angles KBC, GCB are equal to two nght angles r 291
But the angle KBC 13 right,
therefore the angle BCG 1s aleo nght,
50 that the opposite angles CGK, GA B are also nght Ir 34)
Therefore CGK B 1s nght-ngled,
and 1t was al-o proyved cquiateral,
therefore 1t 13 a square,
and 5t 13 desenibed on OB
For the same reason
IIF 13 also a square,
and 1t 15 desenibed on HG, that 1 AC [t 31)
Therefore the squares /IF, KC arc the squares on AC, CB
Now, since AG 13 equal to GE
and AG 1s the rectangle AC, CB, for GC 1s equal to CB,
therefore GE 1s also equal to the rectangle AC, CB
Therefore AG, GE are equal to twice the rectangle AC, CB
But the squares HF, Ch are also the squares on AC CB, therciore the four
areas HF, CK, AG, GL are equal to the squareson AC, CB and twice the rec-
tangle contamned by AC CB
But HF, CK, AG, GE are the whole ADI'B,
which 1s the square on 4B
Therefore the square on AB 13 equal to the squares on AC, CB and twice the
rectangle contained by AC, CB
Therefore ete QED

Prorositioy 5

1f a straight line be cut into equal and unegqual segments the rectangle contaned
by the unequal segments of the whole together tnth the square on the straght line
between the pownts of scction 15 equal lo the square on the half

For let a straight line 4B be cut mnto equal segments at C and mnto uncqual
segments at D,

I say that the rectangle contamed bv
AD, DB together with the square on
CD 15 equal to the square on CB

Forlet the square CEFB be described o
on CB, r 46) Wi "
and let BE be joined, I
through D let D@ be drawn parallel to P
either CE or BF, F

through H agumn let KM be drawn parallel to erther AB or EF,
and agun through A let AKX be drawn parallel to ether CL or B 1 31}
Then, since the complement CH 15 equal to the complement HI', {1 43]
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let DM be added to each,
therefore the whole CJM 13 equal to the whole DF.
But CM 13 equal to AL,
smce AC 18 also equal to CB, {r 36]
therefore AL 15 also equal to DF.
Let CH be ad«%ed to each,
Shominfrmn Al ot 1

Bu .

Let LG, which 13 equal to the square on €D, be added to each,
therefore the gnomon NOP and L@ are equal fo the rectangle contaned by
AD, DB and the square on CD

But the gnomon NOP and LG are the whole square CEFB, which 1s de-
scnbed on CB,
therefore the rectangle contamed by AD, DB together with the square on CD
13 equal to the square on OB

Therefore ete. QED

ProposITION 6
1If a straaght line be bisected and a strarght line be added to 1t sn a strowght hine, the
rectangle contained by the whole with the added strarght line and the added strarght
line together unth the square on the half 18 equal to the square on the straght bne
mage up of the half and the added slra;g):t bne
v SR T TS

arre va o NP

PRI PR Y

CB 13 equal to the square on CD
For let the square CEFD be desenibed on €D, [r 46]
and let DE be jomed;
through the pomt B let BG be drawn parallel to either EC or DF,
through the pont H let KA be drawn paralle] to erther AR or EF,
and further through 4 let AK be drawn pagalle! to erther CL or DA [z 31)
A Then, since AC 1s equsl to CB,
y AL 1s also equal to CH [r 36)
Y . But CH 1s equal to HF [r 43)
K U N Therefore AL 15 also equal to HF
P Let CM be added to each,
therefore the whole AM 15 equal to the
goomon NOP
But A 15 the rectangle 4D, DB,
E for DM 18 equal to DB,
ierefore the gnomon NOP 1s also equal to the rectangle 4D, DB
Let LG, which 13 equal to the square on BC, be added to each,
#haees o 2T s34 D, DB together with the square on CB

the whole square CEFD, which ts de-
sctribed on €D,
therefore the rectang] d by AD, DB together with the square on CB
9 equal to the square on CD
‘Therefore ete

nen
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Prorosition 7

1f a straight line be cut at random, the square on the whole and that on one of the
segments both together are equal lo tirrce the rectangle confained by the whole and
the said scgment and the square on the rematning scgment

Tor let n straight line AB be cut at random at the pont C,

1 say that the squares on A B, BC are equal to twice the rectangle contamed
by AB, BC and the square on CA.

Tor let the square ADED be desenibed on A B, [t 46]

and let the figure be drawn

Then, since AG 1s equal to GE [1 43], let CF be added to cach,

thercfore the whole AF 1s equal to the whole CE

Therefore AF, CL are double of AF [y

But AF, CE arc the gnomon KL and the square CF, L el
therefore the gnomon KLA and the square CF arc K Fi
double of AF 5

But twice the rectangle A B, BC 15 also double of AF,
for BF 1s equal to BC,
therefore the gnomon KLA{ and the square CF are equal
to twice the rectangle AB, BC

Let DG, which 18 the square on AC, be added to each,
therefore the gnomon KLM and the squares BG, GD are cqual to twice the
rectangle contamed by AB, BC and the square on AC

But the gnomon KL} and the squares BG, GD are the whole ADER and
CF,

which are squares described on AR, BC,
therefore the squares on AB, BC are equal to twice the rectangle contained by
AR, BC together with the square on AC
‘Therefore etc QED

Prorositiov 8

If a strarght tine be cut at random, four times the rectangle contained by the whole
and one of the segments together with the square on the remaining segment 13 equal
{o the square described on the whole and the aforesaid scgment as on one straight line

For let o straight line AB be cut at random at the pont C,

I say that four times the rectangle contaned by AB, BC together with the
square on AC 18 equal to the square described on AB, BC as on one straight
lne

For let [the strarght line} BD be produced in a straight hine [with AB), and
let BD be made equal to CB,
let the square AEFD be desenbed on AD, and let the figure be drawn double

Then, since CB 18 equal to BD, while CB 18 equal to GK, and BD to KN,

therefore GK 18 also equal to KN

For the same reason

QR 13 also equal to RP
And, smee BC 18 equal to BD, and GK to AN,
therefore CK 1s also equal to KD, und GR to RN [x 36]
But CK 1s equal to RN, for they are 1 of the

[ 431
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therefore AD 15 also equal to GR,

therefare the four areas DK, CK, GR, HN are equal to one another
‘Therefore the four are quadruple of CK
Agaw, simce CB 15 equal to BD,
while BD 15 equal to BA, that 18 CG,
- X and CB 1s equal to GK, that 1s GQ,

herefore CG 13 also equal to GQ

i;ind, smece €@ 18 equal to G, and QF to

)
AG s also equal to MQ, and QL to RF {x 36)

But MQ1s equal to QL, for they are comple-
ments of the parallelogram AfL, fr 431

therefore 4G 1s also equal to RF,
therefore the four areas AG, MQ, QOL, RI are
+ equal to ore anather
Therefore the four are quadruple of AG

But the four areas CK, KD GR, BN were proved to be quadruple of CK,
gxeufore the eight areas, which contam the gnomon STU, are quadruple of

K

Now, since 4K 18 the rectangle 4B, BD, for BX 1s equal to BD,

oo with the square on 4C 18
: are AEFD,

therefore four tumes the rectangle AB, BI) together with the square on 4C 18
equal to the square on 4D

But BD 15 equal to BC,
therefore four tumes the rectangle contaned by AB, BC together with the
square an AC 1s equal to the square on 4D, that 13 to the square deseribed on
AB and BC as on one straight Line

Therefore ete arp

Proposttion §

1f a strarght line be cut tnto equal and unequal segments the squares on the uncqual
segments of the whole are double of the square on the half and of the square on the
stroaght line between the pownts of section

For let a straght line AB be cut mto equai segments at ¢ and mte unequal
segments at D,

1 sny that the squares on AD, DB are double of the squares on AC, CD

For let CF be dravwn from C at nght angles to 4B, aud let 2t be made equal

ta either AC or CB,
let EA .EB b‘e )'gmed R

et L™
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Then, since AC 15 equal to CF
the angle ' 1€ 13 al.o equal to the angle AEC
And smnce the angle at C1s nght
the remaiming angles EAC, AEC are equal to one nght angle  [r 32]
And they are equal,
therefore each of the angles CEA, CAE)s
half a nght angle.
Tor the same reason
each of the angles CFB, EBC 1s al<o half F
a nght angle,
therefore the whole angle AEB 13 nght
And mnce the angle GEF 13 half 2
night angle

E

and the angle EGF 1s nght for it 13 equal ¢ ® 8
to the interic N Tan [r 29)
r 32)

so that the side FG 12 al-o equal to GF it 6]

Again since the angle at B 1s half a nght angle
and the angle FDB 1 nght for 1t 1s again equal to the mtenor and opposite

angle ECB, [r 29)
the remumng angle BFD 1s half a nght angle, {r 32

therefore the angle at B 1s equal to the angle DFB,
50 that the «ide FD 13 also equal to the side DB {1 6]

Now since AC 15 equal to CE
the square on AC 1s also cqual to the square on CE,
therefore the squares on AC CE are double of the square on AC
But the square on £4 1s equal to the squares on AC CE, for the angle ACE
13 nght [1 47]
therefore the square on EA 1s double of the square on AC
Agam smcee EG 1s cqual to GF
the square on EG 1s also equal to the square on GF,
therefore the «<quares on EG GF are double of the square on GF
But the square on EF 1s equnl to the squares on EG GF,
therefore the square on EF 1s double of the square on GF
But GF 15 equal to CD {1 34]
therefore the square on EF 1s double of the <quare on CD
But the square on EA 1s alsa double of the square en AC
therefore the squares on AE EF are double of the squares on AC CD
JadAnesyuae vn AF s vqord o the sqaures on A2 EF furthe anghe AEF
18 nght [ 47
therefore the square on AF 1s double of the squares on AC CD
But the squares on AD DF are equal to the square on AF for the angle at

D 1s nght [t 47)
therefore the squares on AD DF are double of the squares on AC CD
And DF 15 equal to DB

therefore the squares on AD, DB are double of the squares on AC CD
Therefore ete QED
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Prorostrion 10

Yoo 4 crav v T v s e .

line
For let a straight ine A Bbebisected at C,and let a straight line BD be added
to 1t 1n a straight line,
I say that the squares on AD, DB are double of the squares on AC, CD
2 Forlet CE be drawn from the pomnt C at
nght angles to AB [1 11], and let 1t be made
equal to exther AC or CB [1 3],
let EA, EB be jomed,
through E let EF be drawn parallel to 4D,
0 and through D let #D be drawn parallel to
CE {1 31)
- Y TT"“3onthe

. [r 29}

But straight lines produced from angles less then two nght angles meet,
1 Post 5}

[
herefore EB, FD,f duced 1n the d B, D, wmill meet
Let them be produced and meet at G,
and let AG be jomned

‘Then, since AC 15 equal to CE,
the angle 7’7 ° o e [t 8

therefore each of 1 32
For the same reason
each of the angles CIB, EBC 1s also half a right angle,
a e a v, AT T

fr 15]
But the angle BDG 15 also nght,
for 1t 13 equal to the angle DCE, they being alternate, [r 29]
- [r 32]
6]

’
Agan, since the angle ZGF 19 half a nght angle,
and the angle at F 1s ight for 1t 1s equal to the opposite angle, the angle at C,

fr 34

the remaining angle FLG 13 half a nght angle, r 32]
therefore the angle EGF 1s equal to the angle FEG,

s0 that the side GI" 1s also equal to the side EF (1 6]

Now, since the square on EC 13 equal to the square on C4A,
the squares on EC, CA are double of the square on C4.
But the square on EA 15 equal to the squares on EC, C4, {r 47]
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therefore the square on EA 18 double of the square on AC  [C.X 1]
Agamn, since FG s equal to EF,
the square on FG 15 also equal to the square on FE,
therefore the squares on GF, FE are double of the square on LF

But the square on LG 18 equal to the squares on GF, Fk, [t 47]
thercfore the =quare on EG 1s double of the squarc on EF
And EF 18 equal to CD, It 34]

therefore the square on LG 1s double of the square on CD
But the square on EA was also proved double of the square on AC;
therefore the squarcs on AE, LG are double of the squares on AC, CD

And the square on AG 1s equal to the squares on AE, EG, [1 47
therefore the square on AG 13 double of the squares on AC, CD
But the squares on AD, DG are cqual to the square on AG, [t 47]

therefore the squares on AD, DG are double of the squares on AC, CD
And DG 13 equal to DB,

therefore the squares on AD, DB are double of the squares on AC, CD
Therefore ete QED

Prorostrion 11

To cul a green straight ine so that the reclangle conlained by the whole and one of
the segments 1s equal to the square on the rematning segment

Let AB be the given straight Iine,
thus 1t 13 required to cut AB so that the rectangle contained by the whole and
one of the segments 13 equal to the square on the remaming segment

For let the square ABDC be descnibed on AB, r 46]

let AC be bisected at the point E and let BF be joined,

let CA be drawn through to F, and let EF be made equal
to BE, 4
let the square FX be deseribed on AF, and let GIf be
drawn through to A

Isay that AB has been cut at H 50 as to make the ree~ H
tangle contaned by AB BH equal to the square on AH

For, since the struight line AC has been bisceted at E, and /

FA 15 added to 1t £
the rectangle contained by CF, FA together with the square
on AE 13 equal to the square on EF [x 6]

But EF 1s equal to EB,
therefore the rectangle CF, FA together with the square on AE 1s equal to the
square on LB

But the squares on BA, AE are equal to the square on EB, for the angle at
A 1s nght g
therefore the rectangle CF, FA together with the square on AE 15 equal to the
squares on BA, AE

Let the square on AE be subtracted from each,
therefore the rectangle CF, FA which remains 1s equal to the square on 4B

Now the rectangle CF, FA 1s FR, for AF 15 equal to FG,

and the square on AB1s AD,
therefore FA 1s equal to AD

Let AK be subtracted from each,
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therefore FH which remams 1s equal to HD
And HD 19 the rectangle AB, BH, for AB 1s equal to BD,
and FH 11 the square on 4H,
therefore the rectangl taned by AB, BH 1s equal to the square on HA
therefore the given straight line AB has been cut at H so as to make the rec-
tangle con{tamed by AB, BH equal to the square on HA QEF

Prorosrrion 12

In obtuse-angled triangles the square on the side subtending the obtuse angle 15
greater than the squares on the sides contawning the obtuse angle by twice the rec-
tangle contained by one of the sides about the obtuse angle, namely that on whach the
perpendicular falls, and the strarght Line cut off outside by the perpendicular to-
wards the obtuse angle
Let ABC be an obtuse-angled tnangle having the angle BAC obtuse, and let
BD be drawn from the pomnt B perpendicular to CA produced,
Isay e : ™ :
B ’
dom atb the pont A,
the square on DC 1s equal to the squares on C4, AD
and twice the rectangle contaned by C4, AD (11 4]
Let the square on DB be added to each,
therefore the squares on CD, DB are equal to the
4 A C squares on CA, AD, DB and twee the rectangle CA4,
AD

But the square on CB 13 equal to the squares on CD, DB, for the angle at D
15 nght, i1 471
and the square on AB 1s equal to the squares on 4D, DB, [r 471
therefore the square on CB 1s equal to the squares on CA, AB and twice the
rectangle contamned by €4, AD,
50 that the square on CB 13 greater than the squares on CA, AB by twice the
rectangle contaned by C4, 4D

Therefore ete QED

PropostTIoN 13
In acute angled triangles the square on the side subtending the acute angle 13 less
than the squares on the sides containing the acute angle by tunce the rectangle con-
tarned by one of the sides about the acule angle, namely that on which the perpen-
dicular falls, and the straght line cut off within by the perpendicular towards the
acute angle
Let ABC

)

. Re RIS TG pr

on CB, BA by twice the rectangle contamned by CB, BD
For since the straight line CB has been cut at ran-

dom at D,
the squares on CB, BD are equal to twice the rec-
£ % tangle d by CB, BD and the square on DC +
[*] fre
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Let the square on D4 be ndded to each,
therefore the squares on CB BD, DA are cqual to twice the rectangle con-
tamed by CB, BD and the squares on AD DC

But the square on A5 13 equal to the squares on BD, DA, for the angle at D
1s night, r 471

and the square on AC 18 equal to the equares on AD, DC,

therefore the squares on CB, BA are equal to the square on AC nnd twice the
rectangle CB, BD
50 that the square on AC alone 1s less than the squares on CB, BA by twice the
rectangle contained by CB, BD

Therefore ete QED

ProrosiTioy 14

To construct o square equal {o @ guen rectilineal figure
Tet A be the g en rectiinenl figure,
thus 1t 18 required fo construct a square equal to the rectilineal figure 4
Tor let there be constructed
the rectangular parallelogram BD
equal to the rectilineal figure A
(1 45)
Then 1f B 1s equal to ED, B 1 F
that which was enjoined will
hay e been done, for a square BD
has been constructed equal to the rectibneal figure A
But 1if not one of the straight ines BE D 1s greater
Let BE be greater, and let 1t be produced to F,
let EF be made equal to ED and let BF be bisected at G
With centre @ and distance one of the strught ines @B GF let the semm-
circle BHF be described let DE be produced to M and let GH be jomned
Then since the straight line BF has been cut 1nto equal segments at G and
mto unequal segments at E
the rectangle contained by BE EF together with the square on EG 13 equal to
the square on GF [ 5]
But GF 1s equal to GH
therefore the rectangle BE EF together with the square on GE 1s equal to the
square on GH
But the squares on HE EG are cqual to the square on GH f1 47)
therefore the rectangle BE, EF together with the square on GE 1s equal to the
squares on HE EG
Let the square on GE be subtracted from each
therefore the rectangle contamed by BE, EF which remains 1s equal to the
square on EH
But the rectangle BE EF 138 BD for EF 1s equal to D
therefore the parallelogram BD 1s equal to the square on HE
And BD 1s equal to the rectilineal figure 4
Therefore the rectilinesl figure A 13 also equal to the square which can be
described on EH
Therefore o square namely that which can be described on EH, has been
constructed equal to the given rectilineal figure A QEF




BOOK THREE

DEFINITIONS

1 Equal circles are those the diameters of which are equal, or the radu of
wheeh are equal

2 A straight hne s said to fouch a carele which, meeting the eircle and bemng
produced does not cut the circle

3 Circles are smd to fouch one another which, meeting one another, do not
cut one another

4 Tn s arcle straight hines are said fo be equally distant from the centre when
the perpendiculars drawn to them from the centre are equal

5 And that straight line 13 smd to be af a greater distance on which the great-
er perpendicular falls

6 A segment of a circle 1s the figure contamed by a strarght hine and a crr-
cumference of a circle

7 An angle of @ segment 13 that contamned by a straight hine and a crrcum-
ference of a circle

P P
e
straight hines so joned
9 And, when the straight Ines contaming the angle cut off a circumference,
.

i
the exrcumference cut off by them

11 Sumilar segments of curcles are those which admit equal angles, or m which
the angles are equal to one another

BOOK III PROPOSITIONS
Prorosirion 1

To find the centre of a guen circle

Let ABC be the given cirele,

thus 1t 15 required to find the centre of the eircle ABC

Let a straight lme A B be drawn through 1t at random, and let 1t be bisected
at the pomnt D,
from D let DC be drawn at nght angles to AB and let 1t be drawn through to
L, let CE be bisceted at F,

I say that # 13 the centre of the curcle ABC

For suppose 1t 1s not, but 1f posstble, let G be the centre,

41
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and let G1, GD, GB be jomned
Then since AD 13 equal to DB and DG 13 common
the two sides AD DG are equal to the two sides BD, DG respectinely,
and the base G 1 13 equal to the base GB, for they are
rdn
lhc;cforc the angle ADG 13 equal to the angle GDB
[r 8]
But when a straight line set up on 4 strught hne
mnkes the ad)acent angles cqual to onc another eachof
the equal angles 1s night, [t Def 10} ‘
therefore the angle GDB 1s nght A
But the angle FDB 1s also nght,
therefore the angle I'DB 15 equal to the angle GDB,
the greater to the less which 15 s mposaible
Therefore G 15 not the centre of the aircle ABC
Simlarly we can prove that neither 1s any other pomt except F/
Therefore the point I' 1s the centre of the eircle ABC
Porsyt Irom this 1t 18 manifest that of & circle o straight line cut a
strught line 1nto two equal parts and at night angles, the centre of the arcle s
on the cutting straight hine QEF

ProrosiTioN 2

If on the circumference of a exrcle two ponts be taken at random the straight line
Jownang the points wall fall within the circle
Let ABC be a circle and let two pomnts A, B be taken at random on ats exr
cumference,
I say that the straight line jorned from A to B will fall within the circle
Tor suppose 1t does not but 1f po «ible let 1t fall outside as ALB,
Iet the centre of the circle ABC be tahen fur 1} and let 1t be D, let DA DBbe
Jomned and let DFE be drawn through
Then since DA 1s equal to DB,
the angle DAE 1s also equal to the angle DBE  [1 5)
And since one side AEB of the triangle DAL 1s pro
duced
the angle DEB 1s greater than the angle DAL {1 16)
But the angle DAE 1s equal to the angle DBE,
therefore the angle DEB 13 greater than the angle
DBE
And the greater angle 13 subtended by the greater
mde, [1 19]
thercfore DB 1s greater than DE
But DB 1s equal to DF
therefore DF 1s greater than DE,
the less than the greater which 1s impossible
Therefore the straight ltne joined from 4 to B will not fall outside the circle
Similarly we can prove that neither will 1t fall on the circumference itself,
therefore 1t will fall within

Therefore etc QED
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Prorosttiov 3

If wn a aurcle @ straight line through the eentre bisect @ straight line not through
the centre, 1t also culs 1t ol right angles, and of 1t cut 1t at right angles, of also
besccts 2t
Let ABC be a circle, and in 1t let a straight hine C'D through the centre bisect
2 straight ine 4B not through the centre at the pownt F,
1 say that it also cuts it at nght angles
For let the centre of the circle ABC be taken, and let 1t be E, let E4, EB be
jotned
[ Then, since AF 13 equal to FB, and FE 1s common,
two sides are equal to two sides,
and the base FA 13 equal to the base BB,
therefore the angle AFE
15 equal to the angle BFE [1%:]
Bat, when o straight line set up on a straight hne
B males the adjacent angles equal to one another, each
of the equal angles 13 nght, [r Def 10}
therefore each of the angles AFE, BFE 13 nght
Therefore CD, which 13 through the centre, and
bisects AB which 13 not through the centre, also cuts 1t at night angles
Agam, let CD cut AB at night angles,
1 say that 1t also bisects it that s, that AF 1s equal to FB
For, with the same construction,
since EA 13 equal to EB,
the angle ZAF 15 also equal to the angle EBF fr 51
But the nght angle AFE 1s equal to the nght angle BFE, thercfore EAF,
EBF are tvwo triangles baving two angles equal to two angles and one side
equal to one side, namely EF, which 1s common to them and subtends one of
the equal angles,
therefore they will also have the remunuing sides equal to the remainiag sides,
fr 26]

>,

D

therefore AF 15 equal to FB
Therefore ctc QED
ProrosiTioY 4

If 1n @ carcle tuo strarght lines cut one another whach are not through the centre,
they do not busect one another
Let ABCD be a circle, and m 1t Iet the two straight lines A{,‘, BD, whch are

»
&

bisects a straight ne AC not, through the centre,
1t also cuts 1t at rght angles, [nr 3]
therefore the angle FEA 1 nght
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Agan, since a straight hine FI bisects a strasght hine BD,

1t also cuts it at nght angles, [nr 3]
therefore the angle F ED 13 nght

But the angle FEA was also proved nght,
therefore the angle FEA 13 equal to the angle FEB, the less to the greater
which 18 impossible

Therefore AC, BD do not bisect one snother

Therefore ete QED

Prorostrion 5

If two circles cul one another, they will nol have the same centre

For let the aircles A BC, CDG cut one another at the pomts B, C,

I say that they will not have the same centre

For, if possible, let 1t be E, let EC be joined, and let EFG be drawn through
at random

Then, since the pont L 1s the centre of the aircle A
ABC,

C

EC 1s equal to FF {1 Def 15)
Agam, since the pont E 1s the centre of the circle
g
EC 13 equal to EG
But LC was proved equal to EF also, )
therefore EF 13 also equal to EG, the less to the
greater which 13 impossible
Therefore the point I 13 not the centre of the eircles ABC, CDG
Therefore et Q ED

ProrosiTrion 6

If two crrcles touch one another, they will not have the same centre
For let the two arcles ABC, CDE touch one another at the pomnt C,
1 52y that they will not have the same centre
For, 1f possible let 1t be F, let FC be joined, and let FLB be drawn through
at random
‘Then, smce the pomt F 1s the centre of the arrcle
FC s equal to FB
Agaun, since the pomnt F 1s the centre of the
cirele CDE, B
FC1s equal to FI
But FC was proved equal to FB,
therelore FX is alos oqusl b0 F5, the Jess o the
greater which 1s impossible
Therefore F 1s not the centre of the eircles ABC, CDE
Therefore ete QED

ProposiTIoN 7

If on the diameler of @ circle a pownt be taken which 13 not the centre of the aircle,
and from the pownt siraight lines fall upon the curcle_that unll be greatest on uhach
the centre s, the remawnder of the same diameter will be least, and of the rest the
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nearer to the straight line through the »» ° mare remole,
and only two em »? * ) ane on cach
side of the le

Let ABCL e 168 AL be 2 diameter of 18, on AD let 2 pownt ¥ be

taken which 15 not the centre of the curcle, let £ be the centre of the circle,
and from F let straight hines #8, FC, FG fall upon the cucle ABCD,
1say that FA s greatest, FD 1s least, and of the rest B 1s greater than FC,
and FC than FG@
For let BE, CE, G be jomed
‘Then, since i any tnangle two sides are greater than the remamng one,
1 20/

EB, EF are greater than BF
Dut AE 15 equal to BE,
therefore AF 1s greater than BF
Agam, smee BE 1s equal to CE, and FE is com-
mon,
the two sides BE, EF are equal to the two sidey
7

ﬁut the angle BLTF 15 also greater than the angle

CF,
there'[am the hase BF 18 greater than the base OF
{t 24

For the same reason
CF 13 slso greater than ¥6
Agawn, since GF, FE are greater than EG,
and EG 1s equal to ED,
GF, FE are greater than ED
Let EF e subtracted from each,
therefore the semainder GF 13 greater than the remainder D

bTherefore FA4 s greatest, FD s least, and FB 1 greater than FC, and FC
than PG

1 say also that from the powt ¥ anly two equal straght ines =5 © he
arcle ABCD, one on each side of the leaer P7

Foron the strawh* ¥~ " ®
construct: PR

‘Then, s

and BF 19 common,
the two sides GE, EE are equal 10 the tvo s‘:d?; 51?' EF,

from the powt ¥

For, if possible let #X so fall

Then, simce FK 15 equal to FG, wnd FH to FG,

FK 13 also equal to FH s

the nearer to the strasght line through the centre bemng thus equal to the more
remote which 18 impossible

Therefore another straight hne equal to GF wll not fali from the pows F/
upon the cirele,
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therefore only one strmght ine will so fall
Thercfore ete QLD

ProrosiTios §

If a point be taken oulside a eurele and from the pownt sirarght lines be draun
through to the crrele, one of which 18 through the centre and the others are drawen at
random, then of the strawght lines twchich fall on the concare crrcumference, that
through the cenltre 1s greatest, whale of the rest the nearer fo that through the eentre 13
always grealer than the more remole, but, of the straight lines falling on the convez
crcumference, that befwcen the pont and the diameler 18 least, whale of the rest the
nearcer {o the least 1s always less than the more remote, and only two equal strarght
lines will fall on the cirele from the pont, ene on cach side of the least

Let ABC be a crrcle, and let a pomt D be tahen outade ABC, let there be
drawn through from 1t straight hnes DA, DE, DF, DC, and let DA be through
the centre,

Isay that of the strught lines faling on the coneave crrcumference AEFC,
the strught line DA through the centre 1s greatest,

whnle DL 15 greater than DF and DF than DC,
but, of the straight lines falling on the consex eircumference HLAG, the
straight hne DG between the pomt and the dinmeter AG 12 least, and the
nearer to the leist DG 1s always less than the more remote, namely DK
than DL and DL than DI ]

Tor let the centre of the eircle ABC be taken 111 1]
and l::i'.xt be M, let ML, MF, MC, MK, ML, M be
J01nee

Then since AM s cqual to EJM, let MD be added
to cach

therefore AD 1s equal to Fi{ WD
N oomar e PR

and MD 1s common
therefore EV{ AD are cqual to FAf, MD, 5
snd the angle EMD s greater than the angle FAID, A
therefore the base ED 13 greater than the base £ [L)]
Stmularly we can proye that FD1s greater than CD, therefore DA 1s greatest,
while DI 1s greater than DF, and DF than DC
Next smnce MA, RD are greater than AID [r 20}
and M@ s equal to MA,
therefore the remainder AD 13 greater than the remainder GD,
80 that GD 13 less than AD
And smee on YD onc of the sides of the triangle ALLD, two straight hines
MA, AD were constructed mecting within the tnangle
thercfore AfA AD are less than VL, LD, {r a1
and 3fA 1s equal to AL,
therefore the remunder DA 18 less than the remander DL
Similarly we ean prove that DL 15 nlso less than DH,
therefore DG 15 least, while DR 1s less than DL and DL than DH
1 <1y abo that only two equal strught lines will fall from the point D on the
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caircle, one on each side of the least DG
On the straight hne MD, and at the pownt Af on 1t,
let tel(xie angle DMB be constructed equal to the a.ugle KMD, and let DB be
JoinH
Then, since MA 13 equal to MB,
and MD 1s common
the two mdes K21, 3D are equal to the two sides BM, MD respectively,
and the angle KMD 15 equal to the angle BAD,
therefore the base DK 1s equal to the base DB r4
I say that no other straight hine equal to the straight hne DK will fall on
the aircle from the pont D
For, if possible, let a straight lme so fall, and let 1t be DN
Then, since DK 13 equal to DV,
while DK 15 equal to DB,
DB 13 also equal to DN,
that1s the nearer to the least D@ equal to the more remote which was proved
impossible
‘Therefore no more than two equal straight hoes will fall on the circle ABC
from the pomt D, one on each side of DG the least
Therefore ete QED

ProrosiTron 9

If a pownt be taken unthin @ circle, and more than two equal strawght lines fall from

the pont on the aircle the pownt taken 1s the centre of the circle
Let ABC be a circle and D a pownt within 1t, and from D let more than two
equal straight hines, namely DA, DB, DC, fall on

the crcle ABC,
B I say that the pomt D 1s the centre of the circle
ABC

For Iet AB, BC be jomed and bisected at the
pomts E, F, and let ED, FD be joned and drawn

[ \
through to the ponts G K, H, L
Then, smee AE 18 equal to EB and ED 1s com-
A

the t\vo sides AE, ED are equal to the two sides

w

and the base DA 15 equal to the base DB,
A the bose DB,

an
{ur 1 Por)
the centre of the circle 13 on GK
For the same reason
the centre of the circle ABC 18 also on HL
And the straight hnes GK, HL have no other point common but the powt D,
therefore the pomt D 1s the centre of the eurcle ABC
Therefore ete QE
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Prorostriov 10

A arde does not cul @ circle al more points than fwo

Tor, 1f possible let the eircle ABC cut the eircle DEF st more pomts than
two namely B, C, F, H,

let BH, BG be joined and bisected at the pomts X, L,
and from K, L let AC, L3I be drawn at right angles to BH, BG and carned
through to the pomts 4, E

Then since n the eircle ABC a strarght kne AC cuts a straight line BH into
two equal parts and at nght angles

the centre of the cirele ABC 15 on AC

fuz 3, Por}

Agun, smce m the same arcle ABC o
straight line A O cuts a strasght line BG nto
tna cqual parts and at nght angles,

the centre of the cirele ABC 138 on NO

But 1t was also proved to be on AC, and
the straight hines AT, MO meet at no pomnt
except at P,
therefore the pomt P 1s the centre of the
circle ABC

Suntlarly we can prove that P13 al o the centre of the eircle DEF,
therefore the two circles 4 BC, DEF which cut one another has ¢ the same cen-
tre P which 1s mmpossible [t 5}

Therefore ete QED

Prorositiov 11

If bwo carcles touch one another wnternally and their centres be taken, the straight
Iine yowning thexr centres of st be also produced il fall on the point of contact of
the cireles

Tor et the two arrcles ABC ADE touch one auother internally at the pout.
4, snd let the ceatre F of the eircle ABC and the centre G of ADE, be taken,

I say that the straight ine jowned from @ to #
and produced will fall on 4

For suppose 1t does not but 1if possible let 1t
fall as FGH and let AF, AG be joumed

Then, since AG, GF are greater than FA that %
18, than FH

let FG be subtracted from each,

therefore the remawmder AG 1s greater than the
remamder GH

But AG1s equal to GD,

therefore GD 1s also greater than GH
the less than the grester which 1s impossible

Therefore the straight hine joined from F 1o <

G wall not fall outstde
therefore 1t will f2ll at A on the pont of contact
Therefore ete QED

A)
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Prorostiov 12

If two cxrcles touch one another externally, the strarght Line jownang theyr centres will
pass through the pornt of conlact
For let the tno circles ABC, ADE touch one another externally st the pomnt
A, and let the centre F of ABC, and the centre G of ADE, be taken,
1 say that the straight line joined from F to G wall pass through the pomnt
of contact at A
For suppose 1t does not, but, »f possible, et 1t pass as FCDB, and let AF, AG
be jomed
Then, since the pomnt F 15 the centre of
the crcle ABC,
FA 19 equal to FC
Agam, since the point @ s the centre of
the circle ADE,
GA 13 equal to GD
But FA was also proved equal to FC,
therefore FA, AG are equal to FC, GD,
sogthnt the whole FG 1s greater than FA,

f
but 1t 18 also less [r 20] whach 13 1mpossible
Therefore the straight line jomed from F to G will not fail to pass through
the pomt of contact at 4,
therefore 1t will pass through it
Therefore etc QED

Prorostrion 13

A arde does not touch a curcle at more pownis than one, whether 1t touch 1t wnter»
nally or externally
For, 1f posmble, let the circle ABDC touch the circle EBFD first internally,
at more pomts than one, namely D, B
Let the centre & of the circle ABDC, and the centre H of EBFD, be taken
Therefore the straight hne joned from Gto # will fallon B, D [ur 11)
Let 1t so fall as BGHD
Then, simce the pomnt G 19 the centre of the
\ aircle ABCD,
A BG 138 equal to GD,
therefore BG 1s greater than HD,
\ therefore BH 1s much greater than HD
Agam, since the pomnt H 15 the centre of the
circle EBFD,
BH 1s equal to HD,
but 1t was also proved much greater than 1t
whieh 18 impossible
B Nkt ¢ Therefore a circle does not touch a eircle in~
ternally at more ponts than one
I say further that peither does 1t so touch 1t externally
For, if possible, Iet the cirele ACK touch the eircle ABDC at more pounts
than one, namely 4, C,
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and let AC be jomned

Then smince on the circumference of each of the aircles ABDC, ACK two
points A, C have been taken at random, the strught line jommng the points
will fall within each circle, {ur 2]
but 1t fell withun the eircle ABDC and outside ACK {111 Def 3] which1s ab-
surd

Therefore a arcle does not touch a cirele externally at more points than one

And 1t was proved that nesther does 1t so touch 1t internally

Therefore cte Q ED

Prorosrrion 14

In a eurele equal strarght lines are equally distant from the cenfre, and those which
are equally dislant from the centre are equal to one another

Let ABDC be a aircle, and let AB, CD be equnl strupght ines i1t

1 say that AB, CD arc equally distant from the centre

For let the centre of the eircle ABDC be taken [ 1] and let 1t be E, from
E let EF, EG be dmwn pcrpcndlcuhr to AII CD nnd Tet 1F EC be Jomed

[ 2 DURNPEON

th

thercfore AB 1s double of AF
Tor the same reason
CD 1s alvo double of CG,
and AR 13 equal to CD,
therefore AF 1s also equal to CG
And, since AE 1s equal to EC, (]
the square on AL 1s also equal to the square on EC A
Bu}t’ the squareson AF BF are cqual to the squarcon AE for the angleat F13
nght,
nmil‘ the squares on EG GC arc equal to the square on IC, for the angle at G1s
night, Ir 47
thcreforc the squares on AF, FE are cqual to the squares on CG, GE,
of which the square on AF 15 equal to the square on CG, for AF 13 equal to CG,
therefore the square on FE which remains 1s equal to the square on EG,
therefore LF 1s cqual to EG
A 1 the centre
[ur Def 4,

Next let the strarght lines AB, CD be equally distant from the centre, that
15, let EF be equal to EQ

1 say that AB 1s also equal to CD

For, with the same construction, we can prove sumilarly, that 4B 1s double
of AF, and CD of CG

And, since AFE 1s equal to CE,

the square on AE 18 equal to the square on CE

But the squires on EF FA are equal to the square on AE, and the squares on
EG, GC equal to the square on CE [t 47]

Therefore the squares on EI” FA are equal to the squares on EG, GC,
of which the square on EF 15 equal to the square on EG, for LF 1s equal to EG,
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therefore the square on AF which remains 19 equal to the square on CG,
therefore AF 1s equal to CG

And AB 1s double of AF, and CD double of CG,
therefore AB 15 equal to CD

Therefore etc QED

ProrosiTioN 15

Of straight lines wn a curcle the diameter 15 greatest, and of the rest the nearer {o the
cenlre 18 aluays greater than the more remole
Let ABCD be a cirele, let AD be 1ts diameter and E the centre, and let BC
be neater to the diameter AD, and FG more remote,
1 say that AD 1s greatest and BC greater than FG
For from the centre E let EH, EK be drawn perpen-
dicular to BC, FG
Then, since BC 13 nearer to the centre and FG more
remote EK 1s greater than EH {ux Def §)
Let EL be made equal to EH, through L let LAl be
drawn at right angles to EX and carnied through to &,
and let AfE, EN, FE, EG be joined
Then, since EH 1s equal to EL,
BC 15 also equal to MN [z 14]
Agam, since AE 1s equal to EM, and ED to EN,
AD 15 equal to ME, EN.
But ME, EN are greater than MN, [r 20]
and MN 1s equal to BC,
therefore AD 1s greater than BC
And, since the two sides ME, EN are equal to the two sides FE, EG,
and the angle M{EN greater than the angle FEG,
therefore the base ANV 1s greater than the base FG [r 24
But A{N was proved equal to BC
Therefore the diameter AD 1s greatest and BC greater than I'G
Therefore etc QED

ProrosITIOV 16

The straight line drawn at right angles {o the diameler of a curcle from 1fs extremuty
1will fall outside the circle, and wnto the space between the straight line and the cir-
cumference another straight line cannot be inlterposed, further the angle of the sem:-
crrcle 1 greater, and the remainang angle less, than any acute rectihineal angle

Let ABC be a eircle ahout D as centre and AB as diameter,

1 say that the strarght line drawn from A at nght angles to 4B from 1ts
extrermty will fall outside the circle

Tor suppose 1t does not but, 1f possible, let 1t fall withm as CA, and let DC

Jomned
Smce DA 1s equal to DC,
the angle DAC 1s also equal to the angle ACD [r 3
But the angle DAC 1s nght,

2
~
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Therefore the straight hine drawn from the point A at nght angles to BA will
not fall within the arcle

Similarly we can prove that neither will st fall
on the circumference,

therefore 1t wall fall outside

Let 1t fall as AE,

I say next that into the space between the
straight line AE and the ewrcumference CHA
another strmight line cannot be interposed

Tor, if possible, let another straight line be so
interposed, as FA, and let DG bedrawn fromthe g
pont D perpendicular to Fd

Then, since the angle AGD 15 nght,

ond the angle DAG 1s less than a nght angle,
AD 13 greater than DG [r 19)

But DA 1s equal to DH;
therefore DI 13 greater than DG, the less than the greater which 1s impossible

Therefore another straight line cannot be interposed mnto the space between
the straight line and the cireumference

R At e

line will be interposed such 2s will make an angle contamed by straight lines
I P R . PR Yiv W v

18 greater than the angle contaned by the straight hne BA and the eircum-
e 4 el ema AT ae Trio 1ot

Frcnn O O

to the diameter of a csrcle from 1ts extremity touches the circle QED

Prorostrion 17

From a gwen pownt to draw a strawght line louching a guen cirdle

Let A be the given point, and BCD the given circle,
thus 1t 18 required to draw from the pomt 4 a straight ine touching the circle
BCD

For let the centre E of the circle be taken, [ur 1)
let AE be joined, and with centre E and distance EA let the cirele AFG be
descnibed,

from D let DF be drawn at nght angles to E4,
and let EF, AB be joined,
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1 say that AB has been drawn from the pomnt A touching the crcle BCD
For, since E 1s the centre of the circles BCD, AFG,
EA 15 equal to EF, and ED to EB,

therefore the two sides AE, EB are equal to the two sides FE, ED,
and they contain a common angle, the angle at E,

therefore the base DF 1s equal to the base AB,
and the triangle DEF 1s equal to the tnangle BEA,
and the remaining angles to the remamng angles,

14

therefore the angle EDF 1s equal to the angle EBA

But the angle EDF 1s nght,

therefore the angle EBA 1s also nght

Now EB 13 a rads,
and the straight Iine drawn at nght angles to the di~
ameter of a circle, from 1ts extremity, touches the
arrcle, frr 16, Por ]

therefore AB touches the eircle BCD

Therefore from the given pomnt A the straight hne AB has been drawn

touching the circle BCD QEF

Prorostrion 18

If a straght line louch q circle, and a siraight Line be joined from the cenire to the
pont of contact, the straight line so jowned will be perpendrcular to the tangent

Fi

For, if not, let FG be drawn from F perpen-

p dicular to DE
L e o dhnamela BOO o v bt

'

er side, [xr 19]
therefore FC 1s greater than FG
But FC 1s equal to FB,
£ therefore FB 1s also greater than FG,
the Jess than the greater which 1s impossible
Therefore G 13 not perpendicular to DE
Simtlarly we can prove that neither 1s any other straight hine except FC,
therefore FC 1s perpendicular to DE
‘Therefore ete QED

ProposrrioN 19
If @ strarght line louch @ aircle and from the pownt of conlact a straight Line be

drawn at right angles o the tangent, the centre of the curcle wnll be on the straight
line so drawn

o P S
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and let CF be jomed
Since n straight tne DE touches the ercle A

and }‘C has been jowed from the centre to the
pont of contact, o
FC 13 perpendicular to DI, finn 18}
ae Th PRt IRl

the "+ the angle
ACE,
the Iess to the greater which s impossible o
Therefore £13 not the centre of the circle ABC
Sumlarly we can prove that neither s any other pomnt except a pomnt on AC
Therefore etc QED

Prorosrrioy 20

In a circle the angle at the eentre 13 double of the angle al the circumference, when
the angles have the same circumference as base

Let ABC be a circle, let the angle BEC be an angle ab its centre, and the
angle BAC an angle at the circumference, and Jet them hav e the same circum-
fercnce BC as base,

1 say that the angle BEC 13 double of the angle

BAC
For let AF be jomned and drown through to F
Then, since L4 18 cqual to LB,
the angle EA B 13 also equal to the angle EBA, [r 5] A
therefore the angles EAB, EBA are double of the
angle EAB e
But the angle BEF 13 equal to the angles EAB,

)

EBA, {3 4
thereloro the angle BLF 1s also double of the angle &
EAB
For the same reason
the angle FEC 15 also double of the angle EAC
"L Famn bhp mhinln anmdn BRI g An Wla af 6hn w3 3 —at DA
angle
Su t e emw AL a e ena 1 s e « e
Therefore ¢t QED

Prorosirion 21
In a crcle the angles in the same sepment are equal o one another
Let ABCD be a circle and let the angles BAD, BED be angles in the same
segment BAED,
1 say that the angles BAD, BED are equal to one another
For let the centre of the circle ABCD be taken, and let 1t be F, let BF, FD
be jowned
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A Now sinee the angle BFI is at the centre
and the angle BAD at the eircumierence
and they have the same crreumference BCD as base
therefore the angle BFD 15 double of the angle
e BAD 20}
For the same reason

b 4 the angle BFD 13 also double of the angle BED
thetefore the angle BAD 13 equal to the angle BED

‘Therefore ete QED

ProvosiTion 22

The opposile angles of quadrilalerals tn cireles ere equal-to two right
angles
Let ABCD be s arcle and let ABCD be a quaduiateral inat
1 say that the opposite angles are equal 1o two nght angles
Tet AC BD be jomed
8 Then smee n any tnangle the three angles are equal
to two nght angles Ir 32)
the three angles CAB ABC BCA of the trangle ABC

t
and the angle ACB 1s equal to the angle ADB for they

1
Let
therefore the angles ABC BAC ACB are equal to the angles ABC 4DC
But tr 7 Ape pae o v 1

a1 Ve [T teoyy

Sz e, L anpe 1) two
night angles
Therefore ete QED

Prorosrrion 23

On the same straght Line there cannol be constructed two similar ond unequal
PR [

wo sumilar and unequal
3 be consteucted on the

same ade
let ACD be drawn through and let CB DB be yomed
S ‘Then swee the segment ACRB 15 simlar to the seg

A
ment ADB,
and sumlar <egments of circles are those which admit equal angles (i Def 111
the angle ACH 15 equal to the angle ADB, the extenor to the tenor w hich s
1mpossible {r 16]
Therefore ete QED
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Prorosition 21

Similar segments of circles on equal strarght lines are equal to one another.
Tor let AEB, €7D be similar segments of eircles on equal straight lines 4B,

! ooae, A ca ot . V-

- ' . ‘s

/’/E\ %ﬁ
A 8 14 [}

e e e o

¥ P e

COMivsut wavus wa Asy
1t will esther falt within it, or outside it;

or 3t will fall awry, a3 CGD, and a circle cuts a cirele at more points than two:
which 13 imposaible {nr. 10]

Therefore, 1f the straight line AB be applied to €D, the segment AXB wall
not fait to comerde with CFD lso;

therefore st will comneide wath 1t and wall be equal to it
Therefore ete QaED

Provositioy 23

Guen a segment of a eurcle, 1o describe the complete crcle of which 3t 15 @ segment.

Let ABC be the given segment of & circle,
thus 1t 15 required to desenbe the plete eircle bel to the \
ABC, that 1, of which 1t 15 o segment

For let AC be bisected ot D, let DB be drawn from the pomt 27 at right
angles to AC, and let AB be joned,

the angle ABD 1s then greater than, equal to, or less than the angle BAD.

Furst let 1t be greater,
and on the straight hne BA, and at the pomt A on 1t let the augle BAE be
constructed equal to the angle ABD, let DB be drawn
through to E, and let IC be jomned

Then, since the angle ABE s equal to the angle BAK,

the strasght line BB 15 also equal to X4 it 6}

And, since AD 15 equal to DC, and DE 13 common, 8 €

the two sides AD, DE are equal to the two sides CD, ‘

DL respectively,
and the angle 4 DE 15 equal to the angle CDE, for each
15 nght; T
therefore the base AL 1s equal to the base CE
But AE was proved equal to BE,
therefore BE 15 also equal to CE,
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therefore the three straight Imes AE, EB, EC are equal to one snother

Therefore the circle drawn with centre E and distance one of the strasght
lnes A, EB, EC will also pass through the remaming pomnts and will have
been completed {ur 9]

- e . v

P v “a v

[ v o,
AD beng equal to each of the two BD, DC,
th: three straight imes DA, DB, DC will be equal to one an-
¢ other,
D will be the centre of the completed circle,
and ABC will clearly be a semicirele
But, if the angle A BD be less than the angle BAD, and 1if we construct, on
a thestraight hme BA and at the poimnt A on 1t, an angle equal
to the angle A BD, the centye will fall on DB within the seg-
ment ABC, and the segment 4 BC wll elearly be greater than
8 D 2 semieircle
Therefore, given a segment of a cirele, the complete
¢ arcle has been described QCF

ProrosITION 26

In equal cercles equal angles stand on equal circumferences, whether they stand al
the centres or at the circumferences
Let ABC, DEF be equal circles, and 1n them let there be equal angles,
namely at the centres the angles BGC, EHF, and at the circumferences the
angles BAC, EDF,
1 say that the circumference BKC 13 equal to the circumference ELF
For let BC, EF be jomed
4 Now, swnce the arcles ABC, DEF
are equal,
the radu are equal
Thus the two straight hines BG,
GC are equal to the two straight

¢ ¢ E ¥ lnes EH, HF,
K T and the angle at @ 13 equal to the
angle at H,
» therefore the base BC 1s equal to the base EF {4

?, [ Def 11}

But simular segments of circles on equal straight lines are equal to one an-
other, {1 241
therefore the segment BAC 13 equal to EDF

But the whole cirele ABC 1s also equal to the whole arcle DEF;
therefore the circumference BEC which remains 13 equal to the circumferenco

LF

Therefore ete QED

A
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Prorosrrrov 27

In equal cireles angles standing on equal exrcumferences are equal to one another,
whether they stand af the cenlres or at the arcumferences

For in equal eircles ABC, DLF, on equal circumferences BC, EF, let the
angles BGC, CHF stand at the centres G, H, and the angles BAC, EDF at the
circumferences;

I say that the angle BGC is equal to the angle EHF,

and the angle BAC 13 equal to the angle EDF

Tor, if the angle BGC1s unequal to

the angle EHF,
one of them 13 greater

Let the angle BGC be [;nmtcrL and on
EEREE 5o Sa aAL e as

E ¥

Now equal angles stand on equal
crrcumferences, when they are at the centres, {mn 26]
therefore the circumference BK 13 equal to the circumference EF

But EF 18 equal to BC;
therefore BK 1s also equal to BC, the less to the greater which 1s impossible
Therefore the angle BGC 1s not unequal to the angle EHF,
therefore 1t 13 equal to 1t
And the angle at 4 1s half of the anple BGC,
and the angle at D half of the angle EHF, fm 20}
therefore the angle at A 13 also equal to the angle at D
Therefore ete Q E.D

ProrosiTiov 28

In equal circles equal straight hines cut off equal circumferences, the greater equal
to the greater and the less o the less

Let ABC, DLT be equal circles and m the circles let AB, DE be equal
straight lines cutting off ACB, DFE as greater eircumferences snd AGB, DHE
a3 lesser,

1 say that the greater cireumference ACE 1s equal to the greater circumfer-
ence DFE, and the less circumference AGB to DHE

For let the centres K, L of the circles
be taken, and let AK, KB, DL, LE be
jomed

Now smnce the cireles are equal,

the radu are afso equal,

therefore the two sides Ak, KB are equnl o £
to the two sides DL, LE,
and the base AB 1s equal to the base DE,
therefore the angle AKB 1s equal to the angle DLE [r 81
But equal angles stand on equal crrcumferences, when they are at the cen-
tres, (a1 26]

therefore the circumference AGB 18 equal to DHE
And the whole circle ABC 18 also equal to the whole circle DEF,
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therefore the exrcumference ACB which remams 1s alo equal to the arcum-
{ference DFE which remams

Therefore etc QED

ProrosiTIoN 29

In equal curcles equal cercumferences are sublended by equal straight lines

Let ABC, DEF be equal circles, and 1n them let equal eireumferences BGC,
EHF be cut off, and let the straight lines BC, EF be jomed,

say that BC 1s equal to EF
For fet the centres of the circles

1
be taken, and let them be K, L,
let BK, KC, EL, LF be Jomned
Now, smce the circumference
BGC 15 equal to the circumfer-
ANV S NN oo u,
v v the angle BEC 13 glso equal to

the angle LLF. » frer 271
And, «ince the vreles ABC, DEF are equal
the radu are also equal,
therefore the two sides BK, KC are equal to the two sides EL, LF, and they
contain equal angles,
therefore the base BC 13 equal to the base EF [r 4
Therefore etc QED

ProrosrTion 30

To brscet a given crrcumference
Let ADB be the gin en circumference,
thus 1t 13 required to bisect the circurference ADB

o Let 4B be joined and bisected at C, from the
pomt € let CD be drawn at night angles to the
straight line AB and let AD, DB be joined

Then, since AC 1s equal to CB, and CD 1s com-
A T B my

on
the two smdes AC, CD are equal to the two sdes BC, CD,
and the angle ACD 1s equal to the angle BCD, for each 1s right,

therefore the base 4D 1s equal to the base DB [r 4]
But equal straight lines cut off equal circumferences, the greater equal to the
greater, and the Jess to the less, frrr 28]

and each of the circumferences AD, DB 1s less than a gemucirele,
therefore the cireumference AD 13 equal to the arrcumicrence DB
Therefore the grven crrcumf has been bisected at the pont D
QEF

Prorosirion 31
In a circle the angle 1n the semscirele 1s right, that an a grealer segment less than
a night angle, and that sn a less segment greater than o right angle, and further the
angle of the greater segment 1s greater than a right angle, and the angle of the less
segment less than & right angle
Let ABCD be s aircle let BC be its diameter, and E 1ts centre, and
AC, AD, DC be joined,

.
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I say that the angle BAC 1n the semicircle BAC 13 night,
the angle ABC 1n the segment ABC greater than the semicirele 15 Jess than &
night angle,
and the angle ADC in the segment A DC less than c
the sermicircle 19 greater than & nght angle [

Let AE be jomed, and let BA be carned
through to F A

Then since BE 18 equal to EA,
the angle ABE 1s also equal to the angle BA}[J :

1 5]

Again since CE 13 equal to B4,

the angle ACE 12 also equal to the angle CAE B

1 5]
Therefore the nhole angle BAC 1s equal to the two angles ABC, ACB
But the angle FAC exterior to the tnangle ABC 1s also equal to the two
angles ABC, ACB; [r 32
therefore the angle BAC 1s also equal to the angle FAC,
therefore cach 1s right, {1 Def 10
therefore the angle BAC m the semicircle BAC 1s nght
Next since n the triangle ABC the tno angles A BC, BAC are less than tno
night angles fr17]
and thc nugle BAC 15 a nght angle,

1A, 1

and the opr angles of n cireles are equal to two night
angles, (221
while the angle A BC 13 less than a nght angle,
therefore the angle ADC which remains 1s greater than a nght angle,
and 1t 13 the angle in the segment ADC less than the semicircle
I say further that the angle of the greater t, namely that

by the circumference ABC snd the straight line AC, 15 greater than a nght
angle,

A dha annta nfab 1 - -t a 5y the errcumference

d

For since the angle contamed by the straight hnes BA, AC 1s nght,
the angle d by the eir fe ABC and the stmxght line AC 13
greater than a nght angle

Agam since the angle contamned by the straight ines AC, AF 1s night
tho angle contamed by the straight ine CA and the circumference ADC 13 Jess
than a right angle

‘Therefore ete QED

ProrosiTION 32

' . . D A R AR -



ELEMENTS TII o1

the pomt B let there be drawn across, mn the circle ABCD a straight line BD
eutting 1t,

1 say that theangleswhich BDmakes with the tangent EF will beequal to the
angles 1n the alternate segments of the circle, that 1s, that the angle FBD 15
equal to the angle constructed mn the segment BAD, and the angle EBD 13

equal to the angle constructed in the segment DCB
A b For let B4 be drawn from B at nght angles to
let 8 pownt € be taken at random on the circumfer-
¢ ence BD,
and let AD, DC, CB be joined

Then, since a straight line EF touches the aircle
ABCD at B,
and BA has been drawn from the pomt of contact
3 v + at nght angles to the tangent, the centre of the

arcle ABCD 1s on BA [ 191

Therefore BA 15 a dtymeter of the circle ABCD,

therefore the angle ADB, being an angle 1n a semicircle, 1s nght [rxr 31}
Therefore the remaning angles BAD, ABD are equal to one right angle
Ir 32

But the angle 4 BF 1s also nght,

’ amm "4 *“~angles BAD, ABD

to the angle BAD 1n the al-
ternate segment of the circle
Next, since ABCD 18 2 quadnlateral in a circle,
1ts opposite angles are equal to two night angles [ 22}
< 2 0Ia

nate segment DCB of the circle
Therefore ete QED

Propostrion 33

On a guten straght line to describe o segment of a circle admatting an angle equal
to a guen rectilincal angle

Let AB be the given straight line and the angle at € the given rectihneal
angle
! thus 1t 15 required to descnbe on the
2] A given straight hne 4B o segment of a
circle admitting an angle equal to the

angle at €
} The angle at C s then acute ornght,

C or obtu<e
8 Furst, let 1t be acute and as mn the
first figure on the straight line AB, and
at the pomnt A, let the angle BAD be

3 constructed equal to the angle at C.
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therefore the angle BAD 1s also acute
Let AE be drawn at night angles to DA, let A B be bisected at F, let FG be
drawn from the point F at nght angles to AB, and let GB be jomed
Then, smce AF 13 equal to FB
and F G 13 common,
the two sides AF, FG are equal to the two mdes BF, FG,
and the angle AFG 13 equal to the angle BFG,
therefore the base AG 1s cqual to the base BG [t 4
Therefore the aircle deseribed with centre @ and distance GA will pass
through B alzo
Let 1t be drawn and let 1t be ABL,
let EB be jomned
Now smnce AD1s drawn from 4, the extrermty of the diameter AE, at nght
angles to AE,
therefore AD touches the eircle ABE {1 16 Por)
Since then a straight Iine AD touches the aircle A BE,
and from the point of contact at A a straight line AB 13 drawn across 1n the
circle ABE,
the angle DAB 1s equal to the angle AEB 1n the alternate segment of the

arcle [tzr 32)
PAAY " naen e ‘-
circle has
the angle
at C
Next let the angle at C be night, o A

and let 1t be again required to describe
on AB a segment of a circle admt-

ting an angle equal to the nght angle
atC c

Let the angle BAD be constructed El
equal to the nght angle at C, as1s the
case 1n the second figure
let A B be bicected at F and with centre
F and distance erther FA or FB let the 8
arele AEB be descnbed
Therefore the straight line AD touches the circle ABE because the angle

at A 1s nght {1t 16 Por]
And the angle BAD 13 equal to the angle in the segment AEB for the latter
t00 15 1tself & nght angle being an angle in a semreircle {x 311

But the angle BAD 13 also equal to the angle at ¢
Therefore the angle AEB 1s also equal to the angle at €
Therefore again the segment AEB of & circle has been described on AB ad~
mitting an angle equal to the angle at ¢
Next let the angle at C be obtuse
and on the straight ine AB and at the point 4 let the angle BAD be con
-

e
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Then, since AF 19 again equal to FB,
and F@ 13 common,
A pthe two sides AF, F@G are equal to
H, the two sides BF, F@,
and the angle AFG 13 equal to the
angle BFG;
therefore the base AG 1s equal to
¢ B the base BG {r 4]
Therefore the eircle described
with centre G and distance G4
will pass through B also, let st so
t pass, 83 AEB
Now, since 4D 18 drawn at right angles to the diameter AE from 1ts ex-
tremuty,
AD touches the circle AEB (it 16, For ]
And AB has been drawn across from the pomt of contact at 4,
therefore the angle BAD 15 equal to the angle constructed in the alternate seg-

ment AHB of the circle frer 82]
Prorosrriov 34

From a guen arele to cut off @ segment admatting an angle equal (o a guen rec-

tlineal angle

Let ABC be the gmven cirele, and the angle at D the given rectthnes! angle,
thus 1t 13 required to cut off from the circle ABC a segment admitting an angle
P e e 4 e

! A Then, since 2 straight lne LF

touches the circle ABC,
and BC has been drawn aeross from

g the pomt of contact at B,
b the angle FBC1s equal to the anglecon-
i structed in the alternate segment BAC
frrr 32)

But‘ the‘ angle FBC 1s equal to the angle at D,

ProrostTioN 35

the pomt E,
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1 say that the rectangle contmned by AE, EC 13 equal to the rectangle con-
tuned by DL, EB

If now AC, BD are through the centre, so that E1s 4
the centre of the eirele ABCD,

1t 13 mantfest that, AE, EC, DE, EB being cqual

the rectangle contmned by AL, EC 13 also equal to the
rectangle contaned by DE, EB

Next let AC, DB not be through the centre, let the
centre of ABCD be taken, and let 1t be F,
from F let FG, FH be drnwn perpendlculnr to the straight hnes AC, DB, and
let FB, FC, FE be joined

Then, stnce o straight hne GF through the centre
cuts a straight ine AC not through the centre at right
angles,

=

(*

]

1t al»o bisects 1t, [rx 3)
therefore AG 1s equal to GC

Since then, the straight hne AC has been cut 1nto
equal parts at G and 1nto unequal parts at E,
the rectangle contained by AL, EC together with the
square on EG1s equal to the squre on GC, fir 5) B¢

Let the square on GF be added,
therefore the rectangle A E, EC together with the squares on GF, GF 15 equal
to the squares on CG GF

But the square on FE 1s equal to the squares on EG, GF, and the square on
FC1s equal to the squares on CG G. 1 47)
therefore the rectangle AE, EC togethcr with the square on FE 1s equal to the
square on FC

And FC1sequsl to FB,
therefore the rectangle AE, EC together with the square on EF 1s equal to the
square on FB

For the same reason also
glg rectangle DE, EB together with the square on F'E 1s equal to the square on

But the rectangle AE, EC together with the square on FE was also proved
equal to the square on FB,
therefore the rectangle AE EC together with the square on FE1s equal to the
rectangle DE, EB together with the square on FE

Let the square on FE be subtracted from each,
d by AE, EC which remains 1s equal to the rec-

tam;le contnumd hv DE, EB
Therefore ete QED

Prorostriov 36
If @ pont be IaLeﬂ zmtsuie o arc(e ami from ¢ there fall on the eircle fwo straight

Pone mnd

square on the tangent *
For let a pomnt D be taken outside the circle ABC, and from D Jet the two
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straight hnes DCA, DB fall on the cirele ABC, Iet DCA cut the aircle ABC and
let BD touch 1t,
I say that the rectangle contained by 4D, DG 1s equal to the square

on DB

Then DCA 1s erther through the centre or not through
8 the centre

First let 1t be through the centre, and let F be the centre

of the eircle ABC, let FB be joined,

® therefore the angle FBD 1s nght {rx 18]
And, since AC has been hisected at F, and CD 13 added
to1t,
o ¢ the ;ectaagle AD, DC together with the square on FCis
equal to the square on FD [1 6]
But ¥C s equal to FB,

therefore the rectangle AD DC together with the square on B 1s equal to the
square on FD

And the squares on FB, BD are equal to the square on FD, i 47]
therefore the rectangle 4D, DC together with the square on FB 1s equal to the
squares on FB, BD

Let the square on FB be subtracted from each,
therefore the rectangle AD, DC which remams 1s equal to the square on the
tangent DB

Again, let DCA not be through the centre of the cirele ABC,
let the centre & be taken, and from E, lIet EF be
drawn perpendicular to AC,
let EB, EC, ED be joined

Then the angle EBD 13 nght {rir 18]

And smnce o strarght hne EF through the centre
cuts a straght line AC pot through the centre at
g B night angles,

A

1t also bisects 1t, [ 3]
therefore AF 15 equal to FC

Now, since the straight hne AC has been bisected at the pomt F, and €D 1s
added to 1t
the rectangle contained by AD, DC together with the square on FC 15 equal to
the square on ¥ i)

Let the square on FE be added to each,
therefore the rectangle AD, DC together with the squares on CF FE 13 equal
1o the squares on FD, FE

But the square on ECw equal to the squares on CF FE for the angle EFC
Az orht, J1 47

and the square on ED 1s equal to the squares on DF FE,

therefore the rectangle AD DC together with the square on I'C 1s equal to the
square on ED

And EC 14 equal to £B,
therefare the rectangle AD DC together with the square on ET 13 equal to the
square on ED

But the squares on £B, BD are equal to the square on ED for the angle -

EBD 13 night,, i 4
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therefore the rectangle A D, DC together with the square on EB 13 equal to the
squares on EB, BD
Let the square on EB be subtracted from cach,
thercfore the rectangle AD, DC which remuns 13 equal to the square on DB
Therefore ete QEPD

Prorosrrion 37

If a pount be taken outside a circle and from the pont there fall on the evrcle tro
straght lines, of one of them cut the cirele, and the other fall on 1!, and f furlher the
rectangle contained by the whole of the straight ine whach cuts the aircle and the
strawght line intercepted on 3t outside betiween the point and the contex csrcumference
be equal to the square on the straight line which falls on the circle, the straght line
whach falls on 1t will touch the circle

For let a pomnt D be taken outside the aircle ABC, from D let the two
straight lines DC'A, DB fall on the eircle ABC,
let DCA cut the circle and DB fall on 1t, and 12
Iet the rectangle AD, DC be equal to the square
on DB

1 say that DB touches the cirele ABC

For let DF be drawn touching ABC, let

the centre of the circle ABC be taken, and let B A
ttbe F,let FE FB FD be jomned
Thus the angle FED 1s nght [ 18)
Now since DE touches the eircle ABC, and DCA cuts i, the rectangle AD,
DC 13 equal to the square on DE {ur 36]

But the rectangle AD, DC was also equal to the square on DB,
therefore the square on DE 18 equal to the square on DB,
therefore DE 1s equal to DB
And FE 1s equal to FB,
therefore the two sides DE, EF are equal to the two sides DB, BF,
and FD s the common base of the tnangles,
therefore the angle DEF 1s equal to the angle DBF [r 8
But the angle DEF 1s nght,
therefore the angle DBF 1s also night

And FB produced 1s a diameter,
and the straight hine drawn at nght angles to the diameter of a circle, from 1ts
extremity touches the circle, {rr 16, Por ]

therefore DB touches the aircle
Similarly this can be proved to be the case even if the centre be on AC
Therefore etc QED



BOOK FOUR

DEFINITIONS

1 A rectilineal figure 1s saad to be wnserbed wn @ rectilineal figure when the
respective angles of the mscribed figure ke on the respectss e mdes of that in
whach 1t 18 insernibed

2 Sumlarly o figure 18 saxd to be czrcumseribed about a figure when the respec-
tive sides of the circumsenbed figure pass through the respective angles of

that about which 1t 1s errcumseribed
o Ao ar e EP U DA SRR T NSNS Y SO

6 A aircle 1s said to be circumscribed about @ figure when the circumference
of the circle passes through each angle of the figure about which 1t 13 cireum~
seribed

7 A straght Iine 1s sad to be fitfed wnto a crrcle svhen 1ts extremities are on
the circumference of the crcle

BOOK IV PROPOSITIONS
ProrosiTIoN 1

Into a qwen circle to fit a strarght line equal lo @ guen strarght line whch 13 not
greater than the duameler of the crrcle
Let ABC be the given circle, and D the given straight line not greater than
the diameter of the circle,
thusit 1s requured to fit into the circle A BC a straight hne equal to the straight
D

Iine
D Let a diameter BC of the arcle ABC be
drawn
‘Then, if BC 13 equal to D, that which nas
enjoined will have been done, for BC has
been fitted mnto the cirele A BC equal to the
strmight ne D
But, 1f BC 13 greater than D,
F Jet CE be made equal to D, and with centre
C and distance CE let the crcle EAF be described,
let CA be jomed
Then, since the pomt C 1s the centre of the aircle EAF,
67

A
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CA 13 equal to CE
But CE s equal to D,
mcmforc D 15 also equat to CA
"Therefore mto the gien cirele ABC there has been fitted CA equal to the
gven straight ime D QEF

Prorosimoy 2

In a guen circle o tnserbe a traangle equiangular twith g green Inangle

Let ABC be the mven owrcle, and DFF the mven tnangle,
thus 1t 18 required to mserbe 1 the airele 4 BC a tnangle equiangular with the
tnangle DEF

Let GH be drawn touching the circle ABC ot A [1x 16, Por ], on the straight
tine AH, and at the pomnt A on 1, let the angle HAC be constructed equal to
the angle DEF,
and on the straght hne AG, and st

the pomt A on i, let the angle GAB B £
be constructed equsl to the angle
DFE, fr 23
let BC be jomed F
Then smce n straight line AN c
touches the arele ABC,
and from the pomt of contact at 4 the G o
straight ltne AC 13 drawn across in the A
H

crcle,
therefore the pnple HAC 18 equal to
the angle ABC in the alternate segment of the oircle fur 32

But the angle HAC 13 equal to the angle DEF,

therefore the angle ABC 1s also equal to the angle DEF
For the same reason
the angle ACB 13 also equal to the angle DFE,
therefore the rematning angle BAC 1s also equal o the remaning angle EDF]
fr3

Therefore tn the given cirele there has been msenbed a tnangle equmllg“!“
with the given trangle

Prorostrion 3

- 13 v e ande

with the tnangle DEF
Let EF be produced m both

directions to the pomnts G H

Jet the centre A of the aircle ABC G

be taken {1ix 1] and let the straight 3

hne AB be drown neross at ran-

dom, [+

on the strapht lme AR andotthe L N

pomt K onit let the angle BAA be construeted equal to the angle DEG,
and the angle BAC equal to the angle DFH, )]

3 0
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and through the pownts 4, B, C let LAM, MLBN, NCL be drawn touching the
arcle ABC {tx 16, Porl
Now, since L3, MN, NL touch the circle ABC at the pomis 4, B, C,
and K4, KB, KC have been joined from the centre K to the pomnts A, B, C,
therefore the angles at the points 4, B, C are nght [rxr 18]
And, since the four angles of the quadnlateml‘AMBK are equal to four
- . . PRt e . P .

3l
therefore the angles AKB, AMB arc equal to the angles DEG, DET,
of which the angle AKB 1s equal to the angle DEG,
therefore the angle AMB which remains 13 equal to the angle DEF which re-
mains
PSRN

M T A raem o "

Therefore about a given cirele there bas been ewrcumsertbed a trangle equi-
angular with the given triangle QEF

ProrosITION 4

In a gwen triangle fo mnscribe a arcle
Let ABC be the given trangle,
thus 18 15 required to mscribe a cirele in the trangle ABC
A Let the angles ABC, ACB be bisected by
the straight lmes BD, CD [1 9], and let
E these meet one another at the pomnt D,
from D let DE, DF, DG be drasmn perpendi-
cular to the strasght hoes AB, BC, CA
Now, since the angle ABD 1s equal to the
angle CBD,
and the nght angle BED 1s also equal to the
right angle BFD,
EBD, FBD are two tnangles having two angles equal to two angles and one
side equal to one stde, namely that subtending one of the equal angles, which1s
BD common to the triangles,
therefore they will also have the remamning sides equal to the remamnmng sides,
[x 261

13 B <

therefore DE 1s equal to DF
For the same reason
DG s slso equal to DF

Therefore the three straight lines DE, DF, DG are equal to one another,
therefore the circle described with centre D and distance one of the straight
hnes DE, DF, D@ will pass also through the remaunng points and will touch
th:h :traxght Lnes AB, BC, CA, because the angles at the powts E, F, G are
n

For, 1f 1t cuts them, the straight line drawn st nght angles to the d
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the circle from 1ts extrematy will be found o fall wathin the airele which was
proved absurd fur 16)
therefore the eircle desenbed wath centre D and distance one of the strught
hnes DE DF D@ wall not cut the strught hnes A8 BC C4
therefore 1t will touch them and will be the ewrcle wseribed 1 the trangle
ABC fiv Def 5}
Let 1t be mnscribed as I'GE
Therefore 1 the g en triangle ABC the eirele EFG has been insenbed
qETYF

Praraosrrion 5

Adotd @ guven tnangle to crrcumseribe a curele
Let ABC be the prven tnangle
thus 1t 13 required to cireumsenbe n eircle about the gnen tnanglc ABC

O

| e R\

Let the straght lines AB AC be bicected at the pownts D E 1 10} and from
the pownts D E let DFF BF be drawn at night angles to AB, AC,
they wall then meet within the triangle ABC, or on the strayght Ime BC or
outside RC
Turst let them meet within at F, and let FB FC FA4 be jomed
Then simce 4D s equal to DB,
and DF 18 common and st night angles
therefore the buse AF 13 equal to the base FB )
Suuilarly we can prove that
CF 13 glso equal to AF,
50 that FB s also equal to FC,
therefore the three straight lines FA FB FC are equal to one another
Therefore the aircle desenibed with centre F and distance one of the straight
hnes F4 FB FC wiil pass also through the remaming posts and the citcle
will have been circumsenibed about the triangle ABC
Let 1t be circumseribed as A BC

™ 8813 the case m the se-

18 the centre of the circle

the case 1 the

b4
Sindarly we can prove that
CF 15 also equal to AF
so that BF 1s also equal to FC'
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therefore the circle desenbed with centre F and distance one of the straight
lines FA, FB, FC will pass also through the remaining pomts and will have
been eircumseribed about the tnangle ABC

Therefore about the given triangle a circle has been circumseribed

QETF
And 1t 1s manifest that, when the centre of the circle falls mathin the triangle

the angle BAC, being 1n a segment greater than the semucircle, 13 less than a

nght angle,

when the centre falls on the straight line BC, the angle BAC, bemng in & sermi-

arcle 13 nght,

and when the centre of the circle falls outside the tnangle, the angle BAC, be-

mgma t less than the le, 1s greater than a nght angle [ 31]

ProrosiTioN 6

In a guen arcle to wnscribe a square
Let ABCD be the given circle,
thus 1t ts required to inseribe a square m the circle ABCD
Let two diameters AC, BD of the circle ABCD be
drawn st night angles to one another, and let A B, BC,
CD, DA be jomed
Then, since BE 1s equal to ED, for E 1s the centre,
g p and E4 1s common and at nght angles
therefore the base AB 13 equal to the base AD [1 4]
For the same reason
each of the straight lines BC, CD 1s also equal to each
& of the straight lines AB, AD,
therefore the quadnlateral ABCD 15 equilateral
I say next that 1t 1s also nght-angled
For, «ince the straight lne BD 15 a diameter of the circle ABCD,
therefore BAD 1s a semmcircle,
therefore the angle BAD 1s nght [ 81)
For the same reason
each of the angles ABC, BCD, CDA 1s also night,
therefore the quadnlateral ABCD 15 nght-angled
But 1t was also proved equilateral,
therefore 1t 1s a square, [t Def 22)
and 1t has been mscribed m the errcle ABCD
Therefore tn the given circle the square A BCD has been inscribed @ E F

A

Prorosirion 7
Aot & gooes cenele do corcamesoride & Spown
Let ABCD be the given aircle
. thus 1t 13 required to circumsenbe a square about the circle ABCD
P RN i .

one
tou
Then since FG touches the circle ABCD,
and EA has been jomed from the eentre E to the pont of contact at 4,
therefore the angles at A are nght [ur 18}
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For the same reason

‘ .

For the same reason

£

AC 15 also parallel to FK, B|

Similarly we can prove that

so that GH 13 also parallel to FK [t 30] \

each of the stratght hines GF, HK 1s paraliel to BED

)

Therefore GK, GC, AK, FB, BK are parallclograms,
thercfore GF 1s equal to HK, and GH to FK
And, since AC 13 equal to BD,

and AC 13 also equsl to each of the straight hnes GH, FK,

while BD 18 equal to each of the straight lines GF, HI\

therefore the quadnl. | FGHE 1s
T say next that 1t 13 also nght-angled
For, since GBEA 13 1 parallelogram,
and the angle AEB 1s nght,
therefore the angle AGB 15 also nght
Simlarly we can prove that
the angles at H, K, F are also nght
Therefore FGHA 15 nght-angled
But st was also proved equilateral;
therefore 1t is a square,

q

and 1t has been circumscnibed about the eircle ABCD

K
Ir 34

Ir 34

r 34

‘Therefore about the given aircle a square has been circumsenbed Q E r.

Prorosirion 8

In a guen square to inscribe @ crrcle
Let ABCD be the guv en square,

thus 1t 1 required to mscribe a circle in the mven square ABCD

Let the straight lmes AD, AB be bisected at the

€D, and through F let FK be drawn parallel to either

pomts E, F respectively, [r 10]
through E let EH be drawn parallel to either AB or /

ADor BC, {r 311 ¥
therefore ea.ch of the figures AK, KB, AH, HD AG
GC, BG GD 15 s parallel , and therr pp

sxde‘i are evidently equal 1 34)

Now, since 4D 13 equal to 4B,
and AE 1s half of AD, and AF half of AB

therefore AE 13 equal to AF,
s0 that the opposite sides are also equal,

therefore FG 13 equal to GE

Sunifarly we can prove that each of the straight lines GH, GA 15 equal to

each of the straight lnes FG, GE,

therefore the four straight lines GE GQF, GH, GK are equal to one another
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Iin

E,F, H, K are nght

For, 1f the aircle cuts AB, BC, CD, DA, the straight line drawn at nght an-
gles to the diameter of the circle from 1ts extremuty will fall within the circle
which was proved absurd, frrr 16]
therefore the circle described with centre G snd distance one of the straight
lnes GF, GF, GH, GK will not cut the strmight lmes AB, BC, €D, DA
2 ‘Therefore 1t will touch them, and will have been mserbed mn the square

BCD

Therefore 1n the given square 2 eircle has been msenbed QEP

Prorosrioy 9
About @ guen square fo circumseribe a circle
Let ABCD be the gven square,
thus 1t 15 required to circumsenibe a circle about the square ABCD
For let AC, BD be jowned, and let them cut one another at B
Then, since DA 15 equal to AB, and AC 1s common,
A therefore the two wdes DA, AC are equal to the two
aides BA, AC,
and the base DC 1s equal to the base BC,
B therefore the angle DAC 1s equal to the angle BAC
[r 8]
Therefore the angle DA B 13 bisected by AC
Sumlarly we can prove that each of the angles 4 BC,
¢ BCD, CDA 13 bisected by the straight lnes AC, DB
Now, simce the angle DAB 15 equal to the angle A BC,
and the angle EAB 13 half the angle DAB,
and the angle EBA half the angle 4BC,
therefore the angle EAB 1s also equal o the angle EB4A,
50 that the side E4 1s also equal to EB [r 6]
Swularly we can prove that each of the straight lnes EA, EB 1s equal to
each of the straight Lines EC, LD
Therefore the four straight Lines A, EB, EC, ED are equal to one another
Therefore the eircle described with centre E and distance one of the straight
Iines E4, ER, EC, ED will pass also through the remamming powts,
and 1t will have been circumsenbed about the square ABCD
Let 1t be carcumscribed as ABCD
Therefore about the given square a cirele has been circumsertbed @ © 7

ProrosrTioN 10
To construct an sosceles trangle having each of the angles af the base double of the
remaining one
Let any straight lme AB be set out, and let 1t be cut at the pomnt € so that
the rectangle contained by A B, BC 1s equal to the squareon C4, fir 11
with centre A and distance AB let the circle BDE be descrnibed,
and let there be fitted in the eircle BDE thestraight kne BD equal to thestr
line AC which s not greater than the diameter of the circle BDE r
e

Ve
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Let AD, DC be joined, and let the aircle ACD be circumsenibed about the

trnangle AC [tv 8]
Then, since the rectangle 4B, BC 1s equal to
the square on AC, 8

and AC 1s equal to BD,
therefore the rectangle A B, BC 1s equl to the
square on BD
And, since o point B has been taken outwide
the cirele ACD,
and from B the two straight ines BA, BD have
fallen on the circle ACD, and one of them cuts
1t, while the other falls on 1,
and the rectangle AB, BC 1s equal to the square
on BD,
therefore BD touches the errcle ACD [ar 37)
Since, then, BD touches 1t, and DC 1s drawn 2eross from the point of con-
tact at D,
therefore the angle BDC 15 equal to the angle DAC mn the alternate segment of
the urele G 32
Since, then the angle BDC 18 equal to the angle DAC,
let the angle CDA be added to each,
therefore the whole angle BDA 1s equnl to !he tno unglcs C'DA D4cC

But the ~ -~ ~=~] . [ 32]
But the . . )13 glso
equal to AB, It 3)

50 that the angle DBA 1s also equal to the angle BCD
Therefore the three angles BDA, DBA, BCD are equal to one another
And since the angle DBC 13 equal to the angle BCD,
the side BD 15 aivo equal to the side DC [}
But BD 1s by hypothesis equal to €4,
therefore C4 1s also equal to €D,
R PR - - {8l

therefore each of the angles BDA, DBA 1s also double af the angle DAB
Therefore the 1sosceles tnangle ABD has been constructed having each of
the angles at the base DB double of the remawning one QEF

Prorostrion 11
In a giren crcle fo inscribe an equalateral and equiangular penlagon
Let ABCDE be the given circle,

thus 1t 13 required to mseribe in the circle ABCDE an equilateral and equi-
angular pentagon

Tet the 1sosceles tnangle FGH be set out havng each of the angles at @, ¥
double of the angle at 7, [rv 10]
Jet there be inscrsbed m the airele ABCDE the tniangle ACD equangular mth
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the tnangle FGH, so that the angle CAD 13 equal to the angle at F and the

angles at G, H respectively equal to the angles ACD, CDA4, v 2
therefore each of the angles ACD CDA 13 also
double of the angle CAD

A
T Now let the angles ACD, CDA be brsected
N " respectively by the straight lines CE, DB [r 9)
and let AB, BC, DE, EA be joined
Then, since each of the angles ACD, CDA 1s
G B double of the angle CAD,
¢ b and they have been bisected by the strmight
lines CE,
th;refore the five angles DAC, ACE, EC’D CDB BDA are equal to one an-
other
But equal angles stand on equal circumferences, {rer 261
thlelrcfore the five circumferences AB, BC, CD, DE, EA are equal to one an-
other
But equal circumnferences are subtended by equal straight lines,  [rr 29]
therefore the five strarght ines AB, BC, CD, DE, EA are equal to one another,
therefore the pentagon ABCDE 1s equilateral
T szty next that it 1 also cquiangular
For, since the circumference 4B 15 equal to the circumference DE, let BCD
be 2dded to each,
therefore the whole ABCD s equa! to the whole eircumference
EDCB
And the angle A ED stands on the exrcumference 4 BCD, and the angle BAE
on the circumference EDCB,
therefore the angle BAE 15 also equal fo the angle AED  [mt 27]
For the same reason
%}bof the angles ABC, BCD, CDE 1s also equal to each of the angles BAE,

,
therefore the pentagon A BCDE 1s equangular
But 1t was also proved equilateral,
therefore 1n the given errcle an equilateral and equangular pentagon has been
mseribed QETF

Prorosrriov 12

About a guen crrcle to crrcumseribe an equilateral and equrangular pentagon
Let ABCDE be the given cucle,
thus 1t 1s required to an 1 and J:
about the circle ABCDE
Let &, B, C, D, F be concaved to be the angular ponts of the msenbed
zon, so that the AB,BC,CD, DE, EA arcequal, [1v 11]
through 4, B, C, D, E let GH, HK, R L, LM MG be drawn touchmng the circle,
[ur 16, Por ]
let the centre F of the circle ABCDE be taken [11 1), and let FB, FK, FC, FL,
FD be jomed
Then, since the straight line AL touches the circle ABCDE at C,
and FC has been jomed from the centre F to the pont of contact at C,
therefore FC 1s perpendseular to KL, frrx 18]
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therefore each of the angles at C is right
Yor the same reason
a

~ et . ot Bn L R

For the same reason
the square on FK 1s also equal to the squares on
FB, BK,
so that the squares on FC, CK are equal to the ~
squares on FB, BK,
of which the square on FC 15 equal to the squareon 1

them{ore the square on CK which remains 1s equat
1o the square on BK
‘Therefore BK 13 equal to CK
And, since B 13 equal to FC,
and FK common,
the two sides BF, FX are cqual to the tno mdes CF, FX; und the base BK
equal to the base CK,
therefore the angle BFR 1s equal to the angle KFC, fr 8
and the angle BKF to the angle FKC
Therefore the angle BFC 13 double of the angle KFC,
and the angle BKC of the angle FRKC
For the same reason
the angle CFD 1s also double of the angle CFL,
and the angle DLC of the angle FLC
Now, since the circumference BC 13 equal to CD,
the angle BFC 13 also equal to the sugle CFD {ur 27
And the angle BFC 13 double of the angle KFC, nnd the angle DFC of the
angle LFC,
therefore the angle XFC 1s also equal to the angle LFC
But the angle FCIx i) alsl) equal to the zmgle FCL

4hamafoen DEFA DAY e et e -

and the r angle to the x 26
therefore the straight hne IxC 3 equa) to CL,
and the angle FKC to the angle FLC,
And, sinee K€ 13 equal to CL,
thercfore K7 15 double of KC.
For the same reason 1t can be proved that
HEK 18 also double of BK
And BK 15 equal to KC,
therefore K 1s nlso equal to KL

Sunlarly each of the straight hnes HG, GM, ML cav nlso be proved equal to

cach of the straight hnes K, KL,
therefore the pentagon GHELJ! 13 equilateral
T say next that st 15 also equusngular
TFor, since the angle FEC 15 equal to the angle FLC,
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Simile oo .
each of o
therefore the five ang!es GHK, HEL, ELM, LMG, MGH are equs! to one an-
other

Therefore the pentagon GHELM 1s equangular

And 1t was also proved equilateral, and 1t has beeh circumsenbed sbout the
eircle ABCDE QEF

Prorosirion 13
In @ guven pentagon, whick 18 equilateral and equiangular, to tnserbe a circle

7 re-
one

A the two sides BC, CF are equal to the two sides
DC, CF,
and the angle BCF 1s equal to the angle DCF,
therefore the base BF 1» equal to the base DF,

subtend 4
Therefore the angle CBF 1s equal to the angle

CT o CDF
And wince the angle CDE 1s double of the angle CDF,

therefore the angle ABF 15 equal to the angle FBC,
therefore the angle ABC has been hisected by the straight ine BF
Sunilarly 1t can be proved that
the angles BAE, AED have also been bisceted by the straight lines FA, FE
respectively
Nowlet FG, FH FK FL FM bc drnwn from the pomnt F perpendicular to

#ha ghen ~le 1o

FHC, FKC are two tnangles having two angles equal to two angles and one
s1de equal to one side, namely FC which 18 common to them snd subtends one
of the equal angles,
therefore they will also have the remaining sides equal to the remaining sides;
{r 26)
therefore the perpendicular FH 15 equal to the perpendicular FI\
Siumlarly 1t ean be proved that
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cach of the straight hines T'L, FM, FG 13 also equal to each of the straight lnes
r'H, F.
thcrcforc the fis e straight hines FG, FH, FK, FL, FM are equal to one another
Therefore the cirele deseribed with centre F and distance one of the straight
pebonsulanAerl i - e .

For, 1f 1t does not touch them, but cuts them,
1t will result that the straght line drawn at night angles to the drameter of the
circle from 1ts extremuty falls within the circle which was proved absurd

(221 16]

Therefore the circle deseribed with centre F and distanee one of the straight

lines FG FH, FK, FL, FM will not cut the straight ines A B, BC, CD, DE, EA;
therefore 1t will touch them

Let 1t be deseribed, a8 GHALM

Therefore n the given pentagon, which 13 equilateral and equmngu]ar,
circle has been 1nscribed QE

Prorostriov 14
Aboul @ guen p which 1s equilateral and lar, to circumscribe @

Lct ABCDE be the given pentagon, which 1s equilateral and equiangular,
thus 1t 18 required to circumsenbe & circle sbout the
pentagon ABCDE A

Let the angles BCD, CDE be bisected by the straght
lines CF, DF respectively, and from the pownt F, at

which the straight lines meet, let the straight lines £5, B, E
FA FE be joined to the pomnts B, A, E

Then 1n manner similar to the preceding 1t ean he
proved that the angles CBA, BAE, AED have also
been bisected by the straight lines #B, I'd, FE respec- ¢ (]
tively

Now, su bt N e

[r 6]

Similarly 1t can be proved that
each ‘;i the straight hnes FB, FA, FE 13 also equal to each of the straight lmes
FC
therefore the five straight ines FA, FB FC, FD, FE are equal to one another

Therefore the cirele deseribed Wnth centre F and distance one of the straight
Lnes FA, FB, FC, FD, I'E will pass also through the remaming pomnts, and
will have been arcumsenbed

Let 1t be eircumscribed and let 1t be ABCDE

Therefore bout the given pentagon, which 13 equilateral and eqmangular, a
circle has been crreumsenbed F
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ProrosiTion 15

In a guen crcle to mnscribe an equilateral and equiangular hezagon

Yet ABCDEF be the given aircle,
thus 1t 1s required to msernbe an lateral and lar | mn the
arcle ABCDEF

Let the diameter AD of the eircle ABCDEF be drawn,
let the centre G of the aircle be taken and with centre D
and distance DG let the aircle EGCH be desenbed,
let EG, C@ be jomned and carned through to the pomnts
B, F

s
and let AB, BC, CD, DE, EF, FA be jomed

T say that the hexagon ABCDEF 1s equlateral and
equiangular

For since the point G 1s the centre of the circle
ABCDEF,

GE 13 equal to GD

Agam, since the pomt D 1 the centre of the aircle

GCH,

DE 13 equal to DG
But GE was proved equal to GD,
therefore GE 13 also equal to £D,
therefore the tnangle EGD 15 equulateral,
and therefore 1ts three angles EGD, GDE DEG are equal to one another inas-
much a8 m 1sosceles tnangles, the angles at the base are equal to one another

And the thran annlne af thn bt noln aun an ol 40 b oa et amelpg {1 32)

1
Simdart two right
angles

Awa ' o~ e

E

60 that the angles vertical to them the angles BGA AGF FGE are equal
11 15)
Therefore the six angles EGD, DGC CGB, BGA, AGF, FGE are equal to
one another
But equal angles stand on equal circumferences, [ 26]
ther&fore the mix circumferences AB BC CD DL EF FA are equel to one
another
And equal cireumferences sre subtended by equal straight lines {1z 29)
therefore the six straight lines are equal to one another,
therefore the bexagon ABCDEF 1s equilateral
I say next that it 1s also equiangular
For since the circumference FA 1s equal to the cireumference ED,
let the circumference ABCD be added to each
therefore the whole FABCD 1s equal to the whole EDCBA,
and the angle FED stands on the aircumference FABCD,
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and the nngle AFE on the clrcumfemnce EDCBA‘

ment DT fees 07}
"

. A an tataoat

r hexagon has

. T
- « " othe
s of the cxrcle
mdm mammnm ae w dhn anca of bha nanbaman £ dhea oh tha na ko af

‘.

we can both mscribe a cirele 1n 4 given hexagon and circumscribe one sbout 1t
QEF

ProrosrrioN 16

In a guen curele to tnscride @ fiftcen-angled figure which shall be doth equilaleral
and equiangular

Let 4BCD be the gnen arcle,
thus it 1s required to msenbe m the crele ABCD o ﬁftecmangled figure which
shall be both equilateral and equangular

In the errcle ABCD let there be n-
scrtbed a mide AC of the equilateral tri-
angle msecribed m 13, and & side 4B of an
equilateral pentagon,
therefore of the equal segments of which
there are fifteen m the circle ABCD, there |
will be five 1n the crrcumference A BC which ¢
18 one-third of the eircle and there will be
three in the cwrcumference 4B which 1s
one-fifth of the aircle,
therefore mn the remamnder BC there will
e two of the equal segments

Let BC be bisected at £, (s 30}
therefore each of the mrcumfetences BE EChs a fiftcenth of the arcle ABCD

dnision on the arcle we draw tangents to the cirele there will be crcum-
stribed about the cirele o fifteen angled figure which 1s equilateral and equi-
angular

And further, by proofs stmular to those tn the case of the pentagon, we c2n
hoth msenbe a curcle m the given fifteen angled figure and crreumsertbe one
about 1t QEF
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DEFINITIONS

1 A magntude 1s & part of a magmtude, the less of the greater, when 1t
maeasures the greater
2 The greater 13 a multiple of the less when 1t 18 measured by the less
3 A rat01s & sort of relation 1n respect of size between two magmtudes of
the same kind
4 Magnitudes are said to have @ ralw to one another winch are capable,
when multiphied, of exceeding one another
5 Magnitudes are said to be wn the same ratio, the first to the second and the
third to the fourth, when, 1f any equumultiples whatever be taken of the first
f 1 “o L 4 enfihnganand aad fn vh the for~
lat~

than the thurd has to the fourth

8 A proportion m three terms s the least possible

9 When three magmtudes are proportional the first 15 saxd to have to the
third the duplicate ratio of that winch 1t has to the second

10 When four magmtudes are <continuously> proportional, the first 18
sa1d to have to the fourth the tnplicate ratzo of that which 1t has to the second,
and so on continually, whatever be the proportion

11 The term corr d des 13 used of d 1 relation to

teced , and of m relation to t;

12 Alternate ratio means talung the antecedent 1n relation to the antecedent
and the consequent, m relation to the consequent

13 Inverse ratio means taking the consequent ns antecedent 1n relation to
the antecedent as consequent

14 Compostion of a ratzo means taking the antecedent together with the
consequent a3 one 1n relation to the consequent by 1tself

15 Separation of @ ratio means takmng the cxeess by which the antecedent
exceeds the consequent i relation to the consequent by itself

16 Convcrsion of @ rato means taking the antecedent m relation to the ex-
cess by which the dent, exceeds the

17 A 1at10 ex aequal amses when there bemg several magnitudes and an«
other set equal to them 1 multitude which taken two and tio are 1n the same
proportion as the first 1s to the last among the first magmitudes, 50 1s the first,
1o the last among the second magitudes,

-3
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Or, n other words, 1t means taking the extreme terms by virtue of the re-
moval of the mtermediate terms

18 A perturbed proportion anses when, there bemng three magmtudes and

. . O . -

third to the antecedent among the sccond magmtudes

BOOK V PROPOSITIONS
Prorostriov 1

If there be any number of magnifudes whaterer whack are, respectutely, equimul-
tiples of any magnatudes equal 1n multstude, then, whaterer multiple one of the
magnitudes 13 of one, that mulliple also wall all be of all

Let any number of magnitudes whates er A B, CD be respectively equimults-
ples of any magnitudes , F equal in mulmude

I say that, whatever multiple AB 15 of E, that mulhple will AB, CD also be
of B, F

A_G B c H o

E~— F—

For, sinee A B 1s the same multiple of E that CD1s of F, ag many magmtudes
s there are in AB equal to E, so many 2150 are there in CD equal to F

Let AB be divided into the magmtudes AG, GB equal to E,

and CD mto CH, HD equal to F,

then the multitude of the magmtudes AG, GB will be equal to the multitude of
the magmitudes CH, HD

Now, since AG 18 equal to E, and CH to F,

therefore AG 1s cquul to E, and AG,CHt E, F
For the same reason
GB1sequal to E, and GB, HD to E, F,

therefore, as many magmtudes as there are 1n A B equal to E, so many also are
there ;n AB, CD equal to B, F,
therefore, whatever multiple AB s of E, that multiple will AB, €D also be of
EF

‘Therefore etc QED

ProrosiTION 2
If a first magratude be the same multsple of a second that a third 13 of @ fourth, and
SN nor oen a4 . fe e e f
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second, C, that the sum of the third and sixth, DH, is of the fourth, P

For, since 4 B 13 the same muitiple of C that DE 18 of F, therefore, a3 many
magmitudes as there are in A8 equal to C, so many also are there in DE equal
to F

For the same reason also,
asmany as there are in BG equal to C, so many are there alson EH equalto F,
therefore, 23 many as there are in the whole AG equal to €, so many also are
there 1n the whole DH equal to F

Therefore, whatever multiple AG 1s of C, that multiple also1s DH of F

Therefore the sum of the first and fifth, 4G, 18 the same multiple of the sec~
ond, C, that the sum of the third and sixth, DH, 1s of the fourth, F

Therefore ete QED

ProrostTion 3

If o first magnatude be the same mulliple of a second that a.therd 13 of a fourth, and
1f equumultrples be taken of the first end third, then also ex aequal the magnatudes
taken wall be eguamultiples respectively, the one of the second, and the other of the
Jourth

Let a first magmtude 4 be the same multiple of a second B that a third C1s
of a fourth D, and let equimultiples EF, GH be taken of 4, C

1 say that EF 13 the same multiple of B that GH 13 of D

For, since EF 13 the same multiple of A that GH 1s of C, therefore, as many
magmmdes as there are in EF equal to 4, 50 many also are there m GH equal
to

Let EF be divided mto the magmtudes EK, KF equal to 4, and GH mto the
magmtudes GL, LH equal to C,
then the multitude of the magmtudes EK, KF wil be equal {o the mulutude

A of the magmtudes GL, LH
And, since A 15 the same multiple

B—— of B that C1s of D,
£ K ¥ while EK1sequalto4,and GL to C,

therefore EK 15 the same multiple
Ct—— of B that GL1sof D
D For the same reason
P L H KF 13 the same multiple of B that

LHsof D
Since, then, » first magmtude EA 13 the same multiple of a second B that a
third GL s of & fourth D

and a fifth KF 1s also the same multiple of the second B that a sxth LH 1s of
the fourth D,

therefore the surn of the first and ffth, EF, 15 also the same multiple of the
second B that the sum of the third and sixth, GH 1s of the fourth D v
Therefore etc QED
Prorositiow 4
If a first magnatude hate to e second the same rato as a third to o Jourth, any
equimultiples whalever of the first and third wnll also have the same ratio to any
equimulbiples whateer of the second and fourth respectuely, laken 1n corresponding

order
Vs
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For Jet a first magnttude A have to a sccond B the same ratio as a third C to
afourth D, and let equumultiples E, F be taken of A, C, and G, H other, chance,
cqmmulhplrs of B, D,

Isaythnt,usExstoG,somFtoH

Tor let equimultiples K, L
be taken of E, F, and other,
chance, equumultiples M, N B——
of , E ——t———

Smnce E 13 the same multts  ge— o
ple of A that F1sof C,
and equumultiples K, L of B,
F have becn taken, M
therefore K 18 the same mul-  C——
tiple of A that L1s of C[ O

v 3}
For the same renson
M 1s the same multiple of R——t—s—n-

A——

Bthat Nisof D § —
And, since, as 4 1s to B,
s01s Cto D, !
WAV U guag b Jual, LU LIS, (688 [v Def 5]

And K, L are equimultiples of B, F,
and M, N other chance, eqmmu]hples of G, H,
:herefore, asEtoG s0isFtoH [v Def 5]
Therefore ete QED

ProrosiTioN &

If @ magnitude be the same multiple of a magnitude that a part subtracled 15 of &
part subtracted the remainder wnll also be the same multiple of the rematnder that
the whole 15 of the whole

For let the magmtude AB be the same multiple of the magnitude CD that
the part AE subtracted is of the part CF subtracted,

I say that the remainder EB 15 also the same muluplc of the remamder
FD that the whole AB 1s of the whole CD

A E 8
G c E D

Y3

For whatever multiple AE 1s of CF let EB be made that multiple of CG
Then, since AE 1s the same multiple of CF that EB s of GC,
therefore AF 13 the same multiple of CT that AB1s of GF v 1
But, by the assumption AE 15 the same multiple of OF that AB 18 of CD
Thcrefore AB 15 the same multiple of each of the magnitudes GF, €D,
therefore GF 15 equal to CD
Tet CF be subtrocted from each,
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therefore the remainder GC 1s equal to the remainder FD

And, since AE 1s the same multiple of CF that EB 1s of GC,
and GC 1s equal to DF,

therefore AE 15 the same multiple of CF that EB1s of FD

But, by hypothests,
E 15 the same multiple of CF that AB 15 of CD,

therefore EB 13 the same multiple of I'D that AB 13 of CD

That 13, the remamnder EB will be the same multiple of the remamder FD
that the whole AB 13 of the whole CD

Therefore ete. QED

ProrostTion 6
If two des be eg Itiples of two magnitudes, and any des sub-
tracted from them be equimultiples of the same, the remainders also are either equal
1o the same or equimultiples of them
For let two des AB, CD be lt1ples of two des E, F,
and let AG, CH subtracted from them be equumul-
Ae—— , G 8 tuiplesofthesametwo E, F,
I say that the remainders also, GB, HD, are
etther equal to E, F or equimultiples of them
For, first let GB be equal to E,
F— 1 say that HD 1s also equal to P
For let CK be made equal to F
Since AG 1s the same multiple of E that CH 1s of F,
while GB 1s equal to E and KC to F,
therefore AB 13 the same multiple of E that KH 130of F fv 21
But, by hypothesis AB 1s the same multiple of E that CD s of F,
therefore KH 13 the same multiple of F that CD1s of F
Since then each of the magnitudes KH, CD 15 the same multiple of F,
therefore KH 1s equal to CD
Let CH be subtracted from each,
therefore the remamder KC 13 equal to the remainder HD
But F1s equal to KC,
therefore HD 1s also equal to F
Hence, if GB 1s equal to E HD 15 also equal to F
Simlarly we can prove that, even 1f GB be a multiple of E, HD 1s also the
same multiple of F
Therefore ete QED

ProrosiTion 7

Egqual magnutudes have 1o the same the same ratio as also has the same {o equal
‘magnitudes

Let 4, B be equal magnitudes and € any other, chance, magmtude,

I say that each of the magmtudes 4, B has the same ratio to C, and C has
the same ratio to each of the magmtudes 4, B
1I‘;r let equimultiples D, E of A, B be taken, and of C another, chance multi-
ple

Then since D1s the same multiple of 4 that E1s of B, while 4 1s equal to B,

therefore D 13 equal to B
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But F 13 another, chance, magmtude

If therefore D 15 1n excess of F, E 13 also i excess of F, if equal to 1t, equal,
and if less less

—_— ——— e ———
And D, E are equmultiples of 4, B, A o

while F 15 another, chance multipleof C, B—— B ————

therefore, as A 1sto C, s018 Bto C ¢ ¢

[v Def 5]
1 say next that C also has the same ratio to cach of the magmtudes 4, B
For, with the same construction, we can prove similarly that Disequal to £,
and I'" 1s some other magnitude

If therefore F 15 1n excess of D, 1t 1s also 1 excess of E, 1f equal equal, and 1f
less, less

And F1s amultiple of C, while D, E are other, chance, equimultiplesof 4, B,

therefore, 8 C1sto d, 5018 C to B {v Def 8

Therefore ete

Porisyt From this it 13 manifest that, if any magmtudes are proportional,
they will also be proportional nversely QED

Prorostrrov 8

Of unequal magnatudes, the greater has to the same a greater ralio than the less has,
and the same has to the less a greater ratio than 3t has to the greater

Let 4B, C be uncqual magmtudes, and let AB be greater, let D be another,
chance magnitude,

Isay that AB has to D a greater ratio £ B

than C basto D and D has to C a greater A

ratio than it has to AB ¢ s “
For since AB 1s greater than C,let BE F—m—tr—Fou-—@p—

be made equal to C, K

then the less of the magnitudes AE EB,1f o
multiphed will sometime be greater than
D [v Def 4 L

First let AE be less than EB, M
let AE be multiphied and let N
FG be a multiple of 1t which 18 greater than D,
then whatever multiple FG 1s of AE, let GH be made the same multiple of EB
and Kof C,
and let L be taken double of D 3 traple of 1t and successive multiples m+
creasing by one until what ts taken s a multiple of D and the first that 1s
greater than K Let it be taken and let 1t be N which 1s quadruple of D and the
first multiple of 1t that s greater than A

Then, since K 1s less than N first,

therefore K 1s not less than 21
And, since FG 15 the same multiple of AE that GH 13 of EB
therefore F@G 13 the same multiple of AE that FH 1s of 4B v 1
But FG 1s the same multiple of AE that K13 of C,
therefore FH 1s the same multiple of AB that K 1s of C,
therefore FH K are equumultiples of AB €
Agam, smee GH 1s the same multiple of IB that A 1s of C,
and LB 1s equal to C,
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therefore GH 1y equal to x
But i 4 10t Tess thay, ar,
theref fare Rether 1g gy less thap ar
And pg IS greatep T than
therefor, re the uh FI g S greater than D, ar together
But p, 2y togeth T are equg l to N, 1n asmuych gg s trple of D, ang i, p
together ; are q adruple of D, while ¥ salso Quadruple of D, Whenee AL, D to.
gether 22 equa] to N
But zyy 1s 8reater thay iz, D,
therefo e FH 1910 EXCegs of &,
While £ 18 not 1 excessofN
{And FH 5 are eqummluple of 4B, While I 1 2nother, cba.nce, Multyple
of b,

berez' e AR hag toDgy 2 Ereater fatio thay ¢ has to p v Der 7
I say t, that D als has to Ca Breater Tato thay, D hag todp
For mtb t € Same o onstmchon, we cap Prove Stlar]y, that 911 excegy

e
Let y¢
ate, n
¢ and, whatever mul; 1pIe GH 18 of EB let
£ [ ¥ FG@be Inade the sam, multiple of AZE, ang
Kof ¢
K\‘\ Then vy can p, sxmnlarly that Fy,
— K are equxmultxples fAB
L\ and smularly, Ie!: N be k n Mmultiple
" of D pyy the firg t that 1y S Breaten, than Fg,
M 50 that FQ 15 ABain nog less than a7
ut Gy Teat, 20
therefor, re the whole FH 151 €Xcess of D, a1, that 13, of ;v
% K 5 p 10 excegy of ¥, mag, SIuch ag FG’nIso, Which ;g Breater thap GH,
that 5 than sznotmex of &
dx the same m.-mner by foUow-mg the 2bove argument we complete the

demonszrat
erefore etc QEDp

PROPDSITICN 9

Mﬂgmtu hack hayg € the same Talio to fpe Same qre ¢ Qual tp oy ANnother and
maymtudes o 4 }zzch the same Iz s the same ralio gre equal
For let oa, ach of f the e magnt, sS4 B have € the same ratio ¢o C,
Isay that 4 18 equa] to B

A B\ For Othermge €ach of ¢pe ma"mtudesA
c B woulq p, ot have ¢ had the 4, € Tatio 1 c,
but ¢ hag 13 Sl

therefore Ais equal to B
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Again, let C have the same rato to each of the magmitudes 4, B,
1 say that A s equal to B
For otherwise, C would not have had the same ratio to each of the magm
tudes 4, B, v§
but 1t has,
therefore 4 15 equal to B,

Therefore ete - Qrvp

ProrosrrioN 10

Of magnatudes which hate a ratio to the same, that which has & greater ralio 15
grealer, and that to which the same has a grealer ralio s less
For let A have to € a greater ratio than B has to C,
1 say that 4 1s greater than B

A B

C

For, of not, 4 18 erther equal to B or less
Now 4 18 not equal to B,
for 1n that case each of the magmtudes 4, B would bave had the same mt[m t;)
v
B
but they have not,
therefore A 13 not equal to B
Nor agam 15 4 less than B,
for in that case A would have had to € aless ratio than Bhasto ¢, (v 8}
but 1t has not,
therefore A 1s not less than B
But it was proved not to be equal either,
therefore A 1s greater than B
Agmn, let € have to B a greater ratio than C has to 4,
T say that B1s less than 4
Tor, if not, 1t 15 exther equal or greater
Now B 18 not equal to 4,
{or 1n that case € would have had the same ratio to cach of the magmtudes 4,
f 14
but it has not,
therefore 4 13 not equal to B
Nor again 13 B greater than 4,
for m that case € would have had to Baless ratio than it basto A, v 8
but 1t has not
therefore B 13 not greater than A
But 1t was proved that it 18 not equal either,
therefore B 1s less than A
Therefore etc QEP
ProrositioN 11
Ratios whach are the same wsth the same ratio are also the same with one another
For, a5 A 1310 B, s0 let C be to D,
and as Cisto D,solet Ebeto 7,
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Isay that,as A1stoB,so1s Eto F
For of A, C, E let equumultiples G, H, K be taken and of B, D, F other,

C—— E—
Br— 0— Fe—
H K.
L M N.

chance, equimultiples L, Mf, N
Then since, as 4 13 to B, s01s C to D,
and of 4, C equmultiples G, H have been taken,
and of B, D other, chance, equimultiples L, 2,
therefore, if (15 10 excess of L, H 1s also in excess of M,

1f equal, equal,
and if Jess, less

Agam, since 25 C1sto D, s01s E to F,

and of C E equimultiples H, K have been taken,
and of D, F other, chance, equimuliiples 3£, N,
therefore, 1f H 13 1n excess of 3, A 15 also 1n excess of N,

if equal, equal,
and if less, less

But we saw that, if H was 1 excess of 3, G was also 1n excess of L, if equal,

equal, and of less less,
50 that, n addition, 1f G 18 1n excess of L, K 15 also 1n excess of ¥,

if equal equal,
and if less, less

And @, K are equimultiples of 4, E,

while L, N zre other, chance, equimultiples of B, F,
therefore, as A 1sto B, so1s Eto F

Therefore ete QR ED

ProrposiTION 12
If any number of magnitudes be proportional as one of the antecedents 13 1o one
of the consequents, so il all the antecedents be to all the consequents
Let any number of magmtudes A, B, C, D, E, F be proportional, so that, as
AnstoB soisCtoDand Eto F,
Isay that as A ssto B,soare 4,C,Eto B, D, F
For of 4, C, E let equumul

[ T 8. C— tiples G H, K be taken
| — E Fe and of B, D, F other, chance,
N equimultiples L, M, N

4 ‘Then emce, as A 13 to B, so
L M 18CtoD,and Eto F,
[ N

— ond of 4, C, E equumultiples
G, I K have been talen,

th . " .
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and 1f less, less,
so that, in addition,
1f G 15 1n excess of L, then G, H, K are in excess of L, M, N,
1f equal, equal,
and 1f less, Iess
Now G and G, H, K are equimultiples of A and 4, C, E, since, 1f any number
of magnitudes whatever are respectively equimultiples of any magnitudes
equal m multitude, whateser multiple one of the magnitudes 13 of one that
multiple also will all be of all o
For the same reason
L and L, M, N are also equmultiples of Band B, D, F,
therefore, 2s A 1sto B,soare A, C, Eto B, D, F [ Def §]
Therefore ete QED

Prorostrion 13

If a first magnitude hate {o a second the same ratio as a third to o fourth and the
third have to the fourth a grealer ratio than a fifth has to a suxth, the first will also
hate to the second a greater ralio than the fifth to the sizth

For let a first magmtude A have to a second B the same ratio as a third ¢
bas to a fourth D,
and let the third € have to the fourth D a greater ratio than a fifth Ehastoa
sixth F,

1 say that the first A wall also has e to the second B a greater ratio than the
fifth E to the sixth F

A c M
B—— 0 N K

o

-Tmm

For stnce there are some cquumultiples of C, E,
and of D, F other, chance, equimultiples, such that the multiple of € 15 1n €x-
cess of the multiple of D,
while the multiple of E 1s not mn excess of the multiple of F,{v Def 7.
let them be taken
and let G, H be equmultiples of C, E,
and K, L other chance equimultiples of D, F,
50 that (18 1n excess of A, but H 13 not 1n excess of L,
and, whatever multiple G 1s of C, let A be also that multiple of 4,
and, whatever multiple A 15 of D, let N be also that multiple of B
Now, since, as 4 1sto B, s01s C to D,
and of 4, € equimultiples M G hayve been taken
and of B D other, chance, equmultiples N, K,
therefore, if M 139 1n excess of N, G 1s also mn excess of K,
if equal, equal,
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and if Jess, less Iv Def 8]
But (713 1 excess of &,
therefore A7 {3 also 1n excess of N
But H 13 not 1 excess of L,
and M, H are equumultiples of 4, &,
aud N, L other, ehance, equimultiples of B, F,
therefore A has to B a greater ratio than R hasto X, v Def 7)
Therelore et QRED

ProrosiTiov 14

If a first magnatude have {0 & second the seme ralio as @ third hos {o ¢ feurth, and
the first be greater than the thurd, the second well olse be greater than the fourth; 3f
equal, equal, and 1f less, fess

For let a first magnitude 4 have the same ratio 1o & second B o5 a thied €
has to & fourth D, and et 4 be greater than €,

T say that B 1s also greater than D

For, sice 4 13 greater than €,
and B 13 another, chance, magnitude,
therefore A has to B 3 greater ratio
than C has to B Iv 81

At C

8 D.

But,as A1st0 B, so1sCto D,
therefore €' hag also to D a greater ratio than ¢ has to B {v 13]
But that to which the same has a greater ratio 19 Jess, v 10)
therefore D 15 Jesa than B,
a0 that B s greater than D
Sumilarly we can prove that if 4 be equal to €, B will also be equal to D,
and, if 4 be Jess than C, B will also be less than D
Therefore ete QED

Prorositiov 15
531713 hate the same refio s the same multiples of them laken wn corresponding
er
For let AB be the same multipls of € that DE s of F,

1 say that, as C1s to F, 80 13 AR o DF
For smnce 4B 15 the same multiple

I ) o 9 ¢ of C that DE 15 of F, as many magn
R e

® T """ tudes a< there are i AR equal to ¢
L N, A Fr—r— 50 many are there also 1 DE equal

. to F

Lane e a e . Cn e e ~
. . R ’
2 . . .

'
touc vi tue magnisnes UA AL L
And since AG, GH HE are equal to one another,
and DK KL LF are al-o equal to one another
therefore, as AG wto DX, so s CH te KL and HB W LE (v 7}
Thercfore, as ona of the antecedents 15 to one of the ¢onsequents, so mal} aff
the antecedents ba ta all the consequents, v 17
therefore as AG 1sto DK, 8015 AB to DE



92 EUCLID
But AGisequal to Cand DK to F,
therefore, as C 18 to F, s01s AB to DE
Therefore ete QED
FrorosiTioN 16

1f four magratudes be proportional, they will also be proporiional allernately
Let 4, B, C, D be four proportional magmtudes,
sothat,as A1wto B,sowwCtlo D,
1 say that they will also be so alternately, ‘hat 15, a3 A 13 to C, s01s B to D

A C.
B [ BN

E a

P Himetet

For of 4, B let equimultiples E, F be taken,
and of €, D other, chance, equmuitiples G, H.
Then, since I 13 the same mulhiple of A that Fisof B,
and parts have the same ratio as the same multiples of them, [v 151
therefore ns A1wto B,sos Eto F
ButasAdisto B soisCto D,

therefore also, as C1sto D, so1s E to F. v 11
Agam, see G, H are equmultiples of C, D,
therefore, as C 15 to D, 5018 G to H v 13
But,as Cisto D,so1s Eto F,
therefore also ns Eisto F, w018 Gto H v 11}

But, if four magnitudes be proportional and the first be greater than the
third,
the second will also be greater than the fourth,
if equal equal,
and i less, less v
Therefore \f E 1 m excess of G, F 13 also 1n excess of H,
if equal, equal,
and f less, less
Now E, F are equimultiples of 4, B,
and G, H other, chance, eqmmultsples of C, D;
therefore as A 1510 C, so1s Bto D v Def 5
Therefore ete GQED

ProrosiTioN 17

If magnatudes be proportional componendo, they will also be praportional sepa”
tando

Let AB, BE CD, DF be magmtudes proportional eomponendo, so that, a3
AB 15 to BE, s01s CD to DF,

1 say that they will also be proportional separando, that 1s, as AE 15 to EB,
s01s CF to DF

For of AE, EB CF FD let equmultiples GH, HE, LM, MN be taken,

and of EB, FD other, chance, equumultiples, KO, NP
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xnen, simce GH 13 the same multiple of AE that HE 1s of EB,
therefore GH 15 the same mulbiple of AE that GR1sof AB  [v 1}
But GH 1s the same multiple of AE that LA 15 of CF,
therefore GA 13 the same multiple of 4B that L3S is of CF

A € 8 4 FD
¢ # K 4]

L M N P
CINIDUUL SN, SO

Again, since LA 15 the same multiple of CF that MN s of FD,
therefore LM 15 the same multiple of CF that LN 80f CD  [v I}
But LM was the same multiple of CF that GK 1s of AB,
therefore GK 13 the same multiple of AB that LN 15 of CD
‘Therefore GK, LN ave equumultiples of AB, CD
Agaw, since HE 13 the same multiple of EB that AN s of FD,
and KO 18 also the same multiple of EB that NP 1s of FD
therefore the sum HO 13 also the same mulliple of BB that 1)[}’1: of F?
v
And, since as AB s to BE, 5015 CD to DF,
and of 48, CD equumultiples GK, LN haxe been taken,
and of EB, FD equunultxples HO, MP,
therefore, 1f GK 15 1n excess of HO, LV 13 also m excess of MP,
if equal, equal,
and if Jess, fess
Let GH be m excess of KO,
then, if HK be added to each,
GHA 18 also 1n excess of HO
But we saw that 1f GK was m excess of HJ, LV was also mn excess of P,
therefore LN 13 also 1n excess of MP,
and if AN be subtracted from each,
L3I 15 also m excess of NP,
50 that 1f GH 15 excess of KO LM 1s also in excess of ¥
Slmﬂarly we can prove that
if GH be equal to KO, LA will also be equal to NP,
and if less less
And GH LM are equimultiples of AE, CF
wiule RO, NP are other chance equimultples of EB, FD,
therelore, as AB 18 to EB, 5013 CF to FD
‘Therefore etc QED
Prorosrrioy 18
I fr(rlagmtudea be proporfional separando fhey will also be proporfional compo-
fen
Let A, ER, CP FD be magmtudes proportional separands so that, as A5
1sto BB, sastFtoFD
Imay chat they will alsc be proportional componendo, thatis, a3 4B 1s to BE,
8018 CD to FD
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For, 1if CD be not to DF as AB to BE,
then, as AB1s to BE, so will CD be either to some magmtude less than DF or
to a greater
First let 1t be m that ratio to a less mag- A £ 8
mtude DG
‘Then, since, as AB 13 to BE, so 1s CD to 5—*—-———'——*——9
DG,

they are magmtudes proporttonal componendo,

s0 that they will also be proportional separando [v 17}
Therefore, as AE 1s to EB, s01s CG to GD
But also, by hypothesis,

as AF s to EB, 5015 CF to FD
Therefore also, as CG 1s to GD, s01s CF to FD v 11
But the first CG 13 greater than the third CF,
therefore the second GD 1s also greater than the fourth FD [+ 14]
But 1t 13 also less which 1s impossible
Therefore, ns AB 1s to BE, 50 15 not CD to a less magnitude than FD
Similarly we can prove that nesther 131t mn that ratio to a greater,
1t 18 therefore 1n that ratio to FD gtsell

Therefore et QED

Prorostrion 19

If, as a whole 15 to a whole so 13 a part sub 110 a part sub d, the d
wnll also be to the remaznder as whole to whole

For, as the whole A B 1s to the whole CD, so let the part AE subtracted be to
the part CF subtracted,

I say that the remainder EB will also be to the remamder A e P
FD as the whole AR to the whole CD c E D
For since as AB1sto CD, s01s AE to CF,
alternately also, as BA 1s to AE, so 15 DC to CF o1

And smce the magmitudes are proportional componendo, they wall also be
proportional separando, [+ 171
that 1s, as BE 1s to EA, so 1s DF to CF,
and, altemately,

as BE1s to DF so01s EA to FC v 16)
But as AE 1s to CF so by hypothesis1s the whole 4 B to the whole CD
Therefore also the remamder EB will be to the remamder FD as the whole
AB 15 to the whole CD {v 1]
Therefore ete
[PorisM From this it 1s manifest that 1f magmitudes be proportional com-
ponends they will also be proportional conterfendy | QE

Prorostriov 20

If there be three magnatudes, and others equal to them 1n multstude, which taken
two and tio are in the same ratio and 1f cx aequali the first be greater than the
thard the fourth unll also be greater than the suzth +f equal, equal and, 1f less, less
Let there be three magmitudes A B C and others D £ F equal to them m
multitude, which tahen tno and two are in the same ratio, so that,
asdisto B soisDto E,
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and, asBiisto C,so1sEto F,
and let A be greater than C ex acquak,
1say that D will also be greater than F,if 4 15 equal to C, equal, and, if less,
less

For, since 4 1s greater than C,

A D and B 1s some other magnmitude,

B £ and the greater has to the same a greater
ratio than the less has, [v.8]

e F—

therefore A has to B a greater ratio
than C has to B
But,as Aisto B,soisDto E,
and, as C 1s to B, mversely, so 18 F to E,
therefore D has also to E a greater ratio than F hasto E [V 13}
But, of magmtudes which have o ratio to the same, that which has a greater
ratio 18 greater, v 10
therefore D 1s greater than F
Simtlarly we can prove that, 1f A be equal to €, D will also be equal to F,
and 1f less, less
Therefore etc QED

ProrostTION 21

If there be three magmitudes, and others equal to them n multitude, whach taken
two and two together are 1n the same ratio, and the proportion of them be perturbed,
then, 1f ex aequali the first magnatude 1s greater than the third, the fourth will also
be greater than the susth, 1f equal, equal, and +f less, less

Let there be three magmitudes 4, B, C, and others D, E, F equal to them n
multitude, which taken two and two are 1n the same ratio, and let the propor-
tion of them be perturbed, so that,

asAiwstoB,soisEtoF,
and, asBistoC,s0oDto E,
and let A be greater than C ex aequal,

I say that D wall also be greater than F, of A 1s equal to C, equal, and if
Tess, less

A o For since 4 13 greater than C,
B £ and B 1s some other magmtude,
c. F therefore A has to B a greater

ratio than C has to B v 8)
But,as A 1st0 B,so1s E to F,
and, as € 1s to B, mversely, so1s E te D
Therefore also E has to F a greater ratio than Ehasto D [v 13]
But that to which the same has a greater ratio 1s less, (v 10]
therefore F 13 less than D,
therefore D 1s greater than F°
Sumlarly we ean prove that, 1f A be equal to €, D wll also be equal to F,
and 1f less, less
Therefore ete QED
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Prorosimion 22

f there be any number of magnitudes whatever, and others equal fo them tn multi-
tude, which taken two and two logether are 1 the same ratio, they will also be sn
the same ratio ex aequalt
1et there be any number of magnttudes 4, B, C, and others D, E, F equal to
them 1 mulistude, which tthen two and tuo together are in the same ratio, 30
that,
asdwtoB,sowDto E,
and, asBrtoCsasEltaF,
1 say that they will alo be m the same ratio ez aequals,
<thatss, as A sto C,~028 D to F>
For of 4, D let equmultiples G, H be tahen,
and of B, E other, chance, equimultiples K, L3
and, further, of C, F other, chance, equimultiples AL, N,

A B ¢
p [ . | J—
G X M

H L N.

Then, since, as A 1sto B, <013 D to B,
and of 4, D equmuttiples G, 7 have been taken,
and of B, E other, chance, equimultiples X, L,
therefore, as Gis to K, s01s Hto L 4
For the came reason also,
asKisto M, se1s Lto NV
Stnee then, there are three magmitudes G, K, 37, and others /7, L, N equal to
them m multitude, which taken two and two together are 1n the same mtio,
therefore, ez acqualt, of @ 18 m excess of A, H 15 also 1 excess of &,
3f equal, equal, and if less, less 2]
And G, ¥ are equmultiples of £, D,
and A, N other, chance, equimultiples of €, F
Therefore as A 1sto C, 5013 D to F {v Def 5]
Therefare etc QED

ProrosiTion 23

If there be three magnitudes, and others equal to them wn multitude, which taken
twwo and o together are 1 the same ratio and the propartion of them be perturbed,
they will also be en the same ralta ex aequaly

Let there be three magmtudes 4, B, C, and others equal to them i multr-
tude, which tahen two and tno together aren the sare proportion, namely
D, E, F, and let the pruportion of them be perturbed so that,

wsdistoB, sosEtoF,
and, asBwtoC son Dto E,
Teay thit asdistoC sois Dto F
Of 4, B, D let equimultiples @ H K be tahen
and of €, E, F other chanee equumultiples L, 3, N
Then, since G H are equumuitiples of 4, B,
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and parts have the same ratio as the same multiples of them, [v 15]
therefore, as A 1sto B, s0 13 G to H
For the same reason also,
A B [
D— | SO, | J—

G R. 1

asEwstoF,soisMtoN
And,asAdstoB,sosEto F,

therefore also, as Gis to H, sos M to N v 11]
Next, since, as B1s to C, s01s D to E,
alternately, also, ss Bisto D,s01sC to E [v 16)

And, since H, K are equumultiples of B, D,
and parts have the same ratio as their equumultiples,

therefore, as Bisto D, so1s H to K fv 15)

But,as Bisto D,s01sCto E,
therefore also, 2s Histo K, s0 3 C to B v 11]

Again, since L, M are equimultiples of C, E,

therefore, as C1s to E, so1s L to Af {v 15]

But,as C1sto E,sois Hto K,
therefore also, as H1sto K, s01s L to M, v 111
and, alternately, as Histo L, sos K to M [v 18]

But 1t was also proved that,
asGisto H,s013Mto N

Since, then, there are three magmtudes G, H, L, and others equal to them m

multitude K, M, N, which taken two and two together are in the same ratio,
and the proportion of them 1s perturbed,
therefore, ez aequals, 1f G 13 1n excess of L, K 13 also 1n excess of N,
1f equal, equal, and if less, less (v 21]
And G, K are equmultiples of 4, D,
and L NofC, F.
Therefore, as A 13 t0 C, 5018 D to F
Therefore ete QED

ProposiTION 24

If a first magnstude hate to o second the same ratio as o third has to a fourth and
also a fifth have to the second the same rato as a suzth Lo the fourth the first and fifth
added together will hase to the second the same ratio as the third and sizth hate to
the fourth
Let a first magmtude AB have to a second € the same rati0 23 a thurd DE
has to a fourth F

A—_ 8 ¢ andletalsoa fifth BG have to the second C
[ the same ratio as o sixth EH has to the
D E R fourth F,

T Isay that the first and fifth added together,

AG, will have to the second C the same ratio
as the third and sixth DH, has to the fourth #
For aunce, as BG1sto €, s0 s EH to F,
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versely, as C1s to BG, so 18 F to EH
Since, then, as AB1sto C,so1s DL to F,
and as C1sto BG,so1s I to EH,
therefore, ex aequalt, a3 AB 1s to BG, so1s DE to EH 02
And, sice the magnitudes are proportional separando, they will also be pro-
portional componendo, {v 13
therefore, as AG 1s to GB, so 18 DIf to HE
But also, as BGisto C,s01s EX to F,
thercfore, ex aequeh, as AG1sto C,s01s DH to T v 22
Therefore etc QED

Prorositiov 25
1f four magmitudes be proportional the greatest and the least arc greater than the
remaining two
Let the four magnitudes AB, CD, E, F be proportional so that as AB1sto
CD, s018 E to F, and let AB be the greatest of them and F the least,

I say that AB, F are greater than CD, E G B
For let AG be made equal to E, and CH cqual to A—————+——
E
Smce, as AB1s to CD, so1s E to F, ¢ H_D
and E 1s equal to AG, and F to CH,

therefore as AB1s to CD, s01s AG to CH ¥
And simce, as the whole AB 1s to the whole CD, so 1s the part AG subtracted
to the part CH subtracted
the remainder GB will 1lso be to the remamder HD as the whole AB 1s to the
whole CD Iv 19]
But AB 1s greater than €D,
therefore GB 1s also greater than HD
And, since AG 15 equal to E, and CH to F,
therefore AG, F are equal to CH, E
And1f GB HD bemng unequal and GB greater, AG, F be added to GB and
CH, E be added to HD,
1t follons that AB, F are greater than CD, E
Therefore ete QED



BOOK SIX

DEFINITIONS

1 Simlar rectilyneal figures are such as have therr angles severally equal and
the sides about the equal angles propartional
2 Astraight line 13 said to have been cut 1n extreme and mean rafia when 13
the whole line 1s to the greater segment, s0 18 the greater to the less
b 3 The herght of any figure 13 the perpendicular drasn from the vertex to the
ase

BOOK VI PROPOSITIONS
Prorosrrioy 1

Treangles and parallelograms which are under the same hewght are to one another
as thewr bases
N Let ABC, ACD be tnangles and EC, CF parallelograms under the same
eight,

Isay that, as the base BC' 13 to the base CD, s0 15 the tnangle ABC to the
tnangle ACD, and the parall EC to the logram CF

For let BD be produced m both di-
rections to the points H, L and let [any
number of straight lines] BG GH be
made equal to the base BC, and any
number of straight lmes DK, KL equal
to the base CD,

let AG, AH, AK, AL be jomned
o s o M L Then, since CB, BG, GH are equal to
one another,
the tniangles ABC, AGB AHG are also equal to ore another [1 38)

Therefore, whates er multiple the base HC 1s of the base BC, that multiple
also 13 the tnangle AHC of the tniangle ABC

For the same reason
whatever multiple the base LC 13 of the base CD, that multiple also 15 the {rs
angle ALC of the tnangle ACD
and if the base HC 1s equal to the base CL the triangle AHC 13 also t‘quuHu
the tnangle ACL
if the bage H( 151 excess of the base CL the triangle AHC 13 also 3y -wm,,l
the tnangle ACL

E_A F

and 1 less less
Thus there bemng four magmtudes two bases BC, CD and 4pg
ABC, ACD, ¢ unghe
29
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Cqumyltypleg es hay ¢ beep ¢, taken of f the ¢ base o and the trange 48¢, » Damely
the bage He nnd the tp, riangle AHe,

and of the bage CDang the tnangleADC’other chnnce, equlmulhples ) Bmely
the base LC ang y the tny ngle e ALC,

and it hag been proveq hat,
if the bag e HC 151y ©€XCess of the bage CL, the tnangleAHC 3 also i excess of
the tnungle ALC
equ l equ 1, an d,x!less less
Therefq Ore, 33 the base 0 the bag, € CD, 59 14 the trangle ABC t4 tpe
trangle 4cp {v Det 5
Next, smce the paral, elo, ogTam £ 1 doubje of the tnangle 4Be, Ir 413
nd the pa mUeIogmzn FC 15 gy, ouble of the tnangIeAC'D,
l'ule Parts hay € Same 41 28 the same multipleg Of them, {v 15}
therefore as the tn:mg!c ABC s to the tnangls 40D, 5o 5015 the parg, rallelogram
E ogmm (4

e, then, 4 23 proyveq that, g¢ the base BCisto CD, 5044 the triangle
ang]

the pamllel

therefo, 83 the g, BCis ¢ the bage CD, 505 the pamllelogmm ECto

the pargye, I mm FC [
refore QED

PROPOSITIO\ 2

Iifa alrazy}l t line be drawn rallel 1o one of the Sof q riangly o il cut the
2 of the tr,, angle pmparlt nally, , f s e.y af the trgp, gle be cryt prop

twnally, the by "¢ jotnang the p, 01nts o f 2 be parallel 20 the re Maintng 5

o the tryq, le

For Jet DE be dray "2 parajle; to BC, one f the s;dcs f the trangle AB
3 BDstg o,

I say that o CE to 0 B4
For ey BE ¢p be jomeq
Tbemfore the ¢ nangle BDE €qual tq the triangl,

fcr tbey are on the S2me hage DE ang 1 the samg baral.

lels Dp C’ Ir 3gr p, &

d the ang] Another gre, ¢

eq Ish:net £ R0 £ 4), Loy oB
therefore Tangle BDE 4y, the thangle ADE 54,4 the tnangle 0pg 4,
€ triang) 4D,
2, as the g] DE’xstoAD sostDtoDA,
for bemg under the same hesghe the pemeudwulat drayy from Eto 4B, they
8re t0 one ANother pq their bases bvr 1}
e s:xln

¢ thangle e CDpR 15 to ADE o 015 CF ¢4 &4

There[ore abo a5 pp Sto Dy 018 CF o E v 1y

gam let the sides 45 AC of the tnangle ABC b cut pmportmnalb. so

that 838D 5 ¢4 D4 g 018 OF to £4 ang let Dg be Jomned
Tsny thae DE g arallel to B¢
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For, with the same construction,
since, 88 BD 1s to DA, 5013 CE to EA4,
but, as BD 13 to DA, so1s the tnangle BDE to the tnangle ADE,
and, us CF 18 to EA, so 15 the tnangle CDE to the tnangle ADE, [v1 1]
therefore also,
a5 the tnangle BDE 1s to the tnangle ADE, so1s the tnangle CDE to the tn-

angle ADE v 11]
Therefore each of the triangles BDE, CDE has the same ratio to ADE
Therefore the tnangle BDE 13 equal to the tnangle CDE, v 9}

and they are on the same base DE
But equal tnangles which are on the same base are also in the same parallels
it 39
Therefore DE 18 parallel to BC
‘Therefore etc QED

ProrosiTION 3

If an angle of a triangle be brsceted and the strarght line cutling the angle cut the
base also, the segments of the base wrll have the same rato as the remawning sides
of the trangle, and, +f the segments of the base have the same ralio as the remarning
&udes of the triangle, the straight line jowned from the vertex to the pownt of section
wnll busect the angle of the triangle
N LEZ gBC be 2 tnangle, and let the angle BAC be bisected by the straight
ne s
1 say that, as BD1s to CD, s01s BA to AC
|3 For let CE be drawn through € parallel to
DA, and let B4 be carred through and meet:
A wat E
Then, since the straight ine AC falls upon
the parallels AD, EC,
the angle ACE 13 equal to the angle CAD
1 29)
& B ¢ But the angle CAD 13 by hypothess equal
to the angle BAD,
therefore the angle BAD 1s also equal to the angle ACE
Agam, since the straight line BAE falls upon the parallels AD, EC,
B hthe exterior angle BAD 15 equal to the intenor angle AEC  [1 29}
ubthe ot o Rl

1§
B CAéld, since AD hag been drawn parallel to EC, one of the sides of the trangle

therefore, proportionally, as BD 1s to DC, 5013 BA to AE
But AE 15 equal to AC, vt 2)
therefore as BD 1sto DC, 5013 BA to AC

Agam fet B4 be to AC as BD to DC, and let AD be jomed,

I say that the angle BAC has been hisected by the straght line AD

For, with the same construction,

snee, a3 BD 13 to DC, s01s BA to AC,

and nlso, as BD 1s to DC #0183 BA to AE for AD has been drawn parallel tn
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2
EC, one of the sides of the tnangle BCE fvr 2}
therefore also, as BA 13 to AC, s01s BA to AE v 1
Therefore AC 1s equal to AE, v 9
50 that the angle AEC 15 also equal to the angle ACE 3
But the angle AEC 1s equal to the extertor angle BAD, {1 [?dO%
e v m v oman !
" L . ) . [
Therefore etc QED

ProrositioN 4

In equiangular triangles the sides about the equal angles are proporttonal, and
those are corresponding sudes which sublend the equal angles
Let ABC, DCE be equiangular trangles having the angle A BC equal to the

F

stdes about the equal angles are proportional,
and those are corresponding sides which
subtend the equal angles o

For let BC be placed in s straight lme
with CE

Then, since the angles ABC, ACB are less
than two nght angles, x 17

and the angle ACB 1s equal to the angle DEC,
therefore the angles ABC, DEC are less than two night angles,
therefore BA, ED, when produced, will meet {1 Post 5]
Let them be produced and meet at F/
Now, since the angle DCE 1s equal to the angle ABC,

8 C t

BF 1s parallel to CD [r 28
Agan, since the angle ACB 13 equal to the angle DEC,
AC s parallel to FE [r 2
Therefore FACD 1s a parallelogram,
therefore F4 1s equal to DC, and AC to FD I1 39

And smee AC has been drawn parallel to FE, one side of the tnangle F 'BE,
therefore, as BA 15 to AF, so1s BC to CE v
But AF 1s equal to CD,
therefore, as BA 1s to CD, so1s BC to CE,

and alternately, as AB1s to BC, so 1s DC to CE [v 161
Agamn, since CD 1s parallel to BF,
therefore, as BC 13 to CE, so 1s FD to DE %

But I'D 1s equal to AC,
therefore as BC 1s to CE, so1s AC to DE,
and alternately, as BC 1s to C4, so1s CE to ED [v 16]
Since, then, 1t was proved that,
as AB1s to BC, so13 DC to CE,
and, as BC s to C4, so1s CE to ED,
therefore, ex acqualz, as BA 1s to AC, so015 CD to DE v
Therefore etc QED
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ProrostrioN 5

If tuo trangles have thewr sides proportional, the triangles wall be equiangular and
1w0ill have those angles equal which the corresponding sides sublend
Let ABC, DEF be two tnangles having therr sides proportional, so that,
as AB 1s to BC, so1s DE to EF,
as BC 1s to CA, so 15 EF to FD,
and further, as B4 13 to AC, s01s .l:ZD to DP:, .

the angle ACB, [r 23}
the

£ Mha e o w ot R L e S T PO |

. 8 ABC,
o GEF the sides about the equal
angles are proportional, and those
are corresponding sides which sub-

E tend the equal angles, vt 4]
therefore, a3 AB 15 to BC, 50 13 GE
T S (o BF
B But, as 4B 1s to BC, so by hypo-
thesis 1s DE to EF,
therefore, as DE 1s to EF, s013 GE to EF v 11]
Therefore each of the straight hnes DE, GE has the same ratio to EF,
therefore DE 1s equal to GE v 9

For the same reason
DF 13 glso equal to GF
Since then DE 1s equal to EG,
and EF 1s common,
the two sides DE, EF are equal to the two sides GE, EF,
and the base DF 13 equal to the base FG,
therefore the augle DEF 1s equal to the angle GEF, x 8
and the tniangle DEF 1s equal to the triangle GEF,
and the remammmg angles are equal to the remaming angles, namely those
which the equal sides subtend x4
Therefore the angle DFE 1s also equal to the angle GFE,
and the angle EDF to the angle EGF
And, stce the angle FED 1s equal to the angle GEF,
while the angle GEF 1s equal to the angle ABC,
therefore the angle ABC 13 also equal to the angle DEF
Tor the same reason
the angle ACB 13 also equal to the angle DFE,
and further, the angle at 4 to the angle at D,
therefore the triangle A BC 18 equangular with the triangle DEF
Therefore ete QED



104 EUCLID

ProrostrioN 6

Iftuo triangles kave one angle equal to one angle and the sides aboutdeequal angles
proportional, the triangles wnll be equiangular and will hate #o% angles equal
which the corresponding sides subtend

Let ABC, DEF be two tnangles having one angle BAC equal to one angle
EDF and the sides about the equal angles proportional so that,

as BA 1s to AC, so1s ED to DF,

I say that the tnangle 4 BC 18 equangular with the tnangle DEF, and will
have the angle ABC equal to the angle DLF, and the angle ACB to the angle
DFE

<« T me n 7 -+ Mt shere be con-
. 1d the angle
f1 23)
. at @ [t 32
Therefore the triangle 4 ™7 ’ st 4t tmanale DGF
Therefore, proportionall* . . vi 4]

But, by hypothess, as L " .
therefore also, 8s ED 15 to DF, so 18 4
GD to DF. o 1] b

Therefore ED 1s equal to DG, [v 9] ¢

and DF 1s common,
therefore the two sides ED, DF are
equal to the two sules GD, DF, and £
the angle EDF 13 equal to the angle
GDF, 8 °
therefore the base EF 13 equal t‘l t}:e base‘z G};‘ ’
AT ax 1 b Aba fsanala

les, ,namel) those
ir 4

——— st a1 . NPR
[

therefore the angle ACB 13 also equal to the angle DFE
And by hypothesis, the angle BAC 1s also equal to the angle EDF,
therefore the remaming angle at B 1s also equal to the remamning angle at "iﬁ;i
[
therefore the triangle ABC 1s equangular with the tnangle DEF
Therefore ete QED

ProrosrTioN 7
If tuo triangles hate one angle equal io one angle, the sudes about other angles
proportignal and the remarning angles exther both less or both not less than & right
angle, the triangles will be equiangular and wnll kave those angles equal, the sides
about which are proportional

Let ABC, DEF' * + ! o fle, the
angle BAC to the F pro-
portional, so that, the re-

maming angles at C, F Icss than a night angle,
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I say that the tnangle A BC 1s equiangular with the tnangle DIF, the angle
ABC will be equal to the angle DEF, and the remammng angle namely the
angle at €, equal to the remaming angle the
4 I angle at F
For if the angle ABC 13 unequal to the
angle DEF, one of them 1s greater
Let the angle A BC be greater,

3 ¥ and on the straight Ime AB and at the pomnt
B on 1t let the angle ABG be constructed
B ¢ &qual to the angle DEF {r 23]
¢ Then since the angle A 1s equal to D
and the angle ABG to the angle DEF,
+hawafn 4k - = mem wmela AYD P RS - - t npr nn

But 25 DE 15 to EF so by hypothesis1s AR to BC
therefore AB has the same ratio to each of the straight lnes BC, BG, [v 11}
therefore BC 1s equal to BG v 9
50 that the angle at € 1s also equal to the angle BGC [x 5}
But by hypothesis the angle at C 13 less than a nght angle
therefore the angle BGC 1s also less than a nght angle,
. 5o that the angle AGB adjacent to 1t 1s_‘greatet than a nght angle [1 13]

therefore 1t 15 equal to 1t
1 in

A angle,
I say agam that 1n this case too the tnangle
D ABC 18 equiangular with the tnangle DEF
For with the same construction, we can prove
similarly that
o BC 1s equal to BG,
Y& 80 that the angle at € 1s also equal to the angle
BGC [r 5]

-

But the angle at € 13 not less than a night angle,
therefore nerther is the angle BGC less than a nght angle
Thus 1 the triangle BGC the two angles are not less than two right angles
which 18 impossible {r 171
‘Therefore once more the angle 4BC 18 not unequal to the angle DEF,
- therefore 1t 1s equal to 1t
1 32)

Lherefore ete QED
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Prorosiriov 8

If 1n a right-angled triangle a perpendicular be drawn from the right angle to the
base, the triangles adjoinng the perpendscular are symalar both fo the whole and to
one another

Let ABC be o nght-angled triangle hasing the angle BAC nght, and let AD
be drawn from A perpendicular to BC,

1 say that each of the tnangles ABD, ADC 1s smular to the whole ABC
and, further, they are simlar to one another

For, smce the angle BAC 1s equal to the angle ADB, for each 15 nght,
and the angle at B 1s common to the two tnangles
ABC and ABD, .
therefore the remaining anglo ACB 15 equal to the
rematning angle BAD, fr 32
therefore the tnangle ABC 15 equangular with
the trniangle ABD

Therefore, as BC which subtends the nght
angle m the trniangle ABC 18 to BA which sub-
tends the right angle 1n the tnangle ABD, so 15
AB 1tself which gubtends the angle at € m the tnangle ABC to BD which
subtends the equal angle BAD 1 the tnangle ABD, and so also1s AC to Ag
Sur . Y P A i

) and

8 [} [

Therefore the triangle 4 BC 1s similar to the tnangle ABD {v1 Def 1]
Similarly we can prove that
the tnangle A BC 13 also stmlar to the tnangle ADC,

therefore each of the tnangles ABD, ADC 1s sumilar to the whole ABC

1 say next that the trangles ABD, ADC are also smmular to one another

For, since the nght angle BDA 13 equal to the nght angle ADC,

and moreover the angle BAD was also proved equal to the angle at C,
therefore the remmming angle at B 1s nlso equal 10 the remaming angle DAC2 ],

[ &

thaanfav L s wy ABTY ' R

‘Therefore ete

Porusn From this 1t 1s clear that, 1f in a nght-angled tnangle a perpendic-
ular be drawn from the nght angle to the base the strarght line so drawni1sa
mean proportional between the segments of the base QED

Prorostrron 9

From a gwen straight Line to cut off a prescribed part
Let AB be the given straight line,
1hus 1t 15 requred to cut off from AB o presenbed part
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Let the third part be that presenbed

Let a straight hine AC be drawn through from 4 contaming with AB any
angle,
' let a pont D be taken at random on AC, and let
DE, EC be made equal to AD [r 3
Let BC be joined, and through D let DF be drawn
E parallel to 1t fr 31]
D, Then, smce FD has been drawn parallel to BC,
one of the sides of the tnangle ABC,

A F 8 therefore, proportionally; as CD1s to DA, so is BF

to FA v1 2)
But CD 13 double of DA,
therefore BF 1s alko double of FA,
therefore BA 1s triple of AF
Therefore from the given straight Iine AB the presenibed third part AF has
been cut off QEF

Prorosirion 10
Te v . . ‘a .

€ tan any angle,
€ let CB be jomed, and through D, E let DF, EG
be drawn parallel to BC, and through D let
DHK be drawn parallel to AB [t 31]
K Therefore each of the figures FH, HB s a
parallelogram,
3 3 g  therefore DH 1s equal to @ and HK to GB
[ 34
Now, since the straight hine HE has been drawn parallel to KC, one of the
sides of the triangle DKC,
therefore, proportionally, as CE 1sto ED, so 1s KH to HD  [vt 2)
But KH 13 equal to BG, and D to GF,
therefore, as CE 15 to ED, s01s BG to GF
Agawm, smce FD has been drawn parallel to GE, one of the sides of the tn-
angle AGE,
therefore, proportionally, as ED 1sto DA, so1s GFto FA  [v1 2]
But 1t was also proved that,
as CE 1 to ED, 5015 BG to GF,
therefore, as CE 1s to ED, so 1s BG to GF,
and, a3 ED 3 to DA, 50 15 GF to0 FA
Therefore the given uncut straight Line AB has been cut sumilarly to the
gwen cut straight hine AC QET

3

»

ProrosiTioN 11
To tuo green stra:ght lines to find a therd proportional
Let BA, AC be the two given straight lines, and let them be placed so as to
ctontam any angle,
thus 1t 1s required to find & third proportional *~ P4 47
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For let them be produced to the pomnts D, E, and let BD be made equal to

(r 3]

let BC be joned, and through D let DE be drawn par— A
allel to 1t fr 31]

Smce then, BC has been drawn parallel to DE, one g
of the sides of the triangle ADE, proportionally, as A8 &
18 to BD, 5018 AC to CE vt 2)

But BD 13 equal to AC,

therefore, as AB 13 to AC, so1s AC to CE 3

Therefore to two given strmght Tines AB, AC a third

proportionsl to them, CE, has been found Q E F 3

ProposiTION 12

To three given straight lines to find @ fourth proportional
Let 4, B, C be the three gven straight hines,
tl\us 1t 1 required to find & fourth proportional to 4, B, €.

D H F

Let two straght lines DE, DF be set out contamning any angle EDF,
let DG be made equal to 4, GE equal to B, and further DH equal to C,
let GH be joined, and let EF be drawn through E parallel to 1t [t 31]
Since, then, GH has been drawn parallel to EF, one of the sides of the tn
angle DEF,
therefore as D@ 1s to GE, so 18 DH to AT vt 2J
But DG 1s equal to 4, GE to B, and DH to C,
therefore as A 1sto B, s01s C to HF
Therefore to the three given straight lines 4, B, € a fourth proportional HF
has been found QEF

ProrosiTron 13

To two gquen straight lines to find a mean proportional
Let AB, BC be the two given straight hnes,
thus 1t 15 required to find a mean proportionalto AB, (']

Let them be placed 1n a struight hine, and let the
semicircle ADC be desernibed on AC,
let BD be drawn from the point B at nght angles to g 6
i tiaoam man a
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therefore DR 13 5, mean proportional between the segments of the base, AB,
BC

{v1 8, Por}

Therefare ta the two gisen strarght Ines AB, BC s mean proportional DB

has been found QEF
Prorositioy 14

In equal and equiangular para’s’ ~- -
aprawlly proportional and o~ - ¢
the om
1 f

ineretore FB, BGarealsoma straight lme
T 14

1 say that, m AB, BC, the sides about the
5 g < equal angles are reciprocally proportional, that
18 to say, that, as DB 1s to BE, s0 13 GB to
BF
For let the paralielogram FE be completed
Sinee, then, the parallelogram AB s equal

A b {0 the paralielogram BC,
and FE 13 another aren,
therefore, as AB s to FE, s0 12 BC to FE v 7
But, 25 AB 13 to FE, so 18 DR to BE, fvr 4
and, as BC 13 ta FE, s0 13 GB to BF {1d]
therefore also, 23 DR 1s to BE, so 13 GB to BF v 11}

Therefore m the parallelograms A B, BC the sides about the equal angles are
reeiprocally proportional

Next, let GB be to BF as DB to BE,

I say that the parallelogram A B 1s equal to the parallelogram BC

For since, as DB 1s to BE, so 13 0B to BF,

white, 23 DB 18 to BE, 5015 the el AB v the paraliel FE,

{vi 1)

2nd, 23 GB1sto BF, so1sthe BC to the el FE, [vi 1)

therefore also, as AB 13 to FE, so 18 BC to FE, v 1]

therefore the pamllelogmm AB s equal to the pamllelogmm RBC (v 9]
‘Therefore ete QED

ProrostTiov 15

In equal iriangles which have one angle equal to one angle the sifee ~+ 2 1
angles are recvprocally proporfugmnl -7 4
o one angle, and an v
ional, are equal

Let 4BC, ADE 1 war uiangles h:u 10g one Anels
namely the angle BAC #~ *

3 say that in the tn N
reerprocally »ra-

For leg the
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Let BD be joined

Since, then, the triangle A BC 15 equal to the triangle ADE, and BAD 1s an-
other area,

therefore, as the tnangle CAB1s to the triangle BAD, s0 18 8
the tnangle EAD to the tnangle BAD v o
But, as CAB 1s to BAD, 5018 CA to AD, fvi1]
and, as EAD 15 to BAD so1s EA to AB (] X

Thercfore also, as CA 13 to AD, s018 EA to AB [v 11]

Therefore m the tnangles ABC’ ADE the sides about
the equal angles are reciprocally prcporuonal

Next, let the sides of the tnangles A BC, ADE be rectp-
rocally proportional, that 18 to say, let EA be to AB as }
CA to AD

I say that the tnangle ABC 1s equal to the tnangle ADE
For, if BD be agamn Jmneg,A

abn AD n QT4 4a AD

to the tnangle BAD v 1
Therefore each of the triangles ABC, EAD has the same ratio to BAD
‘Therefore the tnangle ABC s equal to the tnangle LAD v 9
Therefore ete QED

Prorostriov 16
If four straight Lines be proportional, the rectangle contained by the extremes 13
equal to the rectangle contained by the means, and, 1f the rectangle contained by the
extremes be equal to the rectangle contarned by the means, the four straght lines
wll be proportional
Let the four strarght Iines A B, CD, E, F be proportional, so that, as AB1sto
CD,soisEtoF,
1 say that the rectangle contamed by A B, F s equal to the rectangle con-
tawed by CD, E
]

A 8

c D
E F

Let AG, CH be drawn from the points 4, C at nght angles to the straight
lnes AB, CD, and let AG be made equal to F, and CH equal to E

Let the parallelograms BG, DH be completed

Then since, as AB1s to CD, so1s E to F,

whle E 1s equal to CH, and F to AG,
therefore, as AB 1s to CD s01s CH to AG

Therefore 1 the parallelograms BG, DH the sides about the equal angles
are reciprocally proportional

But those equiangular parallelograms 1n which the sides about the equal
angles are reciprocally proportional are equal, T 14
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v e e e wallelogram DH
e -
val to CH,
therefore the rectangle contained by AB, F 1s equal to the rectangle contaned
by CD, E
Nexé, let the rectangle contamed by AB, F be equal to the rectangle con-
taned by CD, E,
I say that the four straight lines will be proportional, so that, as AB 13 to
CD,s013Eto F
For, with the same construction,
N ¢ v 4m T 14~ 4%a oactangle CD, E,

equal to F,
sequal to E,
And they are equiangular
But 1n equal and equangular parallelograms the sides about the equal angles
are reciprocally proporttonal [v1 14]

Therefore, as AB 13 to CD, 5015 CH to AG
But CH 13 equal to ¥, and AG to F,
therefore, as AB1sto CD,sos Eto F
Therefore ete QED

Prorosrrion 17

If three straight lines be proportional, the rectangle confarned by the exiremes 1s
R S s anoa

JUCTUS

Lo WG,
I say that the rectangle contamned by A, € 1s equal to the square on B
A Let D be made equal to B
Then, since, 2s 4 15 to B, s0 18 B

g p————— toC,

[

and B 13 equal to D,
therefore, as 4 15 to B, so 13 D to ¢
But, if four strarght hnes be proportional, the rectangle contamned by the
extremes 13 equal to the rectangle contamed by the means [vr 16]

Thavafans 41 annt wala

A g on nl tn tha vastansla B D

.
0B, s01sBtoC
For, wath the same construction,
smce the rectangle 4, € 18 equal to the square on B,
whule the square on B 1s the rectangle B, D, for B1s equal to D,
O ] PR i
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But Bisequal to D,
therefore, as A 1s to B, s01s B to C.
Therefore ete Q ED

ProrosITiov 18

On a guven strawght fine (o describe a rectilineal figure sumilar and sumilarly situated

to a quen rectilineal figure
- an 1 AT 4L A e e v ad T anl Ba a

Let DF be jomed, and on the E
straight lme AB, and at the H
pomts 4, B on 1, let the angle P
GAB be constructed equal to the
angle at C, and the angle ABG
equal to the angle CDF [t 23]
Therefore the remaning angle
i Prad ERPP-3 . oam

BC
angle FDE [r 23]
Therefore the remaining angle at E 1s equal to the remaining angle at I; ],
Ir &

therefore the tnangle FDE 13 equiangular with the tnangle GBH,
therefore, proportionally, as FD 1s to GB, so 18 FE to GH, and ED to Hfj]
vt
But 1t was also proved that as FD 1s to GB, s013 FC to GA, and CD to AB,
therefore also, as FC1sto AG, s01s CD to AB, and FE to GH, and further ED
to HB
And, smce the angle CFD 1s equal to the angle AGB,
and the angle DFE to the angle BGH,
therefore the whole angle CFE 1s equal to the whole angle AGH
For the same reason
n '

fnn . - .

[vi Def 1]
Therefore on the given straight hne A B the rectilineal figure AH has beer
described similar and stmularly srituated to the given rectilneal figure CE
QEF

ProrosiTIoN 19

7,

Similar triangles are to one another n the d ratio of the cor ding sedes
Let ABC, DEF be similar triangles having the angie at B equal to the wngle
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at E and such that, as AR 1s to BC, s013 DE to EF, so that BC corresponds
to EF, fv Def 11}

1 say that the tnangle ABL has to the tnangle DEF a ratio duplicate of
that which BC has to EF
For let a third proportional BG be

A taken to BC, EF, so that as BC 1s to
o EF,s01s EF to BG, vt 11)
and let AG be yoned

Smnce then, as 4 B1s to BC, 80 1s DE

to EF,
8 [ [ € F therefore, alternately, as 4B 1s to DE,
so1s BC to EF v 16)

But as BC 1s to EF, 50 1s EF to BG,

therefore also, as AB 15 to DE, 5015 EF to BG fv 1)

Therefore 1n the tnangles A BG, DEF the sides about the equal angles are
reciprocally proportional

But those trniangles which have one angle equal to one angle and in which
the sides about the equal angles are reciprocally proportional are equal,

therefore the tnangle ABG 15 equal to the tnangle DEF
Now stnee as BC 1s to EF, so 13 EF to BG,
and if three strarght lines be proportional, the first has to the third a ratio
duplicate of that which 1t has to the second, Iv Def 9]
therefore BC has to B s ratio duphicate of that which CB bas to EF
But as CB1s to BG 5013 the tnangle ABC to the tnangle ABG,  ({vi 1]
therefore the tnangle ABC also has to the triangle ABG a ratio dupheate of
that which BC has to EF
RERLEE Ehatad 41 the tnangle DEF,
s to the tnangle DEF a ratio dupheate of

Therefore ete
Porsm From this 1t 13 mamfest that 1f three straight lines be proportional,
then as the first 1s to the thurd 50 13 the figure deserbed on the first to that
wiich 13 stmiar and suntlarly described on the second QED
Prorogrriov 20
Sm,xilar polygons are dwwled tnto stmalar triangles and nlo triangles egual 1
m A o3 i « . f

Let BE, EC, GL, LH be jomed
Mo v . ~GHKL,

{v1 Def 1}
Since then 4 BE FGL pre two triangles having one angle equal to one angle
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and the sides about the equal angles proportional,
therefore the tnangle ABE 1s equiangular with the tnangle FGL, [v1 6]
50 that 1t 1s also simlar; vt 4and Def 1)
therefore the angle ABL 1s
equal to the angle FGL
But the whole angle ABC 1s ¥
also equal to the whole angle
FGH because of the similanity G t
of the polygons,
therefore the remaining angle
EBC 13 equal to the angle
LGH

C ] H K

And, since, because of the similarity of the tnangles A BL, FGI.,
as EB 13 to B4, so1s LG to GF,
and moreover also, because of the similanty of the poly gons,
as AB 1s to BC, so1s F(G to GH,
therefore, ez aequal, as EB s to BC, so1s LG to GH, [v 22
that 15, the sides about the equal angles EBC, LGH are proportional,
therefore the tnangle EBC 1s equiangular with the tnangle LGH, [v1 o]
50 that the tnangle EBC 1s also sumilar to the tnangle LGH  [vi 4and Def 1}
For the same reason
the triangle ECD 1s also stmdar to the tnangle LHK
Therefore the simlar polygons ABCDE, FGHKL have been dnided mto
simlar tnangles, and mto trangles equal i multitude
1 say that they are also in the same rati0 as the wholes, that 13, 1n such man-
ner that the tnangles are proportional, and A BE, EBC, ECD are antecedents,
while FGL LGH, LHK are therr consequents, and that the polygon A BCDE
has to the polygon FGHAL a ratio dupheate of that which the corresponding
side has to the corresponding side, that 13 AB to FG
For let AC FH be jomed
Then since, because of the ssmilanty of the polygons
the angle ABC 15 equal to the angle FGH,
and as AB1s to BC, s01s FG to GH,

th * sy,

And, since the angle BAM 1s equal to the angle GFN,
and the angle A BM 15 also equal to the angle FGN,
therefore the remainmg angle A2 B 1s also equal to the remamng angle F. NSGZi
[x

therefore the tnangle ABM 1s equangular with the tnangle FGN

Similarly we can prove that

the tr =~ TR nangle GNH
Therefore, . " to NG,

an . .o ,
50 that 1 addition, ex aequal

as AM 1sto MC, so1s FN to NH
But, as AM 13 to MC, s01s the tnangle ABM to MBC, and AME to EMC,
for they are to onc another as their bases prll
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‘Therefore also, as one of the antecedents s to one of the consequents, so are

all the antecedents to all the v 12]
thereforc, as the triangle AMBE s to B C, so1s ABE to CBE

But, as AMB1s to BMC, s01s AV to MC,
therefona alo, as AM 1s to MC 80 13 the tnangle ABE to the tnangle EBC.

For the same reason also,

as FN 1s to NH, s0 15 the triangle FGL to the triangle GLH

And, as AM s to MC s01s FN to NH
there[orc also, as the tnangle ABE s to the triangle BEC 50 18 the tnangle
FGL to the tnangle GLH,
and, alternately, as the tnangle ABL 15 to the tnangle FGL 50 18 the triangle
BE’:C to the tnangle GLH

~ s . 1 s omee

therefore also as one of the nntecedents 15 to one of the consequents so are all
the to all the v 12)

I
Therefore the polygon A BCDE also hes to the poly gon FGHAL a ratio dup-
l;céte of that which the corresponding side A B has to the corresponding stde

Therefore ete
Porisy Sumilarly also 1t can be proved in the case of quadulaterals that

they are m the duph ratio of the ding sides And 1t was also
proved 1n the case of tnangles, therefore also, generally, simular rectilmeal
figures are to one another m the dupl ratio of the corresponding sides

Q E D
ProrostTiON 21

Fagures which are symalar to the same rectilineal figure are also sumilar to
one anof]

For let each of the rectilineal figures 4, B be sumilar to C, I say that 413

350 sumalar to B

For, since A 1s simular to C,
1413 equiangular with 1t and has the sides ahout the equal angles proportional

[vr Def 1)
Agum, since B s simlar to C,
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1615 equiangular with 1t and has the sides about the equal angles proportional
Therefore each of the figures A, B 1s equiangular with € and with € hasthe
stdes about the equal angles proportional,
therefore A 18 similar to B QED

ProrostTioN 22
.a - PO MR

selies also be proportional

Let the four straight hnes 4B, CD, EF, GH be proportional,

50 that, as AB 1s to D, so1s EF to GH,
and let there be described on 4B, CD the similar and similarly situated recti-
Imeal figures KAB, LCD,
and on EF, GH the similar and sumilarly situated rectihneal figures MF, NH,
I say that, as KAR 1s to LCD, so 15 MF to NH

For let there be taken a third proportional O to AB, CD, and a third pro-
portional P to EF, GH (1)

Then since, a3 AB 1s to CD, so01s LF to GH,

and, as CD s to 0, so0 15 GH to P,

therefore, ez aequali, a3 AB 15 t0 0, s018 EF to P v 2]

But, as AB 1s to 0, s013 KAE to LCD, [vt 19, Por]
and as EF 1sto P, so1s MF to NH,

therefore also, a3 KAB 15 to LCD, sohs MF to NH v 11

X L,
A~ B € "0 £ ¥ &6 H
5,

° Q R

Next let MF be to NH as KAB1s to LCD,
I say also that, as AB 13 to CD, g0 1s EF to GH
For 1f EF 1 not to GH as AB to CD,

let EF be to QR ns AB to CD, w1
and on QR let the rectilineal figure SR be desersbed symalor and sumlarly sit-
uated to erther of the two MF, NH vt 18

Since then as AB1s to CD, so1s LF to QR,
and there have been desenibed on 4B, CD the similar and suntlarly stuated
figures KAB, LCD,

and on EF, QR the similar and similarly situated figures MF, SE,
therefare, as KAB 1s to LCD so1s MF to SR
But also, by hypothesis,
as RAB1s to LCD, s013 MF to NH,
therefore also as MF 15 to SR, so1s MF to NH v 1)
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Therefore MF has the same ratio to each of the figures NH, SR,
therefore NH 15 equal to SR v 91
But 1t 15 alco sumilar and smmlarly sttuated to1t,
therefore GH 18 equal to QR '
And, since, as AB 1s to CD, s0 15 EF to QR, 1 '
while QR 1s equal to GH,
therefore, as AB 1s to CD, so1s EF to GH.
Therefore ete QED

ProrosiTionN 23
Equumgular parallelograms have to one another the ratio compounded of the ratios
of therr eide
Let AC, (IF be equangular parallelograms having the angle BC’D equul to
the angle EC
1 say that the parallelogram AC has to the parallelogram CF the ratm com-
pounded of the ratios of the sides
' )
7
K B < d
L— i { '
Mo E ¥
| Oy {
For let them be placed so that BC 1s 1n a straight line with CG,
therefore DC 1s also na straxght Iine with CF
TLet the lielogram D@ be
let a straight line K be set out, and let 1t be contnved that,
as BC1sto CG,s018 K to L,
and a3 DC s to CE,s01s L to i v 12}
‘Then the ratios of K to L and of L to A are the same as the ratios of the
&ides, namely of BC to CG and of DC to CE
But the ratio of K to 3! 1s compounded of the ratio of K to L and of that of
to M,
50 that K has also to 2{ the ratio compounded of the ratios of the sides

Now since, as BC 15 to CG, 0 1s the 11 AC to the Ilel
i [vr 11
while, as BC 15 to CG, so1s K to L,
therefore also, ns K 1s to L, 5015 AC to CH v 1]

Again, since, as DC 1s to CE' 8018 the pn.rallelogmm CH to CF v 1)
while, as DC s to crL, 5013 Lto M,
there(ore also, ae Lasto M, so1e the W QH 4o the it

i
Smce, then, 1t was proved that, as K 13 to L, 5015 the parallelogram AC to the

Parnllelogram CH,

and as L 1s to 3f, 5o 1s the llel, CH to the el CF,

therefore, ez aequalt as K 15 to M, so 15 AC to the parallelogram CF

But K has to A the ratto compounded of the ratios of the sides,

therefore AC also has to CF the ratio compounded of the ratios of the sides
Therefore ete QED
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Prorosition 24

In any parallelogram the parallelograms about the diameter are sumilar both to the
whole and to one another

Let ABCD be a parallel and ACits d , and let EG, HA be
parallelograms about AC, A

1 say that each of the parallelograms LG HA 13 .
simular both to the whole ABCD and to the other [5

For, since EF has been drawn parallel to BC, one
of the sides of the tnangle ABC,

proportionally, as BE 1 to EA, so13 CF to FA

tviog ©

Agamn since FG has been drawn paraflel to CD, one of the sides of the tn

angle ACD,

il

proportionally, as CF 1s to FA, so 1s DG to GA 2
But 1t was proved that
as CF1sto FA, soalso1s BE to EA,
therefore also as BE 1s to EA so1s D@ to GA,
and therefore componendo

as B4 1sto AE, so1s DA to AG, [+ 18]
and alternately,
23 BA 1st0 AD, 5015 EA to AG [v 16)
Therefore 1n the Ilel ABCD, EG, the sides about the common

angle BAD are proportional
And smee GF 1s parallel to DC,
the angle AFG 1s equal to the angle DCA,
and the angle DAC 13 common to the two tnangles ADC, AGF,
therefore the tnangle ADC 13 equiangular with the triangle AGF
For th«: SAmME reason

2s AD 1s to DC, so1s AG to GF,
a3 DC 13 to CA, s013 GF to FA,
as AC1s to CB, so1s AF to FE
and further as CB1sto B4, so1s FE to EA
And since 1t was proved that
23 DC1s to CA so013 GF to FA,
and, 2s AC 18 to CB, 5013 AF to FE,
therefore, ex aequals as DC 1s to CB 5013 GF to FE (v 22]
Therefore 1n the parallelograms ABCD EG the sides about the equal angles
are proportional,
therefore the parallelogram ABCD 1s sumlar to the parallelogram EG
vr Def 1]
For the same reason
the parallelogram 4ABCD 13 also simitar to the parallelogrom KH,
therefore each of the parallelograms G HK 1s similar to ABCD
But figures strilar to the same rectilineal figure are also similar to one an
other, vt 21]
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therefore the parallelogram E@ 18 also simular to the parallelogram HEK
Therefore ete QED

Prorosrrion 25
To construct one and the same figurc sumilar to a guen vectilineal figure and equal
to another guen rectilineal figure
Let ABC be the given rectilineal figure to which the figure to be constructed
must be simular, and D that to which 1t must be equal,

thus 1t 15 required to construct one and the same figure stlar to ABC and
equal to D

B

G H

Let there be applied to BC the parallelogram BE equal to the trniangle A BC
I 44] aud to Ok the pnrallelogram €M cqual to D 1n the angle FCE which 1s

[r 45)

ath EM
' v1 13] and on GH let
[vr 18]

and, if three straight hines be proportional, as the first 1s to the third, so 15 the
figure on the first to the similar and simiarly situated figure descrbed on the

second, [v1 19, Por]
thercfore, as BC 1s to CF, 50 1s the triangle ABC to the tnangle I\GH
But, 23 BChs to CF, s0 alsors the 1lel BI to the parallel

[vx 1]

‘Therefore al<o as the tnangle ABC 1s to the tnangle KGH, 50 13 the paral-
lelogram BE to the pamllelogram EF,
therefore, alternately, as the triangle ABC 18 to the parallelogram BE, so1s the
tnangle KGH to the parallelogram EF [v 1v]

But the tnangle ABC 15 equal to the parallelogram BE,

therefore the triangle AGH 1s also equal to the pamﬂelogmm EF
But the parallelogram EF 1s equal to D,
therefore KGH 13 nlsu equal to D

And KGH 15 also sumlar to ABC

Therefare ane and the same figure KGH has been construsted stoular to the
Gven rectihnes] figure A BC and equal to the other given figure ) @ & »

Prorositiov 26

Iffroma parallelogram there be taken away a parallel stmelar and larly
Sutuated o the whole and having @ common angle with «I, 1t 23 about the same dla-
meler vtk the whole

Tor from the parallelogram ABCD let there be taken anay the parallelo-
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gram AF smilar and similarly situated to A BCD, and having the angle DAB

common with 1t, A A o
1 say that ABCD 1s about the same d ter with

AF

For suppose 1t 18 not, but, 1f possible, let AHC be  E| F
the diameter < of ABCD >, let GF be produced and X
carried through to H, and let HK be drawn through
H paraltel to either of the straight lines AD, BC )
[r 31

Since, then, ABCD 1s about the same diameter with KG, therefore, as DA 1z
t0o AB, 5018 GA to AK [vr 2]

But also, because of the ssmilanty of ABCD, EG,

2s DA 15 to AB, s013 GA to AE,
therefore also, as GA 18 to AK, so 13 G4 to AE [v 1]

Therefore GA has the same ratio to each of the straight lines AK, AE

‘Therefore AE 15 equal to AK [v 9] the less to the greater which 13 1mpos-
sible

Therefore ABCD cannot but be about the same diameter with AF,
therefore the parallelogram ABCD 1s about the same diameter with the paral-
lelogram AF

Therefore ete QED

ProrosITION 27

Of all the parallelograms apphed to the same straight line and deficient by parallelo-
grammac figures szmlar and symlarly situated to that desersbed on the half of the
straight line, that parallelogram 15 greatest which 1s applied lo the half of the straght
line and 1s sumilar to the defect

Let AB be a straight line and let 1t be bisected at C, let there be apphed to
the straight line AB the parallelogram AD defi.
crent by the parallelogrammuc figure DB described
on the half of AB, that 1s, CB,

] €
I say that of the parallelograms appled to AB _ﬂ_
and deficient by parallelogrammic figures stmilar
and stmilarly situated to DB, AD 1s greatest
For let there be applied to the straight line AB
the parallelogram AF deficient by the parallelo-

grammue figure B similar and sumiarly situated
to DB,

S

I say that AD 1s greater than AF
For, since the parallelogram DB 1s stmilar to the parallelogram FB,

they are about the same diameter [vr 201
Let their diameter DB be drawn and let the figure be described
Then, since CF 1s equal to FE, {r 43

and FB 1s common
therefore the whole CH 1s equal to the whole KE
But CH 1s equal to €, since AC 1s also equal to CB [r 3]
‘Therefore GC 1s also equal to EK
Let CF be added to each
therefore the whole AF 1s equal to the gnomon LMN,
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50 that the parallelogram DB, that 15, AD, 18 greater than the parallelogram
AF

Therefore ete T ED

ProrosiTIoN 28

To a quen sirarght line to apply a parallelogram equal to & guen recthneal figure
and defictent by a parallelogramuac figure sumslar to a gren one thus the quen
rectilineal figure must not be greater than the parallelogram deseribed on the half of
the slrazghl Line and simular to the de!ed

o 2t v

thus 14 1s required to apply to the given straight hine AB 2 pxmllelogmm cqual
to the gven rectilneal figure C' and defis by a figure
which 13 solar to D

Let AB be bisceted at the pomt E, and on EB et EBFG be described stmular
and sunddarly mituated to D, vr 18]

P e P

L i
o
A 3 S B K N
But, if not, let HE be greater than €
Now HE s equal to GB,

the‘refore GB 1s also greater than €
Let KLMN be constructed at once equal to the excess by which GB 15

greater than € and simlar and stoulardy artuated to D {vr 251
But D s siomilar to GB,
therefore KA is also strmlar to GB v 21}

Let, then, K1 correspond to GE, and LM to GF
Now since GB 1s equal to €, K2,
therefore GB1s greater than K1f,
therefore also GE 15 greater than XL, and GF than LM
Let GO be made equal to KL, and GP equal to LA, and let the parallelo-
gram OGPQ be completed,
therefore 1t 13 equal and sumlar to KA
Therefore GQ 15 also smular to GB, [v1 213
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therefore GQ 1s about the same diameter with GB fvr 20]
Let GQB be their drameter, and let the figure be deseribed
Then, since BG 1s equal to C, KA,
and 1n them G@Q 1s cqual to KM,
therefore the remainder, the gnomon UH V, 15 equal to the remainder ¢
And, smee PR 1s equal to OS,
let QB be added to each,
therefore the whole PB 1s equal to the whole OB
But 0B1sequal to TE, since the side A E1s also equal to the side EB, [t 36]
therefore T'E 1 also equal to PB
Let OS be added to cach,
therefore the whole 7§ 1s equal to the whole, the gnomon VIV
But the gnomon VWU was proved equal to C,
therefore 7'S 18 also equal to €
- o v - allelo-
- sllelo-
¥

ProrosiTION 29
To a guen siraight line to apply a parallelogram equal lo a guen rectilineal figure

and exceeding by a parallelogrammac figure stmilar to a gien one .
- amaa R o oL

thus 1¢ 13 required to apply to the straght Iine A B a parallelogram equal to the
rectilineal figure C and g by 2 parallel figure stmular to D

K, H

Let AB be bisccted at E,
let there be descibed on EB the parallelogram BF similar and sumilarly sit-
uated to O,
and let GH be constructed at once equal to the sum of BF, C and similar and
similarly situated to D [vr 28

Let AH correspond to FL and AG to TE

Now, since GH 1s greater than FB,

therefore A 1s also greater than FL, and KG than FE
Let FL, FE be produced
let FLI! be equal to KH and FEN to KG,
and let AN be completed,
therefore MN 1s both equal and similar to GH
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But GH 18 sumlar to EL,
therefore 1N 13 also similar to EL, {v1 21]
therefore EL 15 about the same diameter with AN [v1 26)
Let their diameter FO be drawn and Iet the figure be descrtbed
Since GH 15 equal to ZL, C,
while GH 15 equal to AN,
therefore AIN 1s al-o equal to EL, €
Let EL be subtracted from each,
therefore the remainder, the gnomon AT V, 1s equal to C
Now, since AE 15 equal to EB,
AN 13 also equal to NB [1 36], that 13 to LP (r 431
Let EO be added to each,
therefore the whole A0 1s equal to the gnomon V'Y
But the gnomon VX 1s equal to C,
therefore AO 13 also‘ equal to' C
ver ama v

L

ProrosrrIioN 30

To cut a guen finule siraight line 1n extreme and mean ratio

Let AB be the given fimte straight line,

thus 1t 1s required to cut AB 1 extreme and mean ratio

On AB let the square BC be descnibed, and let there be
apphed to AC the parallelogram CD equal to BC and ex
ceeding by the figure AD sinular to BC vt 28]

Now BC 13 a square,

therefore AD 1s also a square

And sinee BC 1s equal to CD,

let CE be subtracted from each,

therefore the remamnder BF 1s equal to the remawnder AD
But 1t 1s also equiangular witht,
therefore 1n BF, AD the mdes about the equal angles are
° reciprocally proportional, [vi 14]

therefore, as FE 1s to I'D, so1s AE to EB
But FE 13 equal to AB, and ED to AE
Therefore, as BA 15 to AE, s01s AE to EB
And AB 13 greater than AE
therefore AE 1s also greater than EB
Therefore the straight Itne AB has been cut mn extreme and mean ratio at
E, ond the greater segment of 1t 15 AE QEF

Prorosrion 31

In right-angled triangles the figure on the side subtending the right angle 15 equal
to the stmalar and stmalarly described figures on the sules containing the right angle
Let ABC be a nght angled tnangle having the angle BAC nght,

Isay that the figure on BC 1s equal to the ssmilar and ssmularly desenibed
figures on BA, AC
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Let AD be drawn perpendicular
| Then since, 1n the night-angled triangle A BC, AD has been drawn from the
night angle at 4 perpendicular to the base BC,
the triangles ABD, ADC adjomning the per-
pendicular are similar both to the whole
ABC and to one another [v1 8
And, since ABC 1s ssmilar to ABD,
therefore, as CB 1s to B4, s013 AB to BD
fvr Def 1]
And, since three straight lines are propor~
tional,
as the first 15 to the third, so 1s the figure
on the first to the smmilar and smiarly
desenbed figure on the second [vt 19, Por]
Therefore, 3 CB 1s to BD, 5015 the figure on CB to the simlar and sumilarly
described figure on B4
For the same reason also,
as BC1s to CD, 50 1s the figure on BC to that on CA;
so that, 1n addition,
as BC1s to BD, DC, 5013 the figure on BC to the sumilar and sumlarly described
figures on B4, AC
But BC 15 equal to BD, DC,
therefore the figure on BC 1s also equal to the sumilar and similarly desenbed
figures on BA, AC
Therefore ete QED

Prorosirion 32

If two triangles hawning two sides proportrional to two sudes be placed together at one
angle so that their corresponding sudes are also parallel, the remarning sides of the
triangles wnll be 1n a straight Line

Let ABC, DCE be two triangles having the two sides BA, AC proportional
0 the two sides DC, DL, so that, 2s AB1s to AC, s01s DC to DE, and 4B par-
allel to DC, and AC to DE,

¥ say that BC 131n o straight line with CE _
For, since AB 1s parallel to DC,

and the straight line AC has fallen upon o
them
the alternate angles BAC, ACD are equal to
one another [z 29] A
For the sarme resson
the angle CDE 1s also equal to the angle
ACD,
80 that the angle BAC 13 equal to the angle § T E

CDE
And, since ABC, DCE are two tnangles having one angle, the angle at 4,
equal to one angle the angle at D,
and the sides about the equal angles proportional,
s0 that, as BA 18 to AC, s01s CD to DE,
therefore the tnangle ABC 1s equiangular with the tnangle DCE, [v1 €
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thetefore the angle 4 BC 15 cqual to the nngle DCE
But the angle ACD was rlso proved equsl to the angle BAC,
therefore the whole angle ACE 15 equal to the tug angles 4BC, BAC
Tet the angle ACR be added to each,
therefore the angles ACE, ACRB nre equal o the angles BA(, ACB, CB4
But the angles BAC, ABC, ACE nre equal to two nght angles, fr 82}
therefore the angles ACE, AUB ar also equal {6 twvo nioht analen
Therefora wmibo n t -

bnes B
equal ¢
therefore BC 18 1n a strasght bme with CE fr 14
Therefore ete QED

PROPOSITION 33

In equal ereles angles have the same ot os the ewrcumferentes op which they
dond, whether thor <~ F

1=t ABC, L «"be angles at
thes sentres € W 451U, La augles at the drcumferences,
1say that, as the f BCstothe EF, sosthe angle
BGOC to the angle EHF, and the angle BAC 1o the angle EDF
o For let any number of consecu-

tive circumferences CK, KI be
made equal to the crreumierence

C,
and any number of consweutive
circumierences FAI MM equal (o

toE the circurnference ET,
¢ N and let 6K, GL, HM, HN be
e M youned
Then ewee the cwrenmierences BC, €K, KL ate eanal tnann «
the angles BGC, CG .

therefore whatever multiple 1
18 the sngle BGL of the angle .

o i

A

15 of EF that multiple also 1s the
1

ZUADRN tha nowee T - .
. . ‘
 the , .
walse

and of Jess Jeas

‘Phete bewng then four drs two BC, EF, and tno
angles BGC, FHF,
there hawe bren tahen of the eireumference BC and the angle 8GC equmultic
Ples numefy the cireumderence BL and the angle BGL
20d of the uireumference BF and the angle ZHF equmultiples, namely the
aircumfzrence BN and the angle EHN

And 1t has been proved that,

if the cieumference BL 18 wt excess of the circumference LN,
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the angle BGL 1s also m excess of the angle EHN,
if equal, equal,
and of less, less
1 herefore, as the circumference BC 15 to EF, 5015 the angle BGC to the
angle EHF [v Detf 5]
But, as the angle BGC 1s to the angle EHF, s01s the angle BAC to the angle
EDF, for they are doubles respectively
‘Therefore also, as the cir fi BC 1s to the aircumference EF, so1s the
angle BGC to the angle EHF, and the angle BAC to the angle EDF
Therefore ete QED




BOOK SEVEN

DEFINITIONS

1 An umias that by wirtue of which each of the things that exist 19 called
one

2 A number 1s & multitude composed of units

3 A pumber is ¢ part of 4 number, the less of the greater, when it measures
the greater,

4 but parts when 1t does not smeasure it
. 5 The greater number 18 o multple of the less when 15 33 measured by the
oss

G An even number 15 that whrch 1 divigible 1nto twe equal parts

7 An odd number 15 that which 1s not drvrstble mto two equal parts or that
whuch differs by an umt from an even rumber

8 An even tymes eren number 1s that which 1s measured by an even number
aceording to an even number

9 An even-fimes odd number 1s that which 1s measured by an even number
according to an odd number

10 An odd times odd number 1 that which 1s measured by an odd number
according to an odd pumber

11 A prime number 1s that which 1s measured by an umt alone

12 Numbers preme to one another are those nhich are measured by an unit
alooe 25 4 common measure

13 A composte number 1s that which 1s measured by some number

14 Numbers composte to one another are those which are measured by some
number 23 a common measure

15 A number 13 smd to myltiply a number when that which 18 raultiphed 15
added to 1tself as many trmes as there are umts m the other, and thus some
number 18 produced

16 And, when two numbers baving multiplied one another make some num-
ber the number so produced 13 called plane, and its sides are the numbers
wiuch have mulitphed one another

17 And, when three numbers having multiplied one another make some
number, the number so produced 18 solid, and its sides are the numbers which
have multiplied one another

18 A square number 1s equal multiphied by equal, or a munber which 15 con-
tawed by two equal numbers

19 And a cube 1s equal multiplied by equal and again by equal, or a number
which 15 contamed by three equal numbers

20 Numbers are proportional when the first 13 the same multiple, or the
same part, or the samie parts of the second that the third 1s of the fourth

g
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21 Similar plare and solid numbers are those which have their sides pro-
portional
22 A perfect number 1s that which 1s equal toats own parts

BOOK VIT PROPOSITIONS
” Prorostrion 1

Two unequal numbers bewng sct out, and the less being continually subtracted 1
turn from the greafer, 1f the number whach 18 left nerer measures the one before [
until an unit 18 left the original numbers wrll be prume to one another
For, the less of t0 unequal numbers 4B, CD being continually subtracted
from the greater let the number which 1s left never measure the one before
1t until an unit 1s left,
1 say that 4B, CD are pnme to one another, that 1s, that ap unit alone
measures AB, CD
¥or, 1if AB, CD are not prime to one another, some numyber will measure
them
Let 2 number measure them, and let 1t be E, let CD, measuring BF, lesve
FA less than itself
let AF, measuring DG, leave GC less than itself, !
and let GC, measuring FH, leave an umt HA
Since then E measures CD, and CD measures BF,
therefore E also measures BF A
But 1t also measures the whole BA, H ¢
therefore 1t will also measure the remaunder AF F G
But AF measures DG,
therefore E nlso measures DG !
But 1t 2lso measures the whole DC 3
therefore 1t will also measure the remamder CG
But CG measures FH,
therefore E also measures FH
But 1t also measures the whole 74,
therefore 1t will also measure the remainder the ypit AH, though st 1s 2 pum
ber which 1s 1mpossible
Therefore no number will measure the numbers AB, €D, therefore AB, €D
are prime to one snother [vrr Def 19
QED

ProrosiTioN 2

Guven two numbers not prime to one another to find therr greatest common measuré

Let AB, CD be the two given numbers not prime to one another

Thus 1t 15 required to find the greatest common measure of AB, CD

If now CD measures 4B—and 1t also measures itself—CD 15 & commob
measure of CD, AB

And 1t 1s mamfest that 1t 15 also the greatest, for no greater number than cD
will measure CD

But, if CD docs not measure AB then the less of the numbers 4 B, CD be1og
continually subtracted from the greater, some number will be left which wil
measure the one before 1t
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For an unit will not be left, otherwise 4B, CD will be prime to one another
[vit 1], which 1s contrary to the hypothesis

Therefore some number will be left which will measure the one before 1t

Now let CD, measurning BE, leave EA less than steelf,
A let EA, measuring DI, leave FC less than itself,
and let CF measure AE
£ Since then, CF measures AE, and AE measures DF,
therefore CF will also measure DF
®  But 1t also measures stself,
therefore 1t will also measure the whole CD
B D But CD measures BE,
therefore CF also measures BE QW
But 1t also measures EA,
therefore 1t il also measure the whole B4,
But 1t also measures CD,
therefore CF measures 4B, CD

Therefore CF 1s a common measure of AB, CD

1 say next that 1t 1s also the greatest

For 1f CF 1s not the gredtest common measure of 4B, CD, some number
which 1s greater than CF will measure the numbers 48, CD

Let such a number measure them and let 1t be @

Now, since G measures CD, while CD measures BE, G also measures BE

But 1t also measures the whole B4

therefore 1t will also measure the remainder AE
But AE measures DF,
therefore G will also measure DF

But 1t also measures the whale DC,
therefore 1t will also measure the remamnder CF, that 1s, the greater will meas~
ure the less which 13 impossible

Al’}l‘herefore no number which 1s greater than CF will measure the numbers
, CD,

therefore CF 15 the greatest common measure of AB, CD
Porism From ths 1t 19 manifest that, 1f 2 number measure two numbers 15
will also measure therr greatest common measure QED

ProrosrTiow 3
Guven three numbersnot preme Lo one another, to find thewr greafest common mcasure
Let A, B, C be the three given numbers not prime to one another,
thus 1t 1s required to find the greatest common meas-
ure of 4, B, C
Tor let the greatest common measure D, of the two
numbers 4, B be taken, [vir 2]
o then D either measures or does not measure, €
D] el F] First let 1t measure 1t
But 1t measures 4, B also,
therefore D meacures 4, B, C,
therefore D 1s & common measure of 4, B, C
T say that 1t 1s aleo the greatest
Tor, if D 1s not the greatest common measure of 4, B, C, some number which

Al Bl
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21 Simylar plane and sobid numbers are those which have their sides pro-

portional
22 A perfect number 13 that which 13 equal to 1ts own parts

BOOK VII PROPOSITIONS
“ Prorosiriox 1

o uncqual numbers bemg set out, and the less besng continually subtracted 1n
turn from the greater, of the number whick 1s left never measures the one befare 1t
untal an unit 1s left, the orsginal numbers wall be prime to one another

Tor, the less of two unequal numbers 4 B, CD being continually subtracted
- R ’ ' " Y+ (or measure the ane before

that 13, that an umt slone
measures AB, CD
For, f AB, CD are not pume to one another, some number will measure
them
Let 2 number megsure them, and let 1t be E, let CD, measuring BF, lease
FA less than atself,
let AF, measuning D@, leave GC less than itself,
and let GC, measuring FH, leave an umt H4,
8ince, then, E measures CD, and CD measures BF,
therefore E also measures BF A
But 1t also measures the whole BA, Hog
therefore 1t will also measure the remamder AF. G
But AF measures D@,
therefore ¥ also measures DG 4
But 1t also measures the whole DC, {E
therefore 1t Will also measure the remander CG/
But CG measures F¥,
therefore E also measures FH
But 1t also measures the whole FA,
therefore 1t will also measure the remainder, the unit AH, though it 1s a um*
ber which 15 impossible
‘Therefore no rumber will measure the numbers AB, CD, therefore AB, €2
are prime to one another fvu Def 12
QED

@

ProrositioN 2

Guren luo numbers not prime to one another 10 find therr greatest common measire

Let 4B, CD be the two given numbers not prime to one another

Thus 1t 15 required to find the greatest common measure of 4B, CD

If now CD measures AB—and 1t also measures 1itself-—CD 15 a commo?
measure of CD, AB

And 1t 15 manifest that 1t 13 also the greatest, for no greater number than €0
wll measure CD

But, if CD does not measure AB, then the less of the numbers AB CD hvlﬂﬁ
continually subtracted from the greater, some number will be left which ™
measure the one before it
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Far an umt wll not be left, otherwisg 4B, C8 will be prume to ane another
fvur 1}, which 1s contrary to the hypothesis

Therefore some nur-ter =1t ha Taft b ah o dl cannm o ih t o .
Now : T

A 3 -

£ 4

¥ Since ther, CF measures AE, and 4E measures DF,
therefore CF will zlso tmeasure DF

But 1t also messures itself,

i therefore 1t will also measute the whole CD

b

But CD measures BE,

therefore OF also measures BE
But 1t also measures FA;

therefore 1t will also measuve the whole B4,
But 1t alco mensures OD,

therefore CF measures AB, CD
’Yﬂlerefore CF 19 & common measure of 4B, €D
T 1. .
. ‘D, rome number
- »
Let such a number mezsure them, and Jeg 1t be G
Now, ance F measures CD, whils CD measures BE, @ alio measures BF
But it also wieasures the whole Bd;
1t wilt also the der AE
But AF measures DF,
therefore @ will alse measure DF
‘But 1t glso measures the whole BC,
therefore st will also measure the remarmder CF, that s, the greater wall meas~
ure the Jeas which 15 wapassible

ghfx‘efore no number which s greater than CF will measure the numbers
2

therefore CF 13 the greatest common measure of AR, CD
Porwsa Yrosm this it 1s namfest that, if a number measure tiwo numbers 16
will alsop measute their grestest common measure QBD

ProrosiTion 3

G bersnot t her, to find therr greatest comamon measure
Let 4, B, € be the thres giver umbers sot prnme to one avather,
thusg 1t 13 required to find the greatest common meas-
ure of 4, B, C
Tor et the greatast common measure D of the two
& g numbers 4, B be taken, v 21
¢ then D either measures, of does not measure, ¢
of o 6| Fest, fot @ raessure b
But 1t measures 4, B also,
therefore D measures 4, B, C,
therefore D 18 & common measure of 4, B,
T sa3 that 1t 18 aleo the greatest

For, of D15 not the greatest commen measure of 4 B, €, some number whick
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18 grenter than D will measure the numbers 4, B, C
Let such a number measure them, and let st be E
Since then E measures 4, B, C,
1t will also measure 4, B,
the greatest of 4, B
[vir 2, Por]

therefore 1t will also

But the greatest common measure of 4, Bis D,
therefore E measures D, the greater the less which 1s impossible

Therefore no number which 18 greater than D will measure the numbers

4,B,0C,
therefore D 1s the greatest common measure of 4, B, ¢
Next, let D not measure
1 say first that C, D are not prime to one another

For, since 4, B, C are not prime to one another, some number will measure
them

Now that which measures 4, B, C will also measure 4, B, and will measure
D, the greatest common measure of 4, B [vir 2, Por)

But 1t measures € also,

therefore some number will measure the numbers D, C,
therefore D, C are not prime to one another
Let then their greatest common measure E be taken [vir 2)
Then, since E measures D,
and D measures 4, B,
therefore £ also measures 4, B
But 3t measures C also,
therefore E measures 4, B, C,
it Eiisa of 4, B, C.

T say next that 1t 15 also the greatest

For, if E 15 not the greatest cormon measure of A, B, C, some number which
18 greater than E will measure the numbers A, B, C

Let such 2 number measure them and let 1t be F'

Now, sinee F measures 4, B, C,

1t also measures 4, B,
therefore 1t will also the greatest

of 4, B
v 2, Por)
But the greatest common measure of 4, B1s D,
therefore F' measures D
And 1t measures C also,
therefore F measures D, C,
therefore 1t will also the greatest

of D, C
{vu 2, Por]

But the greatest common measure of D, C1s E,

therefore F measures E, the greater the less which 1s impossible

Therefore no number which 1s greater than I will measure the numbers 4,

B,C,
thercfore E 15 the greatest common measure of A, B, C

QED
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ProrosiTION 4

Any number 18 esther a part or parts of any number, the less of the greater
Let A, BC be tno numbers, and let BC be the less,
1 say that BC 1s either & part, or parts of 4
For A, BC are erther pnme to one another or not

] Furst, let A, BC be prime to one another
A g ‘Then 1f BC be divided 1nto the umts 1 1t, each umt of those
1n BC will be some part of 4, so that BC is parts of 4
F Next let 4, BC not be pnime to one another, then BC either
R 0 measures or does not measure, 4

If now BC measures A, BC 1s a part of 4
But 1f not, let the greatest common measure D of 4, BC be taken, fvir 2]
and let BC be drnided 1nto the numbers equal to D, namely BL, EF, FC
Now, since D measures 4, D 1s a part of 4
But D 13 equal to each of the numbers BE, EF, I'C,
therefore each of the numbers BE, EF, FC 13 also a part of .1, so that BC 1s
parts of 4
‘Therefore etc QED
Prorosrriov 5

If a number be a part of a number, and another be the same part of another, the
sum will also be the same part of the sum thal the one 18 of the one
For let the number 4 be a part of BC,
and another, D, the same part of another EF that 4 1s of BC,
T say that the sum of A, D 1s al<o the same part of the

sum of BC, EF that 415 of BC

£ For since, whatever part 4 18 of BC, D 13 also the same
" part of EF,
Tk
F

o

K therefore, as many numbers as there are 1n BC equal to 4,
50 many numbers are there also in EF equal to D
c Let BC be divided 1nto the numbers equal to A, namely
BG, GC,

and EF into the numbers equal to D, namely EH HF,
then the multitude of BG, GC will be equal to the multitude of EH, HF

And, since BG 15 equal to 4, and EH to D,

therefore BG, EX are also equal to 4, D
For the same reason
GC, HF are also equal to 4, D

. Therefore, 23 many numbers as there are mn BC equal to 4, so many are
there also 1n BC, EF equal to 4, D

Therefore, whatever multiple BC 13 of 4, the same multiple also 15 the sum
of BC, EF of the sum of 4, D

Therefore, whatever part A 15 to BC, the same part also 1s the sum of 4, D
of the sum of BC, EF QR ED

Prorositioy

If a number be parts of a number, and another be the same parts of another, the
sum will also be the same parts of the sum thal the one 1s of the one
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For let the number AB be parts of the number C, and another, DE, the
same parts of another, F, that AB1sof C,
I say that the sum of AB, DE 1s also the same parts of the sum of C,F
that AB s of C.
For since, whatever parts AB 15 of C, DI 15 also the
same parts of F,
therefore, s many parts of € as there are in A B, so many Cc o
parts of ¥ are there also 1n DE ife H
Let AB be divided 1nto the parts of C, namely AG, GB, g £
and DE into the parts of F, namely DH, HE;
thus the multitude of A@, GB will be equal to the multitude of DH, HE
And since, whatever part AG1s of C, the same part s DH of F also,
therefore, Whatever part AG 1s of C, the same part also 1s the sum of AG, DH
of the sum of C, F 1 fvur 8]
For the same reason, a4 s
\\hgtever part GB 15 of C, the same part also 1s the sum of GB, HE of the sum
of C, F
Therefore, whatever parts 4B 13 of C, the same parts also 1s the sum of AB;
DE of the sum of C, F QED

F

Prorosition 7
1f @ number be that part of @ number, which o number subtracted s of a number
subtracted the remawnder wnll also be the same part of the remander that the whole
28 of the whole '
For let the number AB be that part of the number CD which AE subtracted
15 of CF subtracted,
Isay that the remainder EB 13also the same part of the remawmnder FD‘ that

the whole AB 13 of the whole CD B J
A_E 8 "
[ [ P D

3
For whatever part 4K 15 of CF, the same part alsé let EB be of C@
Non sinee, whatever part AE 1s of OF, the same patt also 13 EB of CG,
therefore whateser part AE 1s of CF, the same part also1s AB of GF  [vu 5]
But whatever part 413 of CF, the same part also, by hypothesis 18 AB of

therefore, whatever part AB 1s of GF, the same part 131t of CD slso,
therefore GF 19 equal to CD
Let CF be subtracted from each,
therefore the remmnder GC 13 equal to the remander FD
Now smce whatever part AL 1s of CF, the same part also 18 EB of GC,
while GC 15 equal to FD,
therefore, whatever part AE 1s of CF the same part also 13 EB of FD
But whatever part AE 13 of CI" the same part also 1s 4B of CD,
therefore also the remamder EB 1s the same part of the remainder FD that the
whole AB 1s of the whole CD . QED
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Prorosrriov 8

If a number be the same parts of a number that o number sublracted 13 of a number
sublracted, the remawnder will also be the same parls of the remawnder that the whole
13 of the whole

For let the number A B be the same parts of the number CD that AL sub-
tracted 13 of CF subtracted,

1 say that the remamder EB 1s also the same parts of the remainder FD
that the whole AR 13 of the whole CD

¢ . For let GH be made equal to AB
1 'Therefore, whatever paris GH 13 of CD, the
& MK N H same parts slso 18 AF of OF
Let GH be divided iinto the parts of CD,
| R S namely GK, KH, and AE nto the parts of CF,

namely AL, LE,

thus the multitude of GK, KH will be equn] to the multitude of AL, LE

Now snce, whatever part GK 13 of CD, the same part also 13 AL cf CF,

while CD 15 greater than CF, B
therefore GK 1s also greater than AL

Let G be made equal to AL

Therefore, whatever; part GK 19 of €D, the same part also 18 GM of CF,
therefore slso the remainder ALK 15 the same part of the remamder FD that
the whole 6K 13 of the whole CD ’ (vt 71

' Agan, since, whatever part KH 14 of CD, the same part also1s EL of C’F
. while CD 15 greater thzn CF,
therefore JIK 15 also greater than EL

Let KN be made equal ta EL

Therefore, whatever part KH 15 of CD, the same part also 1s KN of CF,
therefore also the remainder N H 15 the same part of the remarnder FD that the
whole AH 15 of the whole CD fva 7

But the remainder MK was slso proved to be the same part of the remainder
FD that the whole GK 1s of the whole €D,
therefore also the sum of AfK, NH 1s the same parts of DF that the whole HG
15 of the whole CD

But the sum of AfK, NH 15 equal to EB,

and HG 15 equul to B4,
therefore the remamder EB 1s the same parts of the remainder D that the
whole AB 1s of the whole CD QED

Prorostrioy 9
If a number be a part of a number and another be the same part of another, alter-
nalely also, whalerer part or parts the first 13 of the third, the same part, or the same
parts will the second alse be of the fourth
For let the number 4 be a part of the number BC, and an-
© other, D, the same part of another, ZT', that 4 1s of BC,
" 1say that alternately also, whatever part or parts 4 18 of
A‘ g la D, the same part or parts 1s BC of LF also
¢ 3 For since, whatever part A 1s of BC, the same part also1s
D of EF,

8.



134 EUCLID

therefore as many numbers as there are 1n BC equal fo 4, so many also are
there m EF equal to D

Let BC be divided mto the numbers equal to 4, namely BG, GC,

and EF 1nto those equal to D, namely EH, HF,

thus the multitude of BG, GC will be equal to the multitude of EH, HF

Now, since the numbers BG, GC are equal to one another, and the numbers
EH, HF are also equal to one another,

while the multitude of BG, GC 1s equal to the multitude of EH, HF,"

therefore whatever part or parts 8G 18 of EH, the same part or the same parts
15 GC of HF also,
so that, in addition whatever part or parts BG 1s of EH, the same part also or
the same patrts, 13 the sum BC of the sum EF vz 5,6]

But BG 1s equal to 4, and EH to D,
therefore, whatever part or parts A 1s of D, the same part or the same parts1s
BC of EF also Q ED

ProrosiTioN 10

If @ number be parts of @ number, and another be the same parts of another, aller-
nalely also, whaterer parts or part the first1s of the third, the same parts or the same
part wnll the second also be of the fourth

For Jet the number A B be parts of the number C, and another, DE, the same
parts of another, F,

Isay that, alternately also, whatever parts or part AB is
of DE, the same parts or the same part 18 C of F also

For since, whatever parts AB 1s of C, the same parts

also1s DE of F, A °
therefore, as many parts of C as there are in A B, so many [ F
parts also of F are there in DE G

Let AB be divided 1nto the parts of C, namely AG, GB, £
and DE nto the parts of F, namely DH, HE, 8

thus the multitude of AG, GB will be equal to the multitude of DH, HE
Now since, whatever part AG 1s of C, the same part also 1s DH of F,
alternately also, whatever part or parts AG 1s of DH,
the same part or the same parts1s C of F also [vir 9
For the same reason also,
“ihatever part or parts GB 1s of HE, the same part or the same parts1s C of ¥
also,
so that, m addition whatever parts or part AB1s of DE, the same parts also
or the same part, 15 C of F v 5,61
QED
ProrosiTion 11
If, as whole 1 to whole, so 15 @ number subtracted to @ number subtracted, the e~
mainder will also be fo the remainder as whole to whole
As the whole AB 15 to the whole CD, so let AE gubtracted be to CF sub-
tracted,
1 say that the remainder EB 1s also to the remawnder FD as the whole AB
to the whole CD
Since, as AB 15 to CD, s01s AE to CF,
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» whatever part or parts AB 1s of CD, the same part or the same
€, partsis AE of CF also, [var Def 20}
23 Therefore also the remainder EB 1s the same part or parts of FD
that AB1sof CD vtz 7, 8]
“Therefore, as EB 15 to FD, 5015 AB ta CD [vir Def 20)

B QED

ProrositioN 12
If there be as many numbers as u¢ please in proportian, then, as one of the anle-
cedents us to one of the consequents, so are all the antecedents Lo all the consequents
Let 4, B, C, D be as many numbers as we please 1 proportion, so that,
s Asto BysoisCtoD,
1say that, asd 1sto B,soare 4, Cto B, D '
For since, as A 13 to B, so18 C to D,

Al Bl ¢| b whatever part or parts A 1s of B, the same part or partsis € of

A D also . {11 Def 20]

Therefore also the sum of A, €18 the same part or the same parts of the sum

of B, D that A 1s of B - G 5,6]

‘Therefore, as A 15 to B, soare 4, C to B, D [vur Def 20]
QED

Proposrriov 13
If Jour numbers be proportronal, they will also be proportional alternately
Let the four numbers 4, B, C, D be proportional, so that,
asdistoB,soisCtoD,
I say that they will also be proportional alternately, so that,
- as Asto C, so will Bbe to D
Forsince, as A isto B so1sC to D,
D therefore, whateser part or parts 4 13 of B, the same part or
B the same parts s C of D also [vir Def 20)
¢ Therefore alternately, whatever part or parts A 1s of C,
the same part or the same parts 13 B of D also (vir 16]
Therefore, as 4 15 to C, so1s B to D {vrr Def 20)
QED

ProrosITioN 14
If there be as many numbers as ue please, and others equal to them wn multatude,
whach taken {wo and two are wn the same ratso, they will also be wn the same. rato
ex aequall
Let there be as many numbers 2s ue please 4, B, C, and others equal to

;\gvm maiitede I, E, F, shich taken two and two are in the same ratio, so
at,

asAstoB,soisDto T,

—t 2 and as BistoC,s01sEto F,
—t 1 say that, ex acquali

4 F asdistoC soalsos Dto F
For, since as d 1sto B, sos Dto &
therefore alternately,
asAiistoD, sosBtoE (vir 13]
Agun since as B 1s to C,so1sE to F,
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therefore, alternately, *
agsBisto E, 5013 C to F. {var 13]
But,as Bisto E,s013 4 to D,
therefore also, as A 1sto D, so1s C to F.
Therefore, alternately,
asdistoC,s01sDto F ()

ProrositioN 15

If an unat measure any number, and another number measure any other number
the same number of limes, alternately also, the unat unll measure the thurd number
the same number of times that the sccond measures the fourth

For let the umt A measure any number BC,
and let another number D measure any

other number EF the same number of A B_G6 W ¢
times, D
1 say that, slternately also, the umt 4 ¢ K L I3

measures the number D the same number """~
of times that BC measures EF

For, since the umt A measures the number BC the same number of times
that D measures EF,
therefore, ag many umits as there are in BC, 5o many numbers equal to D are
there 1 EF also

Let BC be divided into the umts m 18, BG, GH, HC,

and EF nto the numbers EK, KL, LF equal to D

Thus the multitude of BG, GH, HC will be equal to the multitude of EK,
KL, LF

And, since the units BG, GH, HC are equal to one another,

and the numbers EK, KL, LF are also equal to one another,

while the multitude of the umts BG, GH, HC 1s equal to the multitude of the
numbers EK, KL, LF,
therefore, as the umit BG 1 to the number LK, so will the umt GH be to the
number KL, and the umt HC to the number LF

Therefore also as one of the antecedents 1s to one of the consequents so Wil
all the antecedents be to all the consequents, [vur 12

therefore, as the umt BG 13 to the number EK, so1s BC to EF
But the umit BG 15 equal to the untt 4,
and the number EX to the number D

Therefore, as the unit 4 1s to the number D, so1s BC to EF

Therefore the untt 4 measures the number D the same number of times that
BC measures EF QED

Prorosrriov 16
If two numbers by mulliplyeng one another make certain numbers, the numbers $0
produced will be equal to one another
Let A, B be two numbers, and let 4 by multiplying B make €, and B by
multiplying A make D,
I say that C 1s equal to D
Tor, since 4 by multiplying B has made C,
h B c ding to the umts 1n A
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Bot the unit £ also measures the number 4 according to the umts mf,
therefore the umt £ measures 4 the same number of times that B measures
Therefore, alternately, the umt [
measures the number B the same num-
B ber of fimes that 4 measures C fvir 15}
c. Aga, since B by multiplying 4 has
B made D, '
therefore A mensures D aceording to the
umis in ‘
But the umdt F also measures B secording to the umts mit,
therefore the wmt ¥ measures the number B the same number of times that 4
easures
But the umt ¥ meagured the number B the same number of times that 4
measures Q,

A

w—E

each of the numbers C, D the same number of Limes
Therefore C 1s equal to D aro
Paorosizron 17
2f & number by mullaplying two numbers make ceriaun numbers, the numbers sa
produced wall have the same ratio a3 the numnbers mulliphed
For let the number A be multiplyzng the two numbers B, C make D, B,
Isay that, 8s Bisto (,sons Dto B
For, emee 4 by multiplymng B hf)s made: D,
herefore B

to the umtan 4
But the umt P elso mess-

m———h ures the number 4 accordmng
B & to the umits i 1t
] E therefore the umt F measures

the pumber 4 the same num-
ber of times that Bmeasures D

Therefore, as the umt £ 1s to the number 4, 018 B to D fvir Def 20

For the same reason,

a3 the untt F 1s to the number 4 soalois € 0 B,
therefore also, ss Bisto D, eois Cto E
Therefore alternately, as Bsto O sow D to £ v 1%
QED
Propostriov 18

1f two numbers by mullyplyrng any number mad e certazn numbers, the numbers so
produced will hare the sume cotio as the multaphers

For let tno numbers 4, B by multsplying any number ¢ make D, &,
— a 1say that, ssd isto B sowD e B

Fur, stnce 4 by multiphng € bas made D,

T
; therefore alsa C by mituplying A has made D
m— fan 16]

€

For the same reason also

€ by multiplyng B bas made £
Therefors the number C by multip} the tno bers 4, B has made D,
Therefore, as A 13to B, so s Dto K v 17}
QED
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ProrosiTioN 19

If four mumbers be proportional, the number produced from the first and fourth
wnil be equal to the number produced from the second and third; and, 1f the number
produced from the first and fourth be equal to that produced from the second and
thard, the four numbers unll be proportional
Let A, B, C, D be four numbers 1n proportion, so that,
as A1sto B,so1s C to D;
and let A by multiplying D make E, and let B by multiplying C make F,
I say that E 15 equal to F
For let A by multiplying € make G
Since, then, 4 by multiplying € has made G, and by multiplying D has
made E,
the number A by multiplying the two numbers C, D
has made G, E
Therefore, 2s C1sto D, so 18 G to E [vir 17]
But,asCisto D, so1s 4 to B, Bl ¢ b € F §
therefore also, as A 1sto B,sois G to B
Agan, since A by multiplymg € has made G,
but, further, B has also by multiplying € made F,
the two numbers 4, B by multiplymng a certain num-
ber C have made G, F
Therefore, as A 13to B, so1s G to F [vir 18]
But further, as 4 1s to B, so1s G to E also,
therefore also, as G1sto E, so1s G to F
Therefore G has to each of the numbers E, F the same ratio;
therefore K 15 equal to ¥ f v 9
Agan, let E be equal to F,
1 say that, as A 1sto B,so1sC to D
For, with the same construction,
since E 18 equal to F,

therefore, as G 1~ ta I, 5018 G to F. lef v 7l
But, as G1s to E, so1s € to D, [+ 17)
and, as Gisto F,s015 4 to B [vir 18]

‘Therefore also, as A 13 to B, s015C to D QED

Prorosrrion 20

The least numbers of those whch kave the same ratio with them measure those which
hate the same ratio the same number of tymes, the greater the greater and the less
the Jess

For let CD, EF be the least numbers of those which have the same rati0
with 4, B,

1 say that CD measures A the same number of times that EF measures B

Now CD 18 not parts of A

For, 1f possible, let 1t be so,

therefore EF 1s also the same parts of B that CD s of 4
{vir 13 end Def 20]

Therefore, a3 many parts of A as there are in CD, 50 many parts of B ar¢

there also in EF
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Let CD be divided into the parts of A, namely C@, GD, and EF into the
parts of B, namely EH, H.
thus the mulmude of CG GD will be equal to the mulittude of EH, HF
Now, smee the numbers CG, GD are equal to one another,
and the pumbers EH, HF are nlso equal to one another,
while the multitude of CG, GD 13 equal to the mult:tude of
3 EH, HF,

3

G E therefore, as CG 15 to EH, 5013 GD to HF

ol {i7  Thereforealso, as one of the antecedents 13 to one of the
¢ consequents, 5o will all the antecedents be to all the conse-

b quents [vir 12]

Therefore, as CG1s to EH, so01s CD to EF
‘Therefore CG, EH are 1n the same ratio with CD, EF, being less than they
which 15 impossible, for by hypothesis CD, EF are the least numbers of those
which have the same ratio with them
Therefore CD 1s not parts of 4;

therefore 1t 15 a part of 1t fvir 4]

And EF 1s the same part of B that CD1sof 4, vt 13 and Def 20]
therefore CD measures A the same number of times that EF measures B
QED

ProrositIov 21
Numbers prume to one another are the least of those which hate the same ratio with
them
Let A, B be numbers prime to ane another,
lE 1 say that 4, B are the Jeast of those which have
the same ratio with them

l For, 1f not, there will be some numbers less than
A, B which are m the same ratio with 4, B

Let them be C, D

Since then the least numbers of those which have the same ratto measure
those which have the same ratio the same number of times, the greater the
greater and the less the less, that 1s, the antecedent the antecedent and the
consequent the conscquent, fvir 20]

therefore  measures A the same number of times that D measures B
1’:{8\\', as many, times as C measures 4, 80 many units let there be m E

{vir 16]

Lor the same reason
E also mensures B according to the umtsin D [vix 16]
Therefore E measures 4, B nhich are pnme to one another which 1s 1m-
possible [vir Def 12]

Therefore there will be o numbers less than A, B which are 1 the same
ratio with 4, B
Therefore A, B are the least of those which have the same ratio with them
QED
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ProrosiTion 22

The least numbers of those whick have the same ralio with them are prime lo one
another
Let A, B be the least numbers of those which have the same ratio with them,
I say that 4, B are prime to one another
For 1f they are not pnme to one another, some A e
number will measure them
Let some number measure them, and let 1t be ¢
And as many times as C measures A, so many &
units let there be 1n D,
and, as many times as C measures B so many umts E-~——
let there be m E
Since C measures 4 according to the umtsin D,
therefore C by multiplying D has made A {vir Def 15}
For the same reason also
C by multiplying £ has made B
Thus the number C by multiplying the two numbers D, E has made 4, B,
therefore as D1sto E, so1s A to B; fvm 171
therefore D, E are in the same ratio with 4, B, bewng less than they which1s
impossible
Therefore no number will measure the numbers 4, B
Therefore A, B are pnime to one another QED

B——em——

ProrostrioN 23

If tuo numbers be prime to one another, the number which measures the one of them
will be prume o the remaining number

Let 4, B be two numbers prime to one another, and let any number ¢
measure 4,

I say that C, B are also prime to onc another
For, if C, B are not pnme to one another
some number will measure C, B

Let a number measure them, and let 1t be D

Since D measures C and C measures A, therefore D also
measures 4 l

But 1t also measures B,
therefore D measures A B which are prime to onc another A B €
which 1s impossible [vir Def 12]

‘Therefore no number w1l measure the numbers C, B

Therefore C, B are prime to one another QED

Prorostrron 21

If tio numbers be prime to any number their product also will be prime o the same
TFor let the two numbers 4, B be prume to any number C, and let A by mul
tiplying B make D,
I say that C, D are pnime to one another
For, if C, D are not prime to one another some number will measure c¢,D
Let a number measure them and let 1t be E
Now, since €, A are prime to one another,
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and & certsn number E measures C,

therefore 4, E are pnme to one another fvir 23]

As many tmmes then, as E measures D, so many umis let there be m
F,

therefore F* also measures
D according fo the umts in F {vir 16}
‘Therefore E by multiplying F has made D [vmx Del 15}
i F But further, A by multsplying B has also made D,

A £ ther;fure the product of E, ¥ 13 equal to the product of

4
T

)
But if the product of the extremes be egqual to that of
D the means the four pumbers are proporbional, vy 18]
thercfore as Estod,so1isBio F
But 4, E are prime to one another
numbers which are pnme to one another are also the least of those wivch have
the same ratio fvir 21}
and the least numbers of those which have the same ratio with them measure
those which have the same ratio the same nurber of times the greater the
greater and the less the less that s, the antecedent the antecedent and the
consequent the consequent, v 20)
therefore E measures B
Bt 1t also measutes T,
therefore E measures B, € which are prume to one enother wihich 1 1mpossible
{11 Def 12]
Therefore no number will measure the numbers €, D
Therefore C, I are prime to one anather QEDp

Puoroarriov 25
1f tioo numbers be prime fo one another, the product of one of them wnfo stself will
be prims to the rernaiming one
Let 4 B be two numbers prme to one another
and let 4 by multiplying stself make €,
R I say that B, € are prime to oug another
For let D be made equal to 4
B Smce 4 B are prime to one another and 4 1s equal to D,
therefore D B are also pnime to one another
o Therefore each of the two numbers D, 4 18 prime to B,
¢ therefore the product of D A will alsa be prime to B {vix 24]
But the number which is the product of D 4 €
Therefore €, B ere prse to ane anather QB W

ProrosiTiov 26

If tizo numbers be prume to tiwo numbers both to each their produets also wall be
Pravie 1o one another

A
B

For let the two numbers 4, B be prime
1o the two numbers €, D, both to each,
Pe———  gnd let 4 by multsplymng Bmake £ and let
e C by rultiplymng D make F,
| S I say that E F ave prune 1o ope another

<
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For, since each of the numbers 4, B1s pnime to C,
therefore the product of 4, B will also be prime to C [vir 24}
But the product of A, Bis L,
therefore E, C are prime to onc another
For the same reason
E, D are also pnime to one another
Therefore each of the numbers C, D 1s pnme to E

Therefore the product of C, D will also be prime to E fvu 24
Dut the product of C, D1s F
Therefore E, F arc pnime to one another QED

ProposiTION 27

If two numbers be prime to one another, and cach by mulliplying self male o
certawn number, the products will be prime to one another, and, of the orginal
numbers by mulliplying the products make certain numbers, the latter wrll alse
be prume to one another land this 15 always the case with the extremes]

Tab 4 DL o+ . ot

ing L make F, A
1 say that both C, E and D, F are prime to one another
For, since 4, B are prime 1o one another, and A by

multiplying itself has made C,

therefore C, B are prime to onc another [vi 23] E] [

Since, then, C, B are prime to one another,
and B by multiplying 1tself has made E,
therefore C, I are prime to one another (4]
Again, since A, B are prime to one ancther,
and B by multiplying itself has made E,
therefore A, E are pnme to one another 3]
Since then the two numbers 4, € are prime to the two numbers B, I, both
to each,
therefore also the product of A € 19 prime to the product of B, I  [vI 26)
And the product of 4, C 15 D, and the product of B, E 13 F
Therefore D, F are prime to one another QED

ProrosiTiov 28

If tuo numbers be prime to one another, the sum uzll also be prime to cach of them,
and 1f the sum of two numbers be prime Lo any one of them, the original numbers
ul also be prime to one another

For let two numbers AB, BC prime to one another be added,

1 say that the sum AC 1s also prime to each of
the numbers AB, BC ¢

For, 1f CA, AB are not prime to one 2nother,

some number will measure CA AB
Let a number measure them, and let 1t be D
Since then D measures CA AB,
therefore 1t will also measure the remaunder BC.

D
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But 1t also measures BA,
thercfore D measures AR, BC which sre pritue to one another. which is im~
possible fvir Def 120
Therefore no number will the bers Cd, 4B, thercfore C4, AB
are prime to one another
For the some reason
AQ, OB are 2lso prime to onte another
Therefore CA 19 prume to each of the numbers 4B, BC
Agam, let (4, AB be pnme {0 one another,
I suy that AR, BC are alao pnime to one another
For, f AB, BC are not prime o ane another,
sorne number will measure A5, BC
Let s ntimber messure them, and let it be D
Now smee I measures each of the numbers 48, BC, it wilf also measure
the nhole €4
Bt 1t 2l 0 measures AB,
therefore D measures Cd, A8 winch ere prme to one anather
which 13 tmpossable {vir Det 121
Therefore no number will measure the numbers A8, BC
Therefore AR, BC are pnme to one another

QED
Prorosirroy 29
Any prime number 35 prome o any number which 1t does nof measure
Tet 4 be a prime number, and let it not measure B,
I say that B A are prwme to one another
Tor, if B A are not prume to one another,
some number will measure them
B Let € measure them
—— Simee C measures 8,
and A does not measure 8
therefore (' 18 1ot the same with A
Non, since £ mensures B, 4,
therefore st also measuxes A which 18 prune, though 1t 1s not the same with it
which ts impossible
Therefore no number will measure B, 4
‘Therefore 4, B are pnme {o one another aED

Prorosiiov 30
If two numbers by mulisplying one another make some number, and any prime
wamver mrasure the product, 1t Wil tlso menswre ont of the ovgrnak nuntoers
For tet the two numbers 4 B by multiplying one another make C, and let
any prine gumbcr D measure C,

A T say that D measures one of the numbers 4, B
8 Tor det 1t not measure 4

[ i VTP Now D s prinae,

J therefore 4, D are prime ta onc another [vir 29]
[ And, as many funes as I} measures C, so many

umis let thece be 1n &
Smee then D mensures ( accordsng to the nuts i £
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therefore D by multiplying E has made ¢ vt Dof 15]
Further, A by multiplymng B has also made C,
therefore the product of B, E 1s equal to the product of 4, B

Therefore, as D1sto 4,s01s B to E v 19
But D, A are prnime to one another,
primes are also least, [vxx 21]

and the Jeast measure the numbers which have the same ratio the same num-
ber of ttmes, the greater the greater and the less the less, that1s, the antecedent
the dent and the t the con<equent, [vir 20]
therefore D measures B
Simlarly we can also show that, 1f D does not measure B, it will measure 4
Therefore D measures one of the numbers 4, B QED

ProrosiTioN 31

Any composite number 1s measured by some prime number

Let A be a composite number,

1 say that A 13 measured by some prime number
For, since 4 1s composite,
some number will measure 1t

Let a number measure 1t, and let 1t be B Ae——

Now, if B 1s prime, what was enjoined will have g
been done

But 1f 1t 15 composite, some number will measure 1t

Tet o number measure it, and let 1t be ¢

Then since C measures B,

and B measures A
therefore C also measures A
And f € 15 prime, what was enjomned will have been done
n o

Tor, 1f 1t 1s not found, an infimte senies of numbers will measure the number
A, each of which 1s less than the other
which 15 impossible 1 numbers
Therefore some prime number will be found which will measure the one
before 1t which will also measure A
Therefore any composite number 13 measured by some pnme number
QED
ProrosiTion 32
Any number either 13 prime or 18 measured by some prime number
Let A be a number,
1 say that A either 1s prime or 13 measured by some A e
pnme number
If now A 13 prime that which was enjoined will have been done
But 1f 1t 15 composite some prime number will measure 1t [va 31}
Therefore any number either 1s pnme or 1s measured by some prime number
QED
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¢
ProrosiTioN 33

Gieen as many numbers as we please, fo find the least of those which hate the some
ratio with them '
Let 4, B, C be the given numbers, as many 23 we please,
thus 1t 15 required to find the least of those which
have the same ratio with 4, B, ¢
| A, B, C are exther prime to one another or not
Now, if 4, B, C are prime to one another, they
are the least of those which have the same ratio
with them b [vir 21}
| But, if not, let D the greatest common measure
M l ' “E of A, B, C be taken, ! v 3)
~K F and, as many times as D measures the numbers A4,
6 B, Crespectively, so many umts lét there be 1n the
numbers B, F, G respectively f
Therefore the bers E, F, G the bers 4, B, C respectively
according to the ymts in D [vir 16]
Therefore E, F, G measure A, B, C the same number of times,
therefore E, F, G are 1 the same ratio with A, B, C [vir Def 20]
1 say next that they are the least that are in that ratio
For, if B, F, G are not the least of those which bave the same ratio with 4,

Ll

y C,
there will be numbers less than E, F, @ which are i the same ratio with 4,

s
Let them be H, K, L,
therefore JI measures A the same number of times that the numbers K, L
measure the numbers B, C respectively
I:IIIOW’ a8 many times as H measures A, so many umts let there be
m A,
therefore the bers K, L also the bers B, € tvely ac-
cording to the umts 1n A
And, since H measures 4 according to the umts mn Af,
th M also A dng to the umts in H  {vi 16)
For the same reason
M also measures the numbers B, C according to the umitsin the numbers &, L
respectively,
‘Therefore M measures 4, B, C
Now, since H measures A according ta the umits in Af,
therefore H by multiplying 3 has made 4 [vir Def 15]
For the same reason also
E by multiplyng D has made 4
Therefore the product of £, D 1s equal to the produet of #, M
‘Therefore, as £ 1s to H, so1s M to D [var 19]
But E 1s greater than H,
therefore Al 1s al<o greater than D
And 1t measures A B, C
nhllcih 13 impossible, for by hypothests D1s the greatest common measure of
s B,
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Therefore there cannot be any numbers less than E, F, G which are mn the
same ratio with 4, B, €

Therefore E, F, G are the least of those which have the same ratio with 4,
B, C QED

ProposITioN 34

Guven two numbers, to find the least number which they measure

Let A, B be the two given numbers,

thus 1t 1s required to find the least number which they measure
Now A, B are either prnime to one another or not
Furst, let 4, B be prime to ane another, and let A

by multlplymg BmakeC,

therefore also B by multlplymg A has made € A B———
Therefore 4, B measure C C—
1 say next thnt 1t 15 also the Jeast number they —_D

measure

For, if not, 4, B will measure some number
which 1s less than €
Let them measure D
Then, as many times s A measures D, 50 many umts let there be n E,
and as many times as B measures D, so many units let there be n F;
therefore A by multiplying E has made D,

,

and B by multiplying F has made D, [vir Def 15]
therefore the produet of 4, E 15 equal to the product of B, F'
Therefore, as A 15t0 B,so1s Fto E [viz 19}
But A, B are pnime,
primes are also least, (vir 21]
and the least measure the numbers which have the same ratio the ssme number
of times, the greater the greater and the less the less, [vir 20)
E, as

And since A by multiplying B, E has made C, D,

therefore, as Bisto E, so1s C to D Ivir 17]

But B measures E,
therefore €' also measures D, the greater the less
whch 1s impossible
Therefore A, B do not measure any number less than C,
therefore C 15 the least that 1s measured by 4, B

Next, let A, B not be prime to one another,
and let F E, the least numbers of those which have the same ratio \mh A Br
be taken,

therefore the product of 4, E 1s equal to the product of B, F [VII 19]

And let A4 by muluplying E make C,

therefore also B by multiplying F has made C, A —8
therefore 4, B measure C
1 say next that 1t 1s also the least number

that they measure I e
For, if not A, B will measure some number ——————0D
wiich 18 less than € —_ —H

Let them measure D
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And, 55 many times as A measures D, so many units let there be in G,
and, a3 many times a8 B measures ), so many unsts let there be sn H.
Therefore 4 by multiplying G has made D,
and B by multiplymg X has made D
Therefore the product of 4, G'1s equal to the product of B, H;
therefore, as A s to B,sos Hto @ {vrx 19]
But,as AistoB,sosFto E
Therefore also, as Fis to E, so1s H to G.
But 7, E are least,
and the least measure the numbers which have the same ratio the same num-
ber of tumes, the greater the greater and the less the less, fvr. 20]
therefore & roeasures &
And, sinee A by multiplying E, G bas made C, D,
therefore, as E1s to G, s013C to D {vrx 177
But E measures G,
therefore C also measures D, the greater the less®
which 18 1mpossible
Therefore 4, B will not measure any number which 1s Jess than €'
Therefore € 1s the least that 13 measured by 4, B QED

Prorostrion 35
If tuo numbers measure any number, the leasi number measured by them will also
measure the same
For let the two numbers 4, B measure any number CD,
and let E be the least that they measure,
1 say that E also measures CD

For, if E does not measure CD, let L, measiring DF, leave CF less than
stself

A [ Now, since A, B measure E,
& > and E measures DF,
therefore 4, B will also DF.
E

——— But they alse measure the whole CD,
therefore they will also measure the remamder CF whch 1s less than E:
which 1s mraposstble

Therefore £ eannot fail to measure €D,

therefore 1t measures 1t QED
Propostrion 36

Guen three numbers, to find the least number which they measure
1iet A4, B, T be the three given numbers,

thus 1t 13 requred to find the least mumber which they

A measure

[ Let D, the least number measured by the tno num-
¢ bers 4, B, be taken v 34]
PS Then C erther measures, or does not measure, D

First, let 1t measure 1t

But 4, B also measure D,
therefore 4, B, C measure D

I sav next that 1t 1s also the least that they measure
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For, 1f not, 4, B, C will measure some number which 13 less than I
Let them measure
Since 4, B, C measure E,
therefore also A, B measure E
Therefore the least number measured by A, B will also measure £ [vir 35)
But D 19 the least number measured by A, B
therefore D will measure L, the graater the Jess
which 1 lmpossxble
Therefore A, B, € will not measure any number which 1s less than D,
therefore D 15 the least that 4, B, C measure
Agan, let C not measure D,
and let E, the least number measured by C, D, be

A
taken [vir 34] 8
Since A, B measure D, ¢
and D measures E,
therefore also 4, B measure E D

But € also measures E,
therefore also A, B, C measure E
I say next that 1t 18 also the least that they measure

For, if not, 4, B, C will measurc some number which 1s less than &
Let them measure F

Since 4, B, C measure F,
therefore also 4, B measure F,
therefore the least number measured by 4, B will also measure F [vir 33
But D 13 the least number measured by 4, B,
therefore D measures F

But C also measures ¥,
therefore D, C measure F,

50 that the least number measured by D, C will also measure F

But E 13 the least number measured by C, D,
therefore E measures F, the greatcr the less
which 15 1mpossible

Therefore A, B, C will not measure any number whch 15 less than
Therefore E 15 the least that 1s measured by 4, B, C QED

ProrosiTiov 37
If @ number be measured by any number, the number which 13 measured will have
a part called by the same name as the measuring number
Tor let the number A he measured by any number B,
I say that 4 has a part called by the same name as B
For as many times as B measures A so many umts let
there bem ¢ B
Since B measures 4 according to the umts in C, L
and the umit D also measures the number C accordmng 0=
to the umits 1z 1t
therefore the unit D measures the number € the same number of times 28 B
measures A

Therefore al ly the untt D the number B the same number
of times as C measures 4, fvot 15

I
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therefore, whatever part the unit D 15 of the number B, the same part1s € of 4
also
But the umit D 1s a part of the number B ecalled by the same name as1t,
therefore C 13 also a part of A called by the same name as B,
50 that A has a part C which 1s called by the same name as B qQED

ProrosrTion 38

If a number hate any part whatceer, 1 wll be measured by a number called by the
same name as the part
For let the number 4 have any part whatever, B,
and let C be a number called by the same name as the part B
I say that C measures A
For, since B 1s a part of A called by the same name

as C,
¢ \  and the umt D 1s also & part of € called by the same
—b name as 1t,
thercfore, whatever part the umt D 1s of the number C, |
the same part 18 B of 4 salso,
therefore the umt D measures the rumber C the same number of times that B
measures A
Therefore, alternately, the untt D measures the number B the same number
of tumes that C measures A v 15]
Therefore C measures 4 QED

ProrosiTION 39
To find the number which 1s the least that will hate gwen parts
Let A, B, C be the given parts,
thusg m 15 requxred to find the number which 1s the least that wll have the parts

Le?. D, E, F be numbers called by the same name as the parts 4, B, €,
and let G, the least number measured

A B £ by D, E, F, be taken vt 36]
L £ Therefore G has parts called by the
—_—F same name 2as D E, F [var 37}

But A B, Care parts called by the
same name 8s D, E
therefore ¢ has the parts A,B,C
I say next that 1t 15 also the least number that bas
4 F;r 1f not, there will be some number less than G which will have the parts
(o
s B,

H

Letat be H

Since H has the parts 4 B C,
therefore ¥/ will be by bers called by the same name as the parts
A, B,C {vir 38]

But D, E, F are numbers called by the same name as the parts 4, B, C,
refore H 1s measured by D,
And 1t 15 less than G which 18 1mpossible
'l;'herefnre there will be no number less than G that will have the paris A,
Q ED
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Prorositiov 1

If there be as many numbers as we please 1n continued proportion, and the extremes
of them be prime to one another, the numbers are the least of those which hare the
same ratio with them
Let there be as many numbers as we please, 4, B, C, D, m continued pro-
portion,
and let the extremes of them A, D be
prime to one another,
I say that 4, B, C, D are the least of
those which have the same ratio with them
For, if not, let E, F, @, H be less than A,
B, C, D, and 1n the same ratio with them
Now, since 4, B, C, D are n the same ratio with E, F, G, H,
and the multitude of the numbers 4, B, C, D 1s equal to the multatude of the
numbers E, F, G, H,

E—

—————t F—

Go——

o0 ®»

H——

therefore ex acquals,
asdiistoD,soisEtoH [vi 14}
But 4, D are prime,
primes are also least fr 21]
and the least numbers measure those which have the same ratio the seme num-
ber of times, the greater the greater and the less the less, that 1s, the antecedent
the dent and the qi the fym 20]
Therefore A measures E, the greater the less
which 15 imposstble
Therefore E, F, G, H which are less than A, B, C, D are not n the same
ratio with them
Therefore A, B, €, D are the least of those which have the same ratio with
them QLD

Prorositiov 2

To find numbers in continued proportion, as many as may be preseribed, and the
least that arc tn a guen ratio

Tet the ratio of 4 to B be the given ratio 1n least numbers,
thus 1t 1s required to find numbers 1n continued proportion, as many as may be
prescribed and the least that are n the ratio of 4 to B

Let four be presenbed,
let 4 ’ - " let 3t make D,

G H
150
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and let B by multiplying E mahe K
Now, since A by multiplying iiself has made C,
and by multplying B has made D,
c— therefore, as A 1s to B, so1s C to D
fvir 17]
Again, sinee A by multplying B
——E has made
3 o and B by multiplying itself has made

therefore the numbers 4, B by mul-
K tiplymng B have made the numbers
D, E respectively
Therefore, as 4 1s to B, so18 D to E, [vir 18]
But,as A1sto B,sos C to D,
therefore also, as C1sto D, sp1sDto E
And since 4 by multiplying C, D bas made F, G,
therefore, as C1sto D, so1s F to G fvir 17)
But, as €13 to D, so was A to B,
therefore also, as A 1sto B, so1s F to @
Agam smce A by multiplying D, E has made G, H,
therefore, as D 1s to E, 8015 G to H. [vir 17]
But, as D1sto B, s015 4 to B
Therefore also, a3 A 1sto B, 8013 Gto H
And, since 4, B by multiplymg E have made H, K,
therefore, a3 A 1510 B, so1s H to K fvir 18)
But asA15t0 B,so18 Fto @, and Gto H
Therefore also, as #15 to G, so1s G to H, and H to K,
therefore C, D, E, and F, G, H, K ere proportional 1n the ratio of 4 to B
1 say next that they are the least numbers that are so
For, since 4, B are the least of those which have the same ratio with them,
and the least of those which have the same ratio are prime to one another,
foxs 223

therefore A, B are prime to one another
And tbe numbers 4, B by mulnplymg themsels es respectively have made

the C,E, and by multiplyng the bers C, E respectively hate
made the numbers F, K,
therefore C, E and F K'are pnme to one another respectively fvir 27]

But if there be as many numbers as we please 1o continued proportion, and
the extremes of them be prime to one another, they are the least of those which

have the same ratio with them fvor 13
Therefore C, D, E and F, G, H, K are the least of those which have the same
ratio with 4, B Q E D

Porrsm From thisitis fest that, if three X d propor-
tion be the least of those which have the same ratio with tbem the extremes of
them are squares, and, if four numbers, cubes

Prorosrriovy 3

If as many numbers as we please 1n continued proportion be the least of those which
hate the same ratio with them, the extremes of them ave prune to one another.

7
b
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Let as many numbers s we please, A, B, €, D, in contmued proportion be
the least of those which have the same ratio with them;

A B <
D
—_ —F . -
—_—G H —_—X -
L " N

1 say that the extremes of them A, D are pnme to one another
For let two numbers E, F, the least that are 1n the ratio of 4, B, C, D,
taken, fvur 33)
then three others G, H, K with the same property,
and others more by one continually, v %
uptil the multitude taken becomes equal to the multitude of the numbers 4,

, D

"Let them be taken and let them be L AL, N, O

Now, since B, F are the least of those which have the same ratio with !hez
they are prime to one another vu 2

And since the numbers E, ¥ by multiplying themselves respectively have
made the numbers G, K, and by multiplying the numbers G, & respecttvely
have made the numbers L, 0, Ivur 2 P?; 1

therefore both G, A and L, O are prime to onc another  [¥vI i)

And since 4, B, C, D are the least of those which have the same ratto with
them,
while L, Af N O are the least that are m the same ratio with 4, B, C, D
and the multitude of the numbers 4, B, C, D 1s equal to the multitude of the
numbers L, M, N O
thereforo the numbers 4, B, €, D are equal to the numbers L, M, N, 0 1e
spectively,

therefore A4 1s equal to L, and D to O
And L, O are prime to onc another
Therefore A D are slso prime to one another QE?

ProrosiTioN 4

Guren as many ratos as we please wn least numbers, to find numbers n continued
proportion uhich are the least wn the guen ratios

Let the grven ratios 1n least numbers bo that of A to B, that of C to D, 88
that of £to F,
thus 1t 15 required to find bers in 1 proportion which are the lest
that arein the ratio of A to B, 1n the rat10 of € to D, and in the ratio of E t0 P

Tat (¥ tha lancs « b o o ta -~ taken T

b times also let A measure H,

raes ‘lso let [? measure
Now £ either measures or does not megsure A

Furst, let 1t measure 1t
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And, 25 many times a¢ E measures K, so many tumes let # measure L algo
Now, sinee A measures H the same number of fimes that B measures G,

therefore, as A 18 to B, so s H to & fvas Def 20, var 13}

A B
G [t aanus
£ Froe— |
e —
O "

" e

N L

For the same reason also
asCisto Dy sos Glo K,
and further, 33 Eusto F,s0 13 K to L,

therefore H, G, K, L are continucusly proportional in the ratio of 4 to B, i
the ratto of C to D and 1 the ratio of B to ¥

I say next that they are also the least that have this properts

For,1f H, G, K, L are not the least numbers continuously proportionsl in the
rattos of 4 to B, of € 1o D, and of £ to F, let them be , 0, ML, P

Then smee, 23 4 s to B, so13 N to O,

while 4, B are least
and the Jeast pumbers measure those which have the same ratio the same num-
ber of times the greator the greater and the Jess the less, thatis, the antecedent
the antecedent and the t the

therefors B measures O fvir 20]

For the same reason
C also measures 0,
therefore B, C measure 0,
therefore the Jeast number measured by B, € will ‘also measuse 0 fvu 35)
But 6 15 the least number measured by B, C,
therefore & measuces O, the greater the less
whith 1s mupossible
Therefose there will be no mmbers less than ¥, ¢ K, L nhich are contmu-
ously mtherstioof A to B, of Cto D, and of E to F
Next, let E not measure K
Amemm C e
B 0~ § e
[

K

Hommmrmme

N
P

Let 3, the least number measured by E, K, be taken
d 25 many times ss K measures M, so many tunes let 2, ¢ measure N, 0
Tespectively,
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and, as many times as E measures M, so many times let F measure P also
Since H measures N the same number of times that G measures 0,
therefore, as H1s to G, 8018 N to 0 [vir 13end Def 20)
But, as /15 to G, 5015 4 to B,
therefore also, 2s A 15 to B, so1s N to O
For the same reason also,
2s Cisto D, s015 0 to M
Agamn since E measures 3 the same number of times that F measures P,
thercfore as K 1s to F, so1s M to P, [vir 13and Def 20]
therefore N, 0, M, P are continuously proportional in the ratios of A to B, of
CtoD,andof Eto F
T say next that they are also the least that are in the ratios 4 B,C D, E F
For, 1f not there will be some numbers Jess than &, 0, 3, P continuously
proportional m the rattos A B,C D,E F
Let thembe Q, B, 8, T
Now since, as Qisto R, sos A to B
while 4, B are least,
and the least numbers measure those which have the same ratio with them the
same number of times, the antecedent the dent and the quent the
consequent, [vir 20]
therefore B measures R
For the same reason C also measures K,
therefore B, C measure B
Therefore the least number measured by B, € will also measure B [v11 35
But G 1s the least number measured by B, C,
therefore G measures B
And asGisto R s0o1sKto S [vir 13
therefore K also measures §
But E also measures S,
therefore E, K measure §
Therefore the least number measured by E, K will also measure §  [v11 38}
But M 15 the least number measured by E, K,
therefore Al measures S, the greater the less
which 1s 1mposstble
Therefore there will not he any numbers less than N, 0, M, P contiuously
proportional m the ratios of A to B, of Cto D, and of E to F,
therefore N O, M P are the least numbers continuously proportional in the
rattosd B,C D,E F QED

Prorosiriov 5

Plane numbers have to one another the ratio compounded of the ratios of thewr sudes
Let zfi, B be plane numbers, and let the numbers €, D be the sides of 4, and
E, Fof B,
I say that A has to B the ratio compounded of the ratios of the sides
For, the ratios being given which € has to E and D to F, let the least pum-
bers G, H, & that are continuously mn the ratios C E, D F be taken so that
as Cisto E, 5015 G to H,
and, asDistoF sois Hto K [vir 4]
And let D by multsplying E make L
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NO\Z, smnce D by multiplymg € has made 4, and by multiplymng E has
made
therefore, as C1s to &, so15 4 to L [vir 171
But,as Cisto E, so1s Gto H,
therefore also, as Gisto H,s01s 4 to L
Agam, since £ by multiplying D has made L, and
further by multiplymng F has made B,
therefore, as D1s to F, so1s L to B [vir 17]
But,as Disto Fyso1s Hto K,
therefore also, as H1sto K, so1s L to B
But 1t was also proved that,
asGistoH,soisAtoL,
therefore, ez acquals,
asGistoK,so1sd to B [vir 14]
But ¢ hz\s to K the ratio compounded of the ratios of the sides,
therefore 4 also has to B the ratio compounded of the rattos of the sides
QED

ProrostrioN 6
If there be as many numbers as we please wn continued proporton, and the first do
not measure the second, newher will any other measure any other
Let there be as many numbers as we please, 4, B, C, D, E, 1n continued pro-
portion and let 4 not measure B,
1 say that nesther will any other measure any other
Now 1t 1s mamifest that 4, B,

——3 €, D, E do not measure one an-
—_——n other in order, for A does not
——— even measure B

1 say, then, that neither will
any other measure any other
E Tor,1f possible, let 4 measure
c

—F
— And, however many 4, B, C
H are let as many numbers F, G,
2, the lesst of those which bave
the same ratio with 4, B, C be taken (vir 33]

Now, since F, G, H are 1n the same ratio with 4, B, C, and the multitude of
the numbers 4, B, C 1s equal to the multitude of the numbers F, G, H,
therefore, ez aequal, as A 1sto C, so 13 F to H [vr 14]

And since, as A1sto B, so1sF to G,

while 4 does not measure B,

therefore neither does F measure G, {vir Def 20]
therefore F 13 not an umt, for the urit measures any number
Now F, H are prime to one another Ivur 31

And, 08 Fisto H so1s 4 to C,
therefore nerther docs A measure €
Sumlarly we can prove that netther will any other measure any other
QED
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i
ProrosiTION 7

If there be as many numbers as we please n continued proportron, and the first
measure the last, 1 will measure the second also
Let there be as many numbers as we please, 4, B, C, D, 1o continued pro-
portion, and let A measure D,
T say that A also measures B
For, 1f A does not measure B, neither B

Ae—

will any otherof the \ any ¢ -

other v 6] —
But A measures D — ——
‘Therefore A also measures B QED ~

ProrosiTiON 8 —

If between two bers there fall bers in 1 proporfion with them, then,
however many nimbers fall between them wn continued proportion, so many will
also fall 1n condinued proportion between the numbers which have the same ratio
anth the oryginal numbers

Let the numbers C, D fall bet the two bers 4, B 1n ¢ d pro-
portion with them, and let E be made 1n the same ratio to F as A 1s to B,

1 say that, as many numbers as have fallen between 4, B 1n continued pro-
portion, so many will also fall between E, F 1 continued proportion

For, asmanyas 4, B, C,

are 1n multitude, let so many A £
numbers G, H, R, L, theleast © M
of those which have the same b N
ratio with 4, C, D, B, be g F
taken, {vir 33] ¢
therefore the extremes of 2

them G, L are prime to one
another vor 3 b

Now, since A, €, D, B are 1n the same ratio with G, H, K, L,
and the mulntude of the numbers 4, C, D, Bisequal to the multatude of the
numbers @, H, Kk

mherefore, ex gequal, as A 1sto B,so1sGto L [vir 141
But,as 4 1sto B,so1s E to F,
therefore also, as G1sto L, so1s E to F
But G, L are prime,

primes are also least, v 21
and the least numbers measure those which have the same ratio the same num-
ber of times, the greater the greater and the less the less, that 1s, the anteced-
ent the dent and the the [vir 20)

Therefore G measures E the same number of times as L measures F
Next, as many times as G measures E, so many times let H, K also measure
M, N respectively,
therefure G, H, K, L measure E, M, N, F the same number of times
Therefore G, H, K, L are the same ratio with E, M N,F {vu Def 20}
But G, H, K, L are m the same ratio with 4, C, D,
therefore A C, D B are also 1n the same ratio wlth E,M,N, F
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But 4, C, D, B are m continued proportion,
therefore E, M, N, F &re also in contmued proportion
Therefore, a3 many numbers as have fallen between A, B i continued pro-
portion with them, so many numbers have also fallen between E, F 1n con-
tnued proportion QED !

ProrosrrioN ¢

If two numbers be prame to one another, and numbers fall belween them n con-
tinued proportion, then, howerer many numbers fall between them n continued
proportion, so many will also fall between eack of them and an unit wn conlinued
‘Proportion

Let A, B be two numbers pnme to one another, and let C, D fall between
them 1n continued proportion,

and let the umt E be set out,

Tsay that, asmany bers as fall b 4,Bm d proportion so
many will also fall between erther of the numbers 4, B and the umt in con-
tinued proportion

ll:m- let two numbers F, G, the least that are 1o the ratio of 4, C, D, B, be
taken

three numbers H, ) K, L \nth the same property,

and others more by one Iy, until their mul! fe 15 equal to the multi-
tude of 4, C, D, B {viz 2]
A, Ho— !
o K
pl L—
B
Eme M
F— N
G— [+]
p

Let them be taken and let them be M, N, 0 P

1t 15 now mantfest that F by multiplying itself has made H and by multiply-
g H has made 3!, while G by multiplymng itself has made L and by multiply -
ng L has made P {vir 2, Por]

And, stnce M, N, 0, P are the least of those nhich bave the same ratio with

s
;nd A, C, D, B are also the least of those nhich have the same ratio with

s v 1)
while the multitude of the numbers A, N, O, P1s equal to the multitude of the
nurbers 4, ¢ D, B

therefore M, N, O, P are equal to 4, C, D, B respectively,
therefore M 13 equalto A and Pto B
Now, since F by multiplying atself has made H,
therefore F' measures H accordmg to the umts in F
But the umt E also measures F according to the umits mt,
therefore the umt E measures the number F' the same number of times asF
measures H
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Therefore, as the umt I 1s to the number F, soxg I to H ¢ [vit Def 20}
Agam, since F by multiplyng H has made A,
therefore A measures A according to the units in F

But the unmit I also mensures the number F according to the umts in1t,
therefore the unit E measures the number F the same number of times as ¥
measures A

Therefore, as the umt E 1s to the number F, so 1s H to M

But 1t was also proved that, as the umit £ 1s to the number F, so1s F to H,
therefore also, as the umt E 1s to the number F, so1s F to H, and I to M

But M 1sequal to 4,
therefore, as the umt E 13 to the number F, sois Fto H and Hto 4

For the same reason al<o,

as the unit E1s to the number @, so1s G to L and L to B

Therefore as many numbers as have fallen between A4, B 1n continued pro-
portion, so many numbers also have fallen between each of the numbers 4, B
and the umt E 1 continued proportion QED

ProrositioN 10

If numbers fall befucen each of two numbers and an wnit 1n continued proportion
howerer many numbers fall betueen each of them and an unit 1n continued pro-
portion so many also wnll fall between the numbers themsclves in continued propor-
tron

For let the numbers D, E and F, G respectively fall between the two num-
bers A B and the umt € 1n continued proportion,

I say that as many numbers as have fallen betw een each of the numbers 4, B
and the un:t € in continued proportion so many numbers will also fal between
A, B n continued proportton

For let D by multtplying £ make H, and let the numbers D, # by multiply-
g H make A L respectively

Now since, as the umt €
15 to the number D so1s D __

to E, A

therefore the umit € measures —_
the number D the same num-

ber of times as D measures E—— H

E [vir Def 20] F——

But the umt ¢ o
the number D according to t
the umits in D,
therefore the number D also measures E according to the units mn D,

thercfore D by multiplying itself has made E

Again since as C 1s to the number D so1s Eto A,
therefore the umt C measures the number D the same number of times as E
measures A

But the umt € measures the number 2 according to the umts o D,

therefore L also measures A according to the umts 1n D,
therefore D by multiplying £ has made A
For the same reason also
F by multiplying 1tselt has made G and by multiplying G has made B
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And since D by multiplying it<elf has made E and by multiplying F* has
made H,

therefore, as Disto Fysos E to H vt 17)
For the same reason alo,
asDistoF,soisHto G (vir 18]

Therefore also, as £ 15 to H, so1s H to @
Agan, since D by multiplying the numbers E, H has made 4, K respee-
trvely,
therefore, as E1s to H, so1s A to K v 177
But,as EistoH,s01sDto F,
therefore also, as Dsto I',s018 4 to K ! ! 3
Again, since the numbers D, F by muluplymg H have made K, L respeo-
tively,
therefore, as D 1s to F sorsKtoL [vu 18]
Tut asDistoF,so1sAto K, —
therefore also, as A 1sto K, so1s K to L
Funher, since F by multiplying the numbcrs H, @ has made L, B respec~
tuvely,
therefore, as H 1s to G, so18 L to B, vir 17}
But, ss Histo G, soisDto F
therefore also, as D1sto F,so1s L to B
But 1t was also proved that,
asDisto F,so1sAtoKand K to L,
therefore also, as A 1sto K, so1s Kto Land L to B
Therefore A, K, L, B are 1n continued proportton
Therefore, as many numbers as fall between each of the numbers A, B and
the umt € 1n contnued proportion, so many also will fall between 4, B 1n con-
tinued proportion QED

ProrosrTion 11

Between tico square numbers there 1s one mean proportonal number, and the square
has to the square the ratio duplicate of that which the sude has to the side

Let A, B be square numbers

and let C be the side of 4, and D of B,

I say that betneen A, B there 1s one mean proporttonal number, and 4 has
N to B the ratio duplicate of that which C has to D
For let C by multiplying D make E
Now, since A is & square and C 18 1t3 side,
T [ S— therefore C by multiplying 1tself has made 4
Em For the same reason also

D by multiplying 1tself has made B
Since, then, C by multiplying the numbers C, D has made 4, E respectrvely,

therefore, 23 C1sto D, so1s A to E [vir 17]
Tor the same reasen also,
asCisto D, so1s Eto B vt 18]

Therefore also, as A 1sto B, so1s Eto B

Therefore between A, B there 1s one mean proportional number

1say next that A also has to B the ratio duplicate of that which C has to D
For, snce 4, E, B are three numbers 1n proportion,
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therefore A has to B the ratio duphcate of that which A hasto E  [v Def 9]
But,as A1sto E,s01sCto D
Therefore A has to B the ratio duplcate of that which the side € hasto D
QED

ProrosiTion 12

Betucen two cube numbers there are two mean proportronal numbers, and the cube
has to the cube the ratio tripheate of that which the side has o the side
Let A, B be cube numbers,
and let C be the side of 4, and D of B,
Isay that betneen A, B there are two mean pmportmnal numbers, and 4 has
to B the ratio tnplicate of that which C has to D It
For let € by multiplying

itself make E, and by multi- A f E—
plymg D let 1t make F, B F—
let D by multiplymg stself £— H —
make G,

and let the numbers C, D by o K
multiplying F make H, K respectively
Now, since 4 1s a cube, and C 1ts side,
and € by multiplying itself has made E,
therefore C' by multiplymg itself has made E and by multiplying E has made 4
For the same reason also
D by multiplymng itself has made @ and by multiplying G has made B
And, since C by multiplying the numbers C, D has made E, F respechvely,

therefore, as C1s to D, sos E to F, [var 1
For the same reason also,
asCistoD, g0 Fio G [y 18]
Agam since € by multiplying the numbers E, F has made A, H respectively,
therefore as E1sto F, so1s A to H fvur 17

But,as Ewsto F, 015 Cto D
‘Therefore also, as C1sto D, so1s A to H
Algmn, since the numbers C, D by multiplying F have made H, K respec-
tavely,
therefore, as C1s to D, so1s H to K [vir 18]
Agamn smee D by multiplying each of the numbers 7, @ has made K, B re-
spectively,
therefore, as F1s to G, so1s K to B fvu 17]
But, as Fis to G, so1s C to D,
therefore also asCisto D,sos A to H, Hto K, and K to B
‘Therefore H, K are two mean propomcnals bcm een A B
1 say next tlmt A also has to B the ratio treplicate of that which C has to D
For, since 4, H, K, B are four numbers in proportton
therefore A has to B the ratio triplicate of that which A hasto H v Def 10]
But,as A 1sto H,501sC to D,
therefore A also has to B the ratio triplicate of that which C hasto D
QED
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ProrostioN 13
If there bc as many numbers as we please n continued proporiion, and cach by
multiplying tlself make some number, the products will be proportional, and, +f the
orsginal numbers by multiplyang the prvducts male cerfain numbers, the latter wall
also be proportional '
Let there be as many zmmbers aswe plcasc, 4,B,Cm mmtmued propor-
tion, so that, as A 1sto B,so1s Bto C,
let 4, B, Cby mulhplymg themselves makc D, E, F, and by mulhp]ymg D,E,
Flet them make G, H,
1 say that D E F and G H, I\ are mn continued pmportmn

A G,

B. H

¢ X

P '
B - t — tor
Fomeo e ! #N— e e

b — P.

0. Q ‘ [

Forlet 4 by multlplymg B make L,
and let the numbers 4, B by multiplying L make M, N respectxvely
And sgan let B by m“lhplymg Cmaked, +
and Jet the numbers B, C by mu]hplymg O make P, Q respectn ely.
Then, sn mapner stmilar tu1he foregaing, we can prove that
D, L, E and G, M, N, H are continuously proportional in the ratio of 4 to B,
andB further EFO Fand H, P, Q, K are continuously pmporuonal 1n the ratio
toC
Now, as 415 to B,so1s Bto C,
therefore D, L, E are 2150 10 the same rat1o with E, 0 F, [
and further G, M N, H i the same ratio with H, P, Q,
And the multitude of D, L, E 15 equal to the multitude cf E, 0, F angd that
of G, 2, N,H tothatof H, P,Q R, f

therefore, ex aequali, [
asDisto B,s01s Eto F,
and, asGisto H, s01s H to K. [vir 1]
QED
Prorosrriov 14 5

If a square measure a square, the side will also measure the side, and, +f the aide
measure the sude, the square unll also weasure (he square
Let 4, B be square numbers, let C, D be their sides and let A measure B,
1 say that C also measures D
For let € by multiplymng D make E,
therefore 4, E, B are continuously proportional in the
—C -—D ntwofCtoD {vrr 11)
o And smee 4, E, B are continuously proportional,
and A measures B,
therefore 4 also measures £ fure 71

A—
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therefore A has to B the ratio duplicate of that which A hasto £ [v Def 8]

But, ss 415 to E, so1s C to D

Thercfore A has to B the ratio duplicate of that which the side C hasto D

QED
ProrosiTion 12 |

Belween two cube numbers there are two mean proportional numbers, and the cube
has to the cube the ratio triphcate of that which the sude has to the sude

Let 4, B be cube nurshers,

and let C be the side of 4, and D of B;

1 say that between 4, B there are two mean propomonal numbers, and A has

to B the ratio triphcate of that which C has to D

it i
For let ¢ by multiplymg '

itself make E, and by multi- A E—
plying D let 1t make F, B F—
let D by multiplymng itself c— " G———
make G,

b— K

and let the numbers C, D by
multiplying F make H, K respectnely
Now, since 4 18 a cube, and C 1ts side, \
and € by multiplying atself has made E,
therefore C by multiplying itself has made ¥ and by mulhplymg Ehas maded
For the same reason also
D by multiplymg iself has made Gand by * * - tr
And, since € by multiplymg the numbers
therefore, as C 18 to D,
For the same reason also,

asCistoD, s018 Fto G ‘o)
Aga, since C by multiplying the numbers E, F has made A, H respectwcl}'v
therefore, as E1sto F, 5015 A to H fost 17

But 8s E1sto F,s01sCto D
Therefore also as C1sto D, so1s A to H
N Aigam, since the numbers C, D by multiplying F have made H, X respe¢
1wely,
therefore, as C1s to D, 50 1s H to K. [var 18]
Agamn smce D by multiplymg each of the numbers F, G has made I\ Bre-
spectively,
therefore, as F1sto @, s01s K to B [V“ 11
But, as F1sto G, 5013 Cto D,
therefare also as C 15 to D soisAtoH, HtoK,andKto B _
‘Therefore H, K are tw o0 mean proportionals between A B
I say next thut A also has to B the ratio tnplicate of lhat which Chasto D
For, since 4, H, K, B are four numbers 1n proportion,
therefore A bns toB the ratto tripheate of that which A hasto I [v Def 18]
But, as A 1sto H,8018C to D,
therefore 4 also has to B the ratio triplicate of that which C hasto D
QEP

’
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ProrpsiTiov 13

If there be as many numbers as we please tn continued proportion, and cach by
mullsplying tiself make some number, the products will be proportional, and, +f the
orgenel numbers by mullsplinng the pmducls make certain numbers, the latter will
also be proporhonal

Let there be as many numbers as we please, 4, B, C, 1n contunted proper-
tmn, s0 that, ss A 15 to B, so1s B to €,
Jetd,B,Cby mu]txplymg themselves maLe D, E, F, and by multlplym; D,E,
Flet' them make G, H,

1523 that D, E F and G, H, K are n continued proportion

[ — G

B H

P X

Do

| S— M ;
. N

L P

0- Q.

For let 4 by multrplying B make L,
and Jet the numbers 4, B by multiplywg L raske 3f, N respectxvely
And agam let B by mqupIymg C make O,
and Jet the numbers B, C by multlplymg O make P, @ respectxvely

Then, 1n manner stmular to the foregoing, we can prove that
DL E and G, M, N, H are continuously proparttonsl in the ratio of 4 to B,
Bm;g J'urtgcrE 0, F smd H, P, @, K are continuously proportional 1 the ratio

to
Now, as A1sto B,s0wwBtoC,
therefore ), I E are glso in the same ratio with &, O, F,
and further G, M, N, H 1n the same ratio with H, P, Q, K

And the multitude of D, L, E 1s equal to the multstude ufE 0, F and that

of @A, N, IlmthatofH,P ¢, K, B
therefore, ez aequalz,
asDisto £, so1s Eto F,
and, asGutoH, sois Hio K ferr 14}
QED
Prorosttion 14

If @ square measure a square, the side will also measure the side and, 1f the side
measure the side, the square will alsa measure the square

Let 4, B be square numbers, let C, D be therr sides and let 4 mensure B,
Y 1 say that € also measures D

For let € by multiplymg D make E,
therefore 4, E, B are continuously proporttanal in the
- ~——D ratioof C to D (vrr 1]

| S And since A, E, B are continuously propomona]

and A measures B
therefore A also measures & va n

B
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And,as A 1sto E,s01s C to D,

therefore also C measures I {v11 Def 20)
Agam, let € measure D,

1 say that A nlso measures B
For, with the same construction, we can mn a similar manner prove that 4,

E, B are continuously proportional 1n the ratio of € to D
And since, as C1sto D, so1s 4 to E,
and C measures D,

therefore A also measures E [vir Def 201
And 4, E, B are contmuously proportional,

therefore A also measures B
Therefore ete QED

Prorosition 15
If a cube number measure a cube number, the side will also measure the side, and,
1f the side measure the side, the cube will also measure the cube
For let the cube number A measure the cube B,
and let C be the side of 4 and D of B;
I say that C measures D

Forlet ' '
. ctively
Now 1t 1s mamfest that E, F, A
@ and 4, H, K, B are continu~ n—_
ously proportional i the ratso
of Cto D [vmr 11,12] ©- Hoo—
And smnce 4, H, K, B are D— [ S
continuously proportional, [
and A measures B, 6.
therefore 1t also measures H
fvir 71
And, as 4 1sto H,s013 C to D,
therefore € also measures D fvir Def 20)

Next, let C measure D,

I say that A will also measure B
For, with the same construction, we can prove n a stmlar manner that 4,

H, K, B are contmuously proportional 1n the ratio of C to D

And, since C measures D,

und, 55 C 30 B, 501 A 10 H,

therefore A also measures H, fvir Def 20)
50 that A measures B also QED

Prorositiov 16
1f a square number do not measure a square nunber, nerther unll the sde measure
the sude, and, if the side do not measure the side, nerther wnll the square measure
the square
Let A, B be square numbers, and let C, D be their sides, and let A not meas-
ure B,
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I say that nerther does ' measure D

e For, 1f C measures D, A will also measure B [virr 14]
P But 4 does not measure B,

therefore nesther will C measure D
Agan let € not measure D,

I say that neither will A measure B
For 1f A measures B € will also measure D vt 14]
But € does not measure D,

therefore netther will A measure B QED

D—

Prorosrion 17

If & cube number do not measure a cube number, reither will the side measure the
side, and f the side do not measure the sde, nerther will the cube measure the cube
For let the cube number 4 not measure the cube number B,
and let € be the side of 4, and D of B,
A I say that € will not measure D
8. Forif € measures D, A will also measure B
Ce— [vin 15]
D— But A does not measure B,
therefore neither does C measure D

Agamn let € not measure D,
1 say that neither will A measure B

For 1f A measures B, € will also measure D vt 15)
But € does not measure D,
therefore nexther will 4 measure B QED

Prorosrriov 18

Belucen tuo similar plane numbers there 15 one mean proportional number and
the plane number has to the plane number the ratio duplicate of that whach the
corresponding side has to the cor ding sude

Let 4, B be two similar plane numbers and let the numbers C, D be the
sidesof 4, and E F of B

A c—

Do

G

Now simce similar plane numbers are those whick have their sides propor
tional [vir Def 21]
therelote 38 CwstoD e Bto F
Isay then that between A, B there 18 one mean proportional number and A
bas to B the ratio dupleate of that which Chasto £ or D to F, that1s of that
which the corresponding side has to the corresponding side
Now since asCistoD so1SEto F
therefore alternately asCistoL sosDto F v 13]
And since 4 15 plane and C, D are its sides
therefore D by multiplying € has made 4
For the same reason also
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E by multiplying I has made B
Now let D by multiplying I make G
Then, stnce D by multiplying € has made 4, and by multiplying E has made
therefore, as C1sto B, so18s A to @ v 171
But,asCisto E,sosDto F,
therefore also, as D1sto F,s01s 4 to @
Agam, since E by multiplying D has made G, and by multiplying F has
made B,
therefore, as D1s to F, s015s G to B fvir 17)
But 1t was also proved that,
asDisto F,s0184 to G,
therefore also, as A 15 to G, so1s G to B
Thberefore A, %, B are 1n continued proportion
Therefore betneen A, B there 15 one mean proportionsl number
1 say next that 4 also has to B the ratio dupheate of that which the corres
ponding side has to the corresponding side, that 1s, of that which Chasto Eor
DtoF
For, since 4, G, B are in continued proportion,
A has to B the ratio duplicate of that which 1t has to @ [v Def 9]
And as A15t0o G, 5015 C to E, and so1s D to F,
';herefure A 8150 has to B the ratio duplicate of that which Chas to E or D
to QED

Prorosrrion 19

Between two sumrlar solid numbers there fall two mean proportional numbers, and
the solid number has o the sunnlar solid number the rato triplicate of that whick
the corresponding sude has to the corresponding side

Let A, B be two sumlar solid numbers, and let C, D, E be the sides of 4, and
F, G Hof B

Now, since sumilar sohd numbers are those which have their sides propor-
tional, [vir Def 21}

therefore, 2s C1sto D, s013 F to G,
and, as Di1sto I, so1s G to

1 say that between 4, B there fall two mean proportional numbers, and A

has to B the ratio tniphcate of that which € has to F, D to G, and also £ to H

B
[ F— N-
D— [ 0
E— Hom

K

[ RNSW—

M

Tor let ¢ by multiplymg D make K, and let F by multiplymg G make L
Now, <ince C, D are  the same ratio with F, G,
and K 1s the product of C, D, and L the product of I', G, K, L are similar plaoe
numbers, fvir Def 21]
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therefore between X, L there 1s one mesn proportional number fvarr 18]
Let 1t be f
Therefore A 13 the product of D, F, as was proved in the theorem preceding
v 18]
Now, since D by multiplying € has made K, and by multiplying F has made
A,
therefore, 8s C 15 to F, 5018 K to A [vn 7]
But,as K1sto M, s01s M to L
Therefore K, M, Lare contmuously proportional 1n the ratio of C to I‘
And stnee, 48 Cis to D, so1s F to G,
nltemately therefore, as C’ stoF,s01sDto G+ [vir 13]
For the same reason also,
asDisto G, 5018 E to H
Therefore K, Af, L are continuously proportional mn the ratio of C to F n
the ratio of D to @, and also tn the ratio of E to I
Next, let E, H by multiplymng M make N, O respectively
I\'o“, since A 15 a solid number, and C, D, E are its smides,
therefore £ by multxplymg the product of C, D has made 4
But the product of ¢, D1s K,
therefore E by mulhplymg K has made 4
For the same reason also
H by multiplying L has made B
Now, since E by multiplying K has made A, and further also by multiplyng
A has made N,
therefore as K13to M, so1s 4 toN {vir 17}
But, as K1sto M, so1s C to F, D to G, and also E to H,
therefore also, as C1sto F, Dto G, and Eto H,s01s A to N
Again, since E, H by multiplying 3f have made ¥, O respectively,
therefore, as E1sto X, so1s N to O [vir 18]
But, a3 E1s to H, 5013 C to F and D to G,
therefore also,as C1sto F, D to G, and E to H,5013 4 t6 N and N to O
Agam, siee H by mulhplymg M has made O, and further also by multtply-
g L hag made B,
therefore, as M 13 to L, so1s O to B {vir 17]
But as M 1sto L, so1sCtoF,DtoG, and Eto H
Therefore also as ¢ 1s to F, D to G, and E to H, so not only 13 O to B, but
asoAtoNand N to O
Therefore A, N, 0, B are continuously proportional in the aforesmd ratios
of the sides
Isay that A also has to B the ratio triplicate of that which the eorrespond-
g side has to the corresponding stde, that 1s, of the ratio which the number €
hasto F or D to G, and also B to H
For, since 4, N, 0, B are four numt d
therefore 4 has to B tbe ratio toiplcate of tbar, which 4 hasto N fv Def 10]
But as A 15 to N, so1t was proved that C1sto F, D to G, and also E to H
Therefore 4 also hns to B the ratio triplicate of that which the correspond-
1o side has to the corresponding side, that 1s, of the ratio which the number
Chasto F, D to G, and also E to H QED
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ProrosiTion 20

1If one mean proportional number fall betueen two numbers, the numbers wll be
sunilar plane numbers
For let one mean proportional number € fall between the two numbers
A, B,
’ 1 say that 4, B are sioular plane numbers
Let D, E, the least numbers of those which have the same ratio with 4, [
be taken {vu 33]
therefore I measures A the same number of times that E measures C [vir 20
Now, as many times as ) measures A, so many umts Jet there bew F,
therefore F by multiplying D has made 4,
so that 4 18 plane and D, F are its sides
Agan, since D,  are the least of the numbers which have the same ratio
with €, B,
therefore I) measures C the same number of times that E measures B fvit 20}

00—

Eeem—

As many tines then, as F measures B, 80 many units Jet there be i G,
thercfore I B to the umts m G,
therefore G by multiplying E has made B

Therefore B 1s plane, and E, @ are 1ts sides

Tharefarn 4 D av wl « - 1

1

1 de 4, and Itiplymg B hes
made €, made 4, and by multiplymg

therefore as Dssto B <0134 to C thatis, C to B vt 17
Agan, sinee E by multiplymg F, @ has made ¢, B respectisely,
therefore, as F15to @ so13C to B po 17
But, as Cis to B, so1s D to &,
therefore 2lso, as D1sto E so4s F to G
And alternately, 2s D1sto F so15 & to G o 13
Therefore 4, B are similar plane numbers, for thetr sdes are proportionst
QED

Proposttioy 21

If tro mean proportional numbers Jall betucen two numbers the numbers arc St
lar solid numbers
4 Fgr let. two mean proportional numbers €, D fall between the two numbers

, B,

1 say that A, B nre smilar sobid numbers

For fet three numbers I, F, G, the least of those v hitch hayve the same Tatio

with 4, C, D, be taken, [vir 33orvint
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therefore the extremes of them E, @ are prime to one another [vitr 3}
Now, smee one mean proportional number F has fallen between E, G,
therefore E, G are simular plane numbers [vur 20]

Let, then, H, K be the sides of £, and L, M of ¢
Therefore 1t 1s mantfest from the theorem before this that E, F, G are con-
tmuously proportional 1n the ratio of # to L and that of K to M

A £
-2 Fe
Co— G
b— H-
N— K—
[ [
M—

Now, smee E, F, G are the least of the numbers which have the same ratio
with 4, ¢, D,
apd !he mulmude of the numbers E, F, G1s equal tg the multitude of tbe num-
bers A,
thercfore, ez aequalt, as E15 t0 G, 8015 4 to D [vu 1]
But E, G are prime,
primes are also Jeast, [vit 213
and the Jenst measure those which hayve the same ratio with them the same
number of times, the greater the greater and the less the Iess, that 1s, the ante-
cedent the dent and the the [vix 20)
therefore E measures A the same number of times that G measures D
Now, as many times as E measures A, 5o many untts let there be m A
Therefore N by multiplying E has made A
But E 15 the product of H, K,
therefore N by multlplymg the product of H, K has made 4
Therefore 4 15 solid, and H, K, N are 1ts sides
%gﬂll;x sinee E, F, G are the least of the numbers which have the same ratio
asC, D,
therefore £ measures € the same number of times that G measures B
Now asmany times as E measures €, so many umts let there be .n O
Therefore ¢ measures B according to the units in 0,
therefore O by multiplying @ has made B
But @ 1s the product of L, M,
therefore O by multnplymg the product of Z, M has made B
Therefore B 1s solid and L, A, O are 1ts sides,
therefore 4, B are solid
I say that they are also sumilar
For, smee N, O by muluplymng E have made 4, C,
therefore as Nisto O so1s 4 to C, that1s Eto F [vir 18]
But, as E 15 to F, s01s I to L and A to 3,
therefore also as H13to L so1s K to M and N to O
And H, K, N aic the sides of A and O, L M the sides of B
Therefore A, B are simlar soltd numbers QED
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ProrostTION 22

If three numbers be 1n conlinucd proporiion, and the first be square, the third will
also be square

Let 4, B, C be three numbers in continued proportion, and let 4 the firstbe

square,

[N
1 say that C the third 1s also square
For, since between A, C there 1s one mean propor-
tional number, B, e
therefore 4, C are stmilar plane numbers foasz 203
Dut 4 18 square,
therefore € 1s glso square QED

Prorosyrion 23

If four numbers be wn confinued proportion, and the first be cube, the fourth will
also be cube

Let 4, B, C, D be four numbers 1 conttnued proportion, and let 4 be cube,

I say that D 1s glso cube

For since between 4, D there are twomean 4
proportional numbers B, C 8

therefore 4, D are symilar sohd }i <

[VIr 21] Do

But 4 1s cube,
therefore D 15 also cube QED

Prorostrioyw 24

If two numbers hate to one another the ratio which a square number has to g square
number, and the first be square, the second will also be square

For let the two numbers 4 B hate to one another the ratio whech the
square number C has ta the square number O and

let A be square, A_____________,_
I say that B1s also square g
For smnce €, D are square
4
C D are similar plane numbers
‘Therefore one mean proportional number falls between €, D oo 18]

And asCisto D, s01s 4 to B,

therefore one mean proportional number falls between 4, B also fyur 8
And A4 1s square,

therefore B 1s also square tvin 2
QED
ProvosiTioy 25
If tiwo numbers have to one anather the ratio hach o cube number has fo ¢ cubé
number, and the first be cube the second wll also be cube
For et the two numbers 4, B have to one another the ratio which the cube
number C has to the cube number D and let A be cube,

I say that B s also cube
For snce C, D are cube

C D are sumtlar sohd numbers
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Therefore two mean proportional numbers fall between €, D [varr 19]
And, ag many hers as fall bet C,Dmec d proportion, so
many will also fall between
those which have the same
[ — F———— nratio with them,  [viux 8}
[ so that two mean propor
tional numbers fall between
4, B also

Let E, F so fall
Since, then, the four numbers 4, E, F, B are 1n continued proportion,
and 4 1s cube,
therefore B 1s also cube {vix 23]
QED
ProrositioN 26
Semalar plane numbers have to one another the ratio which a squore number has
to a square number
Let 4, B be similar plane numbers,
Isay that A has to B the ratio which a square number has to a square number

[
p— E F
. - .. .
C, B, be taken, [VIX 33 or viIr 2]

therefore the extremes of them D, F are square [virr 2, Por)
And since, as D1sto F, so1s 4 to B,
and D, F are square
therefore 4 has to B the ratio which 5 square number has to a square number
QED

ProrosiTiov 27

Sumdlar solud numbers have to one another the rafto which a cube number has to a
cube number

Let 4, B be sumlar sohd numbers,
Tsay that 4 has to B the ratio which a cube number has to a cube number

A— c

For, since 4, B are sumlar solid numbers
therefore two mean proportional numbers fall between 4, B e m
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Let C, D so fall,
and let E, F, G, H, the least numbers of those which have the same ratio with
A, C, D, B, and equal with them 1n multitude, be taken, [vir 33 or vt 2]
therefore the extremes of them E, H are cube  [vii1 2, Por)
And, as E1sto H, s015 4 to B,
therefore A also has to B the ratio which a cube number has to a cube number
~QED
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ProrosiTION 1

1§ two sualar plane numbers by multiplying one another male some number (he

Tor let 4 by multiplying itself make D .

Therefore D 13 square

Since then A by multiplyingitself has made
D, and by multiplying B has made C,
therefore, as A 1s to B, sa1s D to ¢ {var 17}

And, since 4, B are similar p]ane numbexs,
therafare ann mane ma ~ =t ;

]

o

<

U]

rata, vt 8
50 that one mean proportional number falls between D, C also
And D 1s square,
therefore C 1s slso square [vin 22)
QED
ProrosirioN 2
I two numbers by multiplying one another make a square number, they are stmilar
plane num!
b Lect 4, B be two numbers, and et A by multiplying B make the square num-
er C,
[ 1 say that 4, B are simular plane numbers
B For let A by multiplying 1tself make D,
therefore D 1s square
Now, since A by multiplying atself has
made D, and by multiplymng B has made €
therefore as 4 1sto B,so1sDto C Tvix 17}
And, since D 1s square, and C 13 so also,
therefore D, € are sumiar plane numbers

C—— e
Do e

Therefore one mean proportional number falls between D, € [vox 18]
And, s Disto C,s015 4 to B,
therefore one mean proportional fumber falls between A, B also [vir 8]
But, 1f one mean proportional number fall between two numbers they are
sumilar plane numbers, (vurx 20)
therefore A, B are similar plane numbers QED

171
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ProrosiTioN 3
If o cube number by multiplying ttself make some number, the product wall be
cube
For let the cube number 4 by multiplying 1tself make B,

1 say that B s eube
For let C, the side of 4, be taken and Jet U by multiplying itself make D
T 1o BT il 1 4
A
B
[ o~

e TSR AN I U TR 1
ot o4 n 1

1 f 1 o ( .
umts i at,

therefore, as theumt s to €, so1s C to D [viz Def 20]
Again, since € by multiplying D has made A,
therefore D measures 4 according to the umts in €
But the unit also measures C according to the umts m 1t,
therefore, as theumt s to €, so1s D to 4
But as the umt s to €, 5013 C to D,
therefore also as the umti1sto ¢, so1sCtoD and Dto 4
Therefore between the umt and the number A two mean proportional num-
bers C, D have fallen m continued proportion
Agamn, since 4 by mulbiplymeg itself has made B,
therefore A measures B according to the units 1n 1tself
But the umt also measures A according to the umts m 1t,
therefore as thcumtisto A, 5015 4 to B [vir Def 20)
But betncen the umt and A two mean proportional numbers have fallen,
therefare two mean proportional numbers wiil 2lso fall between 4,8 [vinr 8
But i tno mean propartional numbers fall bet two bers and the
first be cube the second will also be cube fvm 23}
And 4 15 cube,

therefore B 1s also cube QED
Prorosirion 4
If a cube number by mulliplying @ cube number make some number, the produtt
will be cube
For let the cube number 4 by multiplymng the cube number B make C,
1 say that € 1s cube a
For let 4 by multiplymng stself make D,
therefore D 1s cube fix 31
And, since 4 by multiplying self has e
made D, and by multiplytng B has made €
therefore as A 1sto B s01s D to € [vit 171
And, since 4, B are cube numbers
4, B are simular sohid numbers
Therefore two mean proportional numbers fall between 4, B,  [vir 19
s0 that tno mean proportional numbers will fall between D, C also  (virr 8
And D 13 cube,

therefore € 13 aleo cube [y 23}
Qer o
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Prorosirion &

If & cube number by mullaplying any number make a cube number, the multiphed
number will also be cube

For let the cube number A by multiplytog any number B make the cube
number C, '
I say that B 1s cube

For let 4 by multiplying itself make D,

therefore D 1s cube fx 3}

Now, smee A by multiplying itself has

made D and by multiplying B has made

com >

C,
therefore, as 4 13 to B, s01s D o € {vir 171
And since D, € are cube
they are similar soltd numbers
Therefore two mwean proportional numbers fall between D, ¢ [var 19]
And asDisto C,s01s 4 to B,
therefore two mean proportional numbers fall between 4, B also fvirr 8]
And A 13 cube,

therefore B 1s also cube [vix 23)

Prorosttion 6
1f @ number by multsplying tself make a cube number, 1 will self also be cube

For let the number 4 by multiplying teelf make the cube number B,
T say that A 13 also cube

A For let A by multiplying B make ¢
B. Smce then A by multiplying itself has made B, and
¢ by multiplying B has made C,

therefore C 15 cube
And since 4 by multiplying itself has made B
therefore A meastres B according to the umts in itself
But the umt also measures 4 according to the umts mt
“Therefore, as the umt 18 to 4, so13 4 to B {vit Def 20]
And smee :«1 by multiplying B has made C,
t fore B 4

3

to the umts m 4
But the umt also measures A according to the umits 1n 1t
Therefore as the umt s to 4, so1s B to C (vir Def 20]
But astheumtisto d, so13 4 to B,

therefore nise sg A wtn R, snu Rt €
And since B, C are cube,

they are similar solid numbers

‘Therefore there are tw o mean proportional numbers between B, ¢ [virr 19]
And as Bisto € so1s A to B
‘Therefore there are two mean proportional numbers betueen 4, B also

fvir 8
And B 1s cube,

therefore A 1s also cube et vim 23]
QED ¢

°
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Prorosrrion 7

t any number make some number, the product

1f @ composite number by
will be sold
For, let the composite number A by multiplying any number B make C,
T say that C 1s sohd
For, since 4 15 composite, 1t will be 4
measured by some number 8
[vir Def 13] ¢
Let 1t be measured by D, M
and, as many times as D measures 4,
so many umis let there be n E
Since, then, D measures A according to the umts n I,
therefore E by multiplying D has made A [vir Def 13]
And, since A by multiplying B has made C,
and 4 15 the product of D, E,
therefore the product of D, E by multiplying B has made C
Therefore C 1s solid, and D, E, B are 1ts sides QED

Prorosttiov §

If as many numbers as we please beginning from an unit be 1n conlinucd propor-
tion the third from the unat will be square, as will also those which successiely
leae out one, the fourth will be cube, as will also all those whach leate out fwo, end
the serenth will be at once cube and square, as wnll also those which leare out fire

Let there be as many numbers as we please, A, B, C, D, E, F, beginning
from an umt and 1n continued proportion,

1 say that B, the third from the unit,13square asarealso :
all those which leave out one, C, the fourth, 1s cube,as ¢ ___
are al<o all those which leave out two, and F, the sev- b
enth 1s at once cube and square, as are also all those
which leave out five £

For since asthe umtisto 4, 8013 4 to B, ferrerr—
therefore the umit measures the number A the same number of times that A
measures B fvi Def 20}

But the umit measures the number A according to the umts it
therefore A also measures B according to the units in A
Therefore A by multiplying 1tself has made B,
therefore B 1s square
And since B, C, D are in continued proportion and B 1s square,
therefore D 1s also square v 2]
For the same reason
F 15 also square
Simlarly we can prove that all those which leave out one are square
Isay next that € the fourth from the unit, 1s cube as are also all those which
leave out two
For since, as the umt s to 4,013 B to €
therefore the umt measures the number A the same number of times that B
measures ¢
But the unit measures the number A according to the umtsin 4,
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therefore B also measutes C according to the umits in 4
Therefore A by multiplying B has made ¢
Since then 4 by multiplying itself has made B, and by multiplying B has
made C,
therefore € 18 cube
And, since C, D, E, F are 1n continued proportion, and C 1s cube,
therefore F 1s also cube [vizr 23]
But 1t was also proved square,
therefore the seventh from the umt 1s both cube and square
Simlarly we can prove that all the numbers which leave out five are also
both cube and square QED

ProrostrIoN

If as many numbers as we please beginning from an unat be 1n continued propor-
hion, and the number after the unat be square, all the rest will also be square And,
of the number after the unst be cube, all the rest will also be cube

Let there be as many numbers as we please, 4, B, C, D, E, F, begianing
from an umt and 1n contmued proportion, and let A,

; the number after the umt, be square,

c 1 say that all the rest will also be square

D Now 1t has been proved that B, the third from the
e umit, 15 square, as are also all those which leave out one,
F [x 8]

T say that all the rest are also square
For, since A, B, C are in contintted proportion,
and A 15 square,
therefore C 1s also squate [vor 22]
Agan, since B, C, D are i continued proportion,
and B 1s square,
D 1s also square [var 22]
Similarly we can prove that all the rest are also square
Next, let A be cube,
1 say that all the rest are also cube
Now 1t has heen proved that C, the fourth from the untt, 13 cube, as also are
all those whieh leave out two, ix 8
1 say that all the rest are also cube
For, since, as the umit 18 to 4, s013 4 to B,
therefore the unit measures 4 the same number of times as 4 measures B
But the umt measures 4 accordmg to the umts n 1t,
th A4 al ding to the umts in atself,
therefore A by mulhplymg 1tself has made B
And A 15 cube
But, if a cube number by multiplying itself make some number, the product
15 cube [x 3}
Therefore B 1s also cube
And, since the four numbers 4, B, €, D are m continued proportion
and 4 1s cube,
D also 18 cube {vnr 23] S
¥
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For the same reason
E is ulso ¢ube, and smilarly all the rest sxe eubs. Q. ED.

Provosrriov 10

- Teee [P RESS ST
. 1

.

SIS SRR I

. i . . . o, -
after the unst be not cube, neither will any other be cube exeept the Sourth from the
unit and all those which leare out fwo.

Let there be as many nutbers as we please, 4, B, €, D, E, F, beginnmg from
an umt and 1 continued proportion,

and let A, the number after the unit, not be square; .

Y say that nesther will any other be square except the third from the unit
<and those which leave out ope>.

For, 1f possible, ket C be square Ao

But B 13 also square; {rx.8) &
fthetefore B, C have to one another the ratio  Com— ¢
which & square number has to a square number]. D emmmern

And, a3 Bis to €, s0 s d to B; [3
therefore 4, B bave to one another the ratio
which a square numnber has to & sguare number;
{80 that 4, B are sumiiar plane pumbers] oy 26, eonverse}

And B 15 square,

therefore 4 1s also square:
which 15 contrary to the hypathests,

Therefore C 1s not square

Stmrlarly we can prove that nerther 1s any other of the purobers square s
cept the third from the umt and those which lesve out one

Next, let 4 not be cube

1 say that neather will any other be cube except the fourth from the umt and
those wheeh leave out two.

For, of possible, let D be cube

Now €15 also cube, for 1t 1s fourth from the umt {8

And,asCreto D, so s Bto C,

therefore B also has to € the ratio which g cube has to a cube
And C 15 cube,
therefore B 13 also cube fymr 29

And mince, as the um s to 4, 5018 4 to B,

and the umt measres A according ta the unts 1k,
A also B ling to the umts m ateelf;
therefore A by multiplying itself has made the cube aumber B

But, if & number by multiplying itself make » cube nusmber, 1t 15 n!wtlb“"
o

cube
Therefore 4 1 also cube
which i eontrary to the hypothests
“Therefore I 1s not cube
Smmlarly we can pros ¢ that neither s amy other of the numbers eube except
the fourth from the umt agd those which leave out tno Q ED
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Prorvosrrioy 11 :

If as many numbers as toe please begmnsng from an unit be 1 continued propor-
tion the less seasures the greatur according lo some one of the nwmbers which hate
place among the propertional monbers
Let there bre as many numbers a8 we please, B, €, D, E, beguntng {rom the
wmt 4 and i continued proportion,
P 1 say that B, the least of the numbera B, €, D, X,
measures ¥ according to some one of the numbers €, D
Yor since, as theumt A 1sto B, sos Do E,
therefore the umt A measures the number B the same

f——

Comrrramnen.

Do number of tiunes as D measures E,
E hereft Iternately, the umt 4 D the same
nuraber of times a2 B measures £ ferr 15}
But the umi 4 measures D according to the umts m st,
therefore B also E ding to the umits 1w D,

so that B the Jess measures ¥ the greater according to some number of those
Wblxjob have place among the proportional numbers —
MR r PRI PR

ber hefore 1t~ qEep
Prorositroy 12

1§ as many numbers os w: please beginning from an wunai be n continued propor-
tton, by hawever many prinee numbers the last 18 measured, the next in the umb wsfl
also be measured by the same

Let there be a5 many numbers s we please, 4, B, C, D, begmmng from 2a
vat, and m continued proportion,

1say that, by however many pnme numbers D 33 measured, A wilt also be
measured by the same

Tor let D be measured by suy prune number Z,
A F. I say that ¥ measures 4

B 6. For suppose 2t does not,
¢ W now E 1s pruge, and any pnme
EM number 13 prime to any which 1t

does not measure, [var 29
therefore ¥, 4 are prime te one another
And since £ meastres D let 1t measure 1t according to F,
therefore £ by multiplyiog F has made D
Agam stnee A measures D secordiag to the umis wm C X tand Porl
therefore A by multiplying € bas made D
But, further, E has also by multiplying F made D,
therefore the product of A © 13 equal to the product of B, F
Therefore, a3 A 19 t0 B, so15 P to C fvur 19
But 4, B are pnme,
primes ore also least fr 2
nnd the least measure those which hate the same ratio the same number of
times, the antecedent the antecedent and the consequent the conseguent,
vir 201
7
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therefore E measures C
Let 1t measure 1t according to @,
therefore £ by multiplying G has made ¢
But, further, by the theorem before this,
A has also by multiplying B made C [cx 11and Por
Therefore the product of 4, B 1s equal to the product of E, ¢
Therefore, as A 1s to B, 5018 G to B i 19
But 4, E are prime,

primes are also least, (var 21]
and the least numbers measure those which have the same ratio with them the
same number of times, the dent the dent and the quent the
consequent [vm 20)

therefore L measures B
Let 1t measure 1t according to H,
therefore £ by multiply:ng # has made B

But, further, 4 has also by multiplying itseli made B, r % 8
therefore the produet of E, H 15 equal to the square on 4
Therefore, as E1sto A,s01s 4 to H fvir 19
But 4, E are pnime,

primes are also least, fvir 21}
and the least measure those which have the same ratio the same number of

times, the antecedent the antecedent and the q the quent
[vir 20

therefore E A, as di d

But, agamn 1t also does not measure 1t
which 1s impossible
Therefore E, 4 are not prime to one another
Therefore they are composite to one another
But numbers composite to one another are measured by some number
[vir Def 14
And, since E 15 by hypothesis prime,
and the prime s not measured by any pumber other than itself,
therefore E measures 4, E,
50 that B measures 4
{But 1t also meagures D,
therefore E measures 4, D]
Simularly we can prove that, by however many prime numbers D 1s meas*
ured, A will also be measured by the same QED

ProrosrTiov 13

If as many numbers as we please beginning from an unat be 1n continued propo’™
tion, and the number after the unit be prime, the greatest will not be measured bY
any except those which hate a place amonyg the proportional numbers

Let there be as many numbers as we please, 4, B, C, D, beginning from a1
umt and 1n continued proportton, and let A the numberafter theumt, be prume;

1say that D, the greatest of them, w1ll not be measured by any other number
exeept A, B, €

For, 1f possible, let 1t be measured by E, and let E not be the same with any’
of the numbers 4, B, C
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It 13 then mamfest that E 13 not prime
For, if E13 prime and measures D,
1 will also measure A [rx 12], which1g pnime, though it 18 not the same withit
which 15 impossible

Ao fre Therefore E 1s not prime
B F ‘Thercfore 1t 1s composite
[ G. But any compostte num-
. K. ber 1s measured by some

prime number, [vir 31]
therefore E 138 measured by some prime number
1 say next that 1t will not be measured by any other prime except A
For, if E 15 measured by another,
and E measures D,
that other will also measure D,
s0 tll])at 1t will also measure 4 [1x 12}, which 1s prume, though 1t 15 not the same
with 1t
which 18 rmpossible
Therefore A measures £
And since E D, let 1t 1t hing to F
1 say that F 1s not the same wath any of the numbers 4, B, C
For 1f I"1s the same with one of the numbers 4, B, C,
and measures D according to E,
therefore one of the numbers 4, B, C alo measures I according to £
But one of the bers 4, B, € D ding to some one of the
numbers 4, B, C, ox 11)
therefore E 15 also the <ame with one of the numbers 4 B, C
which 18 contrary to the hypothests
Therefore I" 15 not the same as any one of the numbers 4, B, ¢
Sumilarly we can prove that F 1s measured by A, by proving agam that F1s
na&\ prime
-t

a ~

therefore F 1s not prime
‘Therefore 1t 1s compostte
But any compostte number 1s measured by some prime number  [vir 31]
therefore # 18 measured by some prime number
1 say next that 1t will not be measured by any other pnme except 4
For, 1f any other prime number measures F
F weasires D,
that other will also measure D,
50 tl):at 1t will also measure A 1x 12) which 1s pnime though 1t ts not the same
with 1t
which s 1mpossible
Therefore 4 measures F
And since E measures D according to F'
therefore I by multiplysng F has made D
But further A has also by multiplying € made D, X T
therefore the product of A, C 1s equal to the product of E, F~ * ¢
5
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Therefore, proportunally, ss 4 isto £, so1s F to €. [vir 19}
But A measures £,
therefore F also measures €

Let 1 measure rt accordug to G

Sumilarly, then we can prove tha G 1s not the same with any of the numbers
A, B, and that 3t is measured by 4

And smce ¥ measures € aceording to 6

therefore F by multiplymg @ has made €

But, further, & has also by multiplymg B made €, T 1)
therefore the product of 4, B 35 equal to the product of 7, &
Therefore, proportionally, ss 4 1sto F,s01s G to B fvi 19)

But A measures F,
therefore G also measures B
Tet 1t measure at according, to H
Simlardy then nwe can prove that H ss not the same with 4
And since G measuves B accordung to H,
therefore G by raultiplying # has made B

But further 4 has alco by multsplying iself made B, fex B
therefore: the product of H, G 15 equal to the <quare on 4
Therefore, as H wio A, so1s d to @ ]

But A measures G,
therefare H also measures A, which 1s pne, thaugh st 1s not the same witht
which 13 absurd
Therefore 2 the greatest will not be measured by any other number excepd
4,8, ¢ QED
Prorostrzon 14
If @ number be the Least that s seasured by prime numbers, 1t widl notbe m é
by any other prime number except thase orgunally measuring st
For let the number 4 be the least that 13 measured by the pnme numbers

B C D,
Isay that A will nog be dpy A B—
soy other pnmenutnberetcept 8,0 D € ¢
For sf powible let 1t be meagured s o

by the prune number E and let Enot
be the same with any one of the numbers 8, ¢ D

Now sinee £ measures 4 let it measuse 1t according to F,

therefore E by multiplying F has made 4

Ard A 15 weasured by the prime nurnbens B, €, D

Bat if two pumbers by multiplyrog ove wether make sorae numbes, wd
an) pnme number measure the product, 1t w1l also measure one of the origitd
numbers, fes 30

therefore B, C D will measure one of the numbers B, F

Now they will not measure £,
for E 13 pnme nod not the same with any one of the nuwbers B, €, D

‘Therclore thes will mea<ure £ which 1a fess than L4
which 18 1mpossible for A 1 by hypothests the least number measured &) B

s
‘Therefore no prame number »will messure 4 except B, C D qQEP
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ProrosrTIov 15

If three numbers 1n continued proporiion be the least of those which hare the same
ratw with them, any two whaterer added together wrll be preme to the remaining
number

Let A, B, C, three numbers 1 continued proportion, be the least of those
which have the same ratio with them,

A & Isay thatany fwoof thenumbers 4, B, C whatever
C— added together are pnme to the remammg number,
D—E—F namely 4, B to €, B,C to A, and further, 4, C to B,

For let two numbers DE, EF, the least of those

which have the same ratio with 4, B, C, be taken fvur 2]

It 15 then mamifest that DE by multiplying itself has made 4, and by multr-
plying EF has made B, and, further, EF by multiplying itself has made C

{viz 2]
Now, since DE, EF are least,
they are prime to one another [vrr 22]
But, 1 two numbers be pnme to one another,
therr sum 13 also prime to each, [vu 28}

therefore DF 15 also prume to each of the numbers DE, EF
But, further, DE 15 also prime to EF,
therefore DF, DE are pnme to EF
But, 1f two numbers be pnime to any pumber
their product 1s also prime 1o the other, fvir 24
so that the product of FD DE 1s pnime to EF,
hence the product of FD, DE 1s also pnime to the square on EF [vI 25]
But the product of D, DE 1s the square on DI together with the product of
DE, EF, [r 3}
therefore the square on DE together with the product of DE EF 1s prime to
the square on EF
And the square on DE 15 4
the product of DE, EF 1s B,
and the square on EF 1s C,
therefore A, B added together are prime to €
Stmularly we can prove that B, U added together are prime to A
Tsa =~ st s 4 o 3134 o T P

For

the sc R [vmr 24, 251
But the squares on DE EF together with twice the product of DE, EF are
equal to the square on DF, frr 47

therefore the squares on DE, EF together with twice the product of DE, LOF
are prime to the product of DE EF
Separando, the squares on DE EF together with once the product of DE,
EF are pnme to the product of DE EF
Therefore separando again the squares on DE, EF are prime to the product
of DE, EF
And the square on DE 18 4,
the product of DF, EF s B,
and the square on EF 13 C ) /

§
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Therefore A, C added together are pnme to B QED
ProrosiTion 16

If two numbers be prime 1o one another, the second will not be o any other number
as the first 15 to the second
For let the two numbers A, B be prume to one another,

1 say that B 1s not to any other number ns 4 15 to B A
Tor, 1f possible, as 4 13 to B, solet Bbe to B
Now 4, B are prime, c

pnmes are also least, vi 21)

and the least numbers measure those which have the same ratio the <ame
number of times, the antecedent the antecedent and the consequent the conse-
quent, fvir 20)
therefore A B as antecedent antecedent
But 1t also measures itself,
therefore A measures A, B which are prime to one anather
which 13 absurd
Therefore B will not be to €, as 4 1s to B. QED

ProrosiTioN 17

If there be as many numbers as we please 1n continued proportion, and the extremes
of them be prime to one another, the last wnll not be o any other number as the first
to the sccond

For let there be as many numbers as we please, 4, B, C, D, 1n continued pro-
portion
and let the extremes of them, 4, D, be prime to A~ B
one another, Cm—

I say that D 1s not to any other numberas A b

1sto B —

Far, 1f possible asAistoB,solet Dbe to E,
therefore alternately, as A 1sto D, so1s Bta B v 13)

But 4, D are pnme

primes are also least, [vm 2l
and the least numbers measure those which have the same ratio the same num-
ber of times, the antecedent the fent and the the conse-
quent [vr 20}

Therefore A measures B
And as A1sto B,so1s Bto C
Therefore B also measures C,
so that A also measures C.
And since, a3 Bis to €, s01s € ta D,
and B measures C,
therefore €' also measures D
But A measured C,
0 that 4 also measures D
But 1t also measures itself,
therefore A measures A, D which are pnime to one another
which 13 impossible
Therefore D will not be to any other number as A4 13 to B QEPD
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Prorosiion 18
Guen fup numbers, lo wntestigale whether 1618 possible to find a thard proportional
to them
Let A, B be the given two numbers, and let 1t be required to myestigate
whether 1t 13 possible to find a third proportional to them
Now 4, B are erther prume to one another or not
And if they are pnime to one another, 1t has been proved that 1t 1simposable
to find a third proportional to them . {r 161
Next, let 4, B not be pnme to one another,
and let B by multtplying 1tself make C.
%’hen 4 erther measures € or does not measure 1t

I .
therefore the product of A, D 15 equal to the square on B
Therefore, as A 15 to B, so1s Bto D, {vir 191
therefore a thurd proportional number D has been found to 4, B
Nest, let A not measure C,
A
B

[

I say that 1t 13 meposaible to find a third proportronal number to 4, B.

¥or, if possible, let D, such third proportional have been found

Therefore the product of A, D 1s equal to the square on B

But the square on B1s C,

therefore the product of 4, D 1s equal to £
Hence 4 by multiplying D has made C, '
thercfore A4 measures C accordmg to D
But, by hypothesis 1t also does not measure 1¢
which 15 absurd

"Therefore 1t 15 not possible to find a third proportional number to 4, B when

A does not measure ¢ QED

Prorostrion 19
Guen three numbers, to inrestigale when it s possible ta find a fourth proportional
A to them
B Let A, B, C be the given three numbers und let
¢ 1t be requured to investigate when 1t 13 possible to
IR find a fourth proportional to them

[The Greek text, of this proposition 18 corrtpt However, analagously to Fropositon 18

the condition that, a fourth proportional to A B T exists 15 that A measure the product
of Band C|

Prorosrtiov 20
Prune numbers are more than any assigned muldtitude of prime numbers
Let A, B, C be the asstgned prime numbers,
153y that there are more prime numbers than 4, B, C
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For let the least number measured by 4, B, € be taken,

and let 1t be DE,
let the umt DF be added to DE

Then EF 1s either prime or not A

First, let it be pnme, B &
then the prnime nuwmbers 4, B, ¢, EF have
been found which are more than 4,8, € ¢ D¢

Next, let BF not be prime, e

therefore 1t 15 mensured by some prime munber [vir 3t}

Let 1t be measured by the prime number G

1 say that 15 not the same with any of the numbers 4, B, C.

For, if posaible, Jet 1t be so

Now 4, B, € measure DE,

therefore G also will measure DE
But 1t also measures EF
Therefors G, being a number, will measure the remamnder, the umt DF
which 18 absurd

‘Therefore G 1s not the same with any one of the numbers 4, B, €

And by hypothess 1t 15 prime

‘Therefore the prime numbers 4, B, C, G hase been found which are more
than the assigned multitude of 4, B, € QED

Prorostrion 21

If as many even numbers as we please be added logether, the whole 15 eten

I;or let 28 many even numbers as we please, 4B, BC, CD, DE, be added to-
gether

1 say that the whole AF 12 even

For, since each of the numbers 48,

BC,CD,DEweven tthosahalfpart, A_8 G 0o F
Dar Def 6]
so that the whole AF also has a half part
But an even number s that which 1s dimsible into two equal parts, [t}
therefore AE 1s even Qe l

Prorosrrrov 22
If @s many odd numbers as we please be added together, and therr multatude be erets
the whole wall be eren
For let as many odd numbers as we please, 4B, BC CD, DE, even m mulb
tudde, be added together,
I say that the whole A£ 13 even
For, since each of the numbers

AB,EC,CD,DEwodd fanumt A 8 ¢ o F

be subtracted from each each of

the remasnders will be even, [vir Def 7
s0 that the sum of them will be even (e 2

But the multitude of the units 1= also even
Therefore the whole AE 19 also even ax 2l
QEP
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ProrosiTion 23

If as many odd numbers as we please be added together, and thesr multrtude be odd

the whole unil also be odd

For let as many odd numbers as we please AB BC €D the multitude of
which 13 0dd be added together

A B T say that the nhole AD 1s also odd

Let the unit DE be subtracted from CD
therefore the remainder CE 1s even

Y ED

fvir Def 7]
But €4 15 also even [x 22]
therefore the whole AF 15 also even [x 21}
And DE 15 an umt
Therefore AD 15 odd

fvir Def 71
QED
ProrosiTron 24
1f from an eren number an eren number be sublracted the remainder unll be eren
For from the even number AB let the even number BC be subtracted
A ¢ g Isoy that the remander CA 1 even
e

For since AB1s even 1t has a half part [vir Def 6}
Tor the same reason BC also has a half part

80 that the remamnder [CA also has a half part and] AC s therefore even
QED
ProposrTIoN 25
If from an even number an odd number be subtracted the remawnder will be odd
For from the even number AR let the odd number BC be subtracted
A cp B 1 say that the remander €A 15 odd
e For let the umt CD be subtracted from BC

therefore DB 1s even (vmr Def 7]
But 4B 19 also even
therefore the remamnder 4D 1s also even [x 241
And CD 13 an umt
therefore CA 13 odd [vit Def 7]
QED

ProrosiTion 26
1f from an odd number an odd number be subtracted the remarnder toill be even
For from the odd number AB let the odd number BC be subtracted
A ¢ o8 I say that the remainder C4 13 even
————

For smee AB 13 odd let the umt BD be subtracted
therefore the remainder AD 1s even {vir Def 7]
For the same reason CD 1s also even

{vir Def 7}
so that the remainder CA 13 also even [1x 241
QED
ProrosITrov 27
If from an odd number an evcn number be subtracted the remarnder w2l be odd
For from the odd number AB let the even number BC be subtracted



186 EUCLID

1 say that the remainder CA 15 odd
Let the umt AD be subtracted,

therefore DB 13 even vy Def7] AD & B

But BC 15 also even
thercfore the remainder CD 15 even [rx 24
Therefore CA 13 odd [vg ;)c; 7

Prorosrriov 28

1f an odd number by multiplying an even number make some number, the product
will be eren

Tor let the odd number A by multiplying the even number B make C,

I say that € 1s cven

For snce A by multiplying B has made C, B
therefore € 1s made up of as many numbers equal to B
as there are units 1n A (vir Def 15]

And B s even,

therefore C 1s made up of even numbers

But 1if as many even numbers as we please be added together, the “[};?Ezlls]

A

even
Therefore C 1s even QED

Prorostrion 29

1f an odd number by multplying an odd mumber make some number, the product
well be odd

For let the odd number 4 by multiplying the odd number B make ¢,

I say that C 15 odd A

For since 4 by multiplying B has made C,
thercfore C 13 made up of as many numbers equal to &
B as there are unrts in A vir Def 15 b6———

And each of the numbers A B1s odd,
therefore ' 13 made up of odd numbers the multitude of which 13 odd

Thus C 18 odd ox 27

QED

Prorosrriov 30
If an odd number measure an eren number, 1t will also measure the half of o
Tor let the odd number 4 measure the even number B,
1 say that 1t will also measure the half of 1t

A
Tor since A measures B B
let 1t measure 1t according to C, ¢
I say that € 1s not odd

For if possible let 1t be so
lhen since A measures B according to C,
therefore A by multiplying € has made B
Therefore B 18 made up of odd numbers the multitude of which 1s odd
Iherefore B 1s odd tre 2
whieh 13 absurd for by hypothesis 1t 1s even
Therefore C 1 not odd,
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therefore € 15 even
‘Thus 4 measures B an even number of times
For thig reason then 1t also measures the half of 1t QED

ProrosiTios 31

If an odd number be preme fo any number 1t wnll also be preme o the double of 1
For let the odd number 4 be prime to any number B,
and Jet C be double of B,
1 say that A 1s prume to ¢
For if they are not pnme to one another
some number will measure them
e Let & number measure them and let 1t be I
Lo Nown 4 13 odd
therefore D 13 also odd
And since D whach 1s odd measures
and €15 even
therefore {D] will measure the half of C also frx 30]
But B 1s half of ¢

A

B

therefore D measures B
But 1t also measures 4
therefore D measures 4 B which are priwe to one another
which 1s 1mpossible
Therefore A eannot but be prime to C
Therefore 4 C are prune to one another QED

Prorvostrion 32

Each of the numbers which are continually doubled begimning from a dyad 15 even
limes even only

For let as many numbers as we please B € D have been continu~lly doub-
ted beginning from the dyad A4
Aeem Teaythat B C Dareeven imeseven only
8 Now that each of the numbers B € Dis
even times even s mapfest for 1t s
doubled from » dyad

Isay thatitsalcoeven tuncsesen only

[
LB
Far let an umt be set out

Sinee then as many numbers as e please begmming from an unit are m con
tinued proportion

and the number A after the unit 15 prime
therefore D the greatest of the numbers 4 B ¢ D will not be measured by

any other number except 1 B € [rx 13)
And each of the numbers A B 15 even
therefore D 1s even times even only fvir Del 8]
Sumlarly we can prove that each of the numbers B C 18 even times even
only QF D

Propositiov 33

If a number have tts half odd 1t 15 eren times odd only
For let the number 4 have 1ts half odd /

»
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1 say that A 1s even-times odd only

Wow that 1t 1s even-times odd s mamfest, for the half of 1t, bemng 0dd, meas-
wres 1t an even number of times 4 fvir Def 8

1 soy next that 1t 1s sho even-times odd only

For, if 4 18 even times even also,
1t wil} be measured by an even nuwber according to an even numbet,

fvnt Def 8}
50 that the half of 1t will also be measured by an even number though 1t 1s0dd
which 13 absurd

A

Therefore A 13 even-times odd only _QED
Prorosiriov 34
If a number neither be one of -
Rave ofs holf odd, 1f 25 both
For let the number A ne v dtttbled fyoma a dyad, nor have
1ts half odd,

1 sy that A 18 both even tunes even and even-timesodd ~ A
Now that 4 1s even humes &1 en 18 mawfest,
for 1t has not 1ts half odd (vt Dot 8
1 say next that 1t 1s also even-tunes odd
For, if we biseet A, then breect 1ts half, and do this contipsally, we shall
carae upen some odd number which will megsure 4 according ta 20 even puzt
be

T
For if not we shall come upon a dyad,
and 4 wall be among those which are doubled from a dyad
whieh 13 contrary to the hypothests
Thus 4 13 even tumes odd
But 1t was also proved even times even
Therefore 4 13 bath t even and t odd QED

ProrosiTiov 35
1f ns many numbers as we please de 1n continued proportion, and there be sul
tracted from the second and the last numbers equal to the first then, o3 the excess o
the second 1 fo the first, so will the excess of the last be o al] those before 1
et ﬁ}"” be as many numbers as we please in continued proporiion, 4, 86,

.

tod Do
Ty thit as GCwstod sow BH ¢ o
to 4, BC D T 33

Forlet FA be made equal to BC, and FL equal to D
Then sttce FA 13 equal to BC,
and of these the part FH 13 equal to the part BG,
therefose the remamder K 1s equal to the remasnder GC
Apd smce, as EF 15 to D so1s D to BC, and BC to 4,
while D13 equal to FL BC to FK and 4 to FH,
therefore a3 EF s to FL 5013 LFP to FK and FK to FH
Separando, as EL 15 ta LF 5018 LK to FA, and KH to FH  (vin 15,18
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Therefore 8130, 38 one of the antecedents 1s to one of the consequents, 50 are
all the anteced: 10 all the fvrr 12
therefore, as £ H 15 to FH, so are BL, LK, KH to LF, K, HF
But KH 18 equal'to CG, FH ta A, snd LF, FK, HF to D, BC, 4,
thesefore, as CGasto 4, s0 s EH to D, BC, A
Therefore, as the excess of the second 18 to the first, 5013 the e<cess of the
fast to all those before 1t. QED
» ' ProrosiTioy 36
1f as many numbers as we please bequnnang from an unit be set out continttously
n double properiion, untl the sum of ell becomes prome, and tf the sson mulleplied
wnlp the last make some number, the product uall be perfect
For let as many numbers as we please, 4, B, C, D, beginnung from an umt
be set out i double proportion, until the sum of ali becomes prime,
let 2 be equal to the sum and let £ by multiphyng D made I'G,
1 say that FG 1s perfect
Faor, however many 4, B, €, D are w ranltitude, lot 5o many E, HK, L, M
be taken in double proportion beginzung from X,
therefare, ex aequoly as A 18 ta D, so s Bt M feze 147
Therefore the product of £, D 1s equal to the product of 4, M {vnr 19}
And the product of E, D s FG,
therefors the product of A, M 15 also FG
Therefore A by multiplying M has maede F@,
h M PG according to the umts m 4.

Aud 4 15 3 dyad,
therefore G 1 donble of 31

-—A — B

<

.

Pt e G b

[2 o

But A, L, HR, B are continuously double of each other,
therefore B, HA, L 3, FG are continuously proporiional ta double proportion
Now let there be subtracted from the second HA and the last FG the num-
bers HN, £0, each equal to the first £,
therefare, ag the excess of the second 1s 40 the first, 50 13 the excess of the last 1o
a0 those before 5t frx 33
Therefore, as NK 33 10 I, s0 5 0G ta M, L, KH, B
Avd VK 15 equal to £,
therefore OG 18 also equal to M, L HK, E
But FO 15 glso equal to &
and ¥ 1s equal to 4, B, €, 7 and the umt
Therefore the whole #G 15 equal to £ HK L M ond 4, B, €, D and the
umt,

and 14 13 measured by them
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1 say alco that FG will not be measured by any other number except 4, B,
C, D, E, HK, L, M and the umt

For, if posstble, let some number P measure FG,
and Jet P not be the same with any of the numbers 4, B, C, D, E, HK, L, M

And, as many times as P measures FG, so many umtslet there ben Q,

therefore @ by multiplying P has made FG -
But, further, E has al~o by multiplying D made FG,
therefore, as Esto @, s01s Pto D vt 19)

And, since A, B, C, D are conttnuously proportional beginmng from an umt
therefore D will not be measured by any other number except 4, B, € [x 13]

And, by hypothests, P 15 not the same with any of the numbers 4, B, C,

therefore P will not measure D
But,as Pisto D, s01sEto @,

therefore neither does E measure Q [vn Def 20
And E 1s prime,

and any prnme number 1s prume to any number which 1t does not measure )
{vm 29)

Therefore E, @ are prime to one another
But prmes are also least, [ 21
and the least numbers measure those which have the same ratio the same num
ber of times, the dent the dent and the t the conse-
quent, s 2]

and, as EnstoQ,so s PtoD,
therefore E measures P the same number of ttmes that @ measures D
But D 1s not measured by any other number except 4, B, C,
therefore Q 1s the same with one of the numbers 4, B, €
Let 1t be the same with B
And however many B, C, D are in multitude, let so many E, HE, L be
taken beginmng from E
Now E, HK, L are 1n the same ratio with B, €, D,
therefore ez aequal:, as Bisto D, sos Eto L [vm 14
Therefore the product of B, L 1s equal to the product of D, E o 19
But the product of D, E 1s equal to the product of Q, P,
therefore the product of @ P15 also equal to the product of B, L
Therefore as Q1sto B, sows L to P peur 1]
And Q15 the same with B,
therefore L 1s also the same mith P
whieh 1s impossible for by hypothesis P13 not the same with any of the pum
bers et out
hTherel'ore no number will measure FG except 4, B, C, D, E, Hh, L, ¥ and
the umt
And FG was proved equal to 4, B, C, D, E, HR, L, M and the umt,
and a perfect number 1s that which 1s equal to its own parts, {var Def 2
therefore FG 1s perfect QEP



BOOK TEN

DEFINITIONS I

1 Those magnitudes are said to be commensurable nhich are measured by
the same measure, and those wncommensurable which cannot have any com-
mon measure

2 Straight lmes are commensurable 1n square when the squares on them are
measured by the same area and incommensurable in square when the squares
on them cannot possibly have any area as a common measure

3 With these hypotheses, 1t 1s proved that there exist strarght lines infinite
m multatede which are ble and ble respectively,

o f T

only, ratnal, but those which are mncommensurable wath 1t wrrational

4 And let the square on the assigned straight line be called rational and
those areas which are commensurable with 1t rafional, but those which are in-
commensurable wath 1t trratzonal, and the sirmght hines which produce them
trational, that 13, 1n case the areas are squares, the sides themselves but 1n
case they are any other rectthineal figures the straight lines on which are de-
sersbed squares equal to them

BOOK X PROPOSITIONS
Prorosirion 1

Ttrns mom aTonn wis A ab wn & 4 £ othan
n
ha
whieh wnll be less than the lesser magnitude set out
Let AB, C be two unequal magnitudes of which AR 1s the greater
1 say that 1f from A B there be subtracted

FRSTOUR S VP P

XK amagmtude greater than its half, and from
A c

B that which 1s left a magmtude greater than

Ok its half, and if this process be repeated

continually, there will be left some magm-
tude which will beless than themagmtude ¢
For € 1f multiphed will sometime be greater than 48 {ef v Def 4]
T e Al ~r —_ 1 ] [ JEPNE R (h:mAB,

and, from AH, HEK greater than its half, ' /-
191 &£
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and let ths process be repeated continuafly until the diasions in AB ate equal
1 multitude with the & vasions m DF
Lot then AR A2 EB be dvistons which arg equal m mulistude with DF
re gg
Now simee D& 1s greater than 4B
and from DE there has been subtracted EQ less than its half
and from AB BH greater than its half
therefore the remamder G2 1s greater then the remainder HA
And smee GD w2 greater than HA
ond there has been subtracted {som G the half GF,
and from HA HA greater than ws half
therefore the remamder DF 15 greater than the remmmnder 4K
But DF v equal to O,
therefore C 1s also greater than 44
"Therefore AK 13 less than €
‘Therefore there 1s teft of the magnitnde 4B the mogniude 4K whichisless
than the lesser magmtade set out namely C QED

And the theotem can be simlarly proved even of the patts subtracted be
halves

Paorosirion 2
I when the less of two unegial des 18 Iy sub 4 wn durn from
the greater that whach 13 teft never measures the one before 1t the magratudes will
be wpeomnensurable
For there betng two ysequal magatudes AB CD and AR being the lest
when the less 15 continuatly subtracted in tur from the greater Jet that whick
15 left over never measure the one before 1t,
1 say that t! & magmiudes 4B CD are mncommensurable
Tor if they are commensur
able some magmtude will meas E I S 1
ure them
let s magmtude measure
them if possible andletstbe B
let. AB measunng FD leave CF Yess than iiself
let CF measunng BG leave AG less than itself
and let thus process be repested continually unti there 14 left some magnitude
which 18 less than F
Suppose this done and let thers be left AG less than £
Then since & measures AB
while 4B measures DF
therefore £ will also measure £
But 1t measures the whole (D alse
therefore 1b will also mevsure the resamnder CF
But CF measures BG
therefore I' also measures BG
But st measttes the whols 18 also
therefore it witl slso measure the rumamder AG the greater the less
wiich 15 impossible
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Therefore no witd the tudes AB, CD,
herefore the des AB, CD nre ble [x Def 1]
Therefore ete QED

ProrostrioN 3 N

Guen two commensurable magnitudes, to find thewr greatest common
measure

Let the twwo given commensurable magmtudes be AB, CD of wluch 4 B1s the

less,
o .. f i an
ureof AB, CD ™

And 1t 13 mamfest-that 1t 15 also the greatest, N

for a greater magminde than the magnitude AB will not measure AB
Next, let AB not measure CD
- Then 1f the less be contmually

A subtracted 1 turn from the greater,

— A8 that which s left over will sometime

¢ o the one before if, because
€ AB, CD are not mcommensurable,

fef x 2]

Since, then, AF measures CE,
while CF measures FB

therefore AF will also measure FB

But 1t measures iself also,
therefore AF will nlso measure the whole 48

But AB messures DE,

therefore AF will also measure ED
But 1t measures CE also,

therefore 1t also measures the whole CD

Therefore AF 15 & common messure of AB, CD
1 83y mext that 1t 13 also the greatest

Tor, if not, there will be some magmitude greater than AF which will meas-
ue AR CD

Letat be &
Since then ¢ measures AB
while AB measures ED  »

thercfore & will also measure ED

But 1, measures the whole CD also,
thercfore G will also measure the remainder CL

But O mersures FB,

therefore @ will alse measure 8
But 1t measures the whole 42 also

and 1t will therefore measure the remainder AF the greater the less
which 18 1mpossible
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Therefore no magmtude greater than AF will measure AB, €D,
therefore AF 1s the greatest cormmon measure of 48, CD

Therefore the H of the two gnen commensrsble
magmtudes AB, CD has been found QED

Porisnt From this 1t s fest that, 1f a ol two magnt
tudes, 1t will also thew test

ProvosiTioN 4

Guen three commensurable magnitudes, fo find thetr greatest common measure

Let 4, B, C be the three given commensurable magnitudes;
thus 1t 18 required to find the greatest common measure of 4, B, C

Let the greatest common measure of the two
magrtudes 4, B be taken andletstbe D, [x 31 A
then D exther measures C or does not measure it 8

First, let 1t measure 1t [=

Since then D mensures €

while 1t also measures 4, B,
therefore D 15 & common measure of 4, B, C

And 1t 1s mamfest that i 15 also the greatest,
for 2 greater magrutude than the magnitude I does not measure 4, £

Next let D not mensure €

I say first that C D are commensurable

For since 4, B, C are commensurable,

some magnitude wll measure them,
and this will of course measure 4, B also
50 that it will alao mesure the greatest common measuse of 4, B, 1{1311;8)}'%1:
X

Do E B

But 2t also measures £
50 that the said magmtude will measure €, D,

¥ , D are bi
Now let thetr greatest common mensure be taken and let1t be B x 3
Simnce then & measures D,

while D measures A B,
therefore E wall also measure 4, B
But 1t measures C also
therefore L measures 4 B €,

therclore B 1s o common mensure of 4, B, €
1 say next that 1t 1e also the greatest

For if possible let there be some magnmtude # greater thon E, and let 16
waaswe 4, 8 €

Now sipee F measures A B €
it will alvo measure 4, B
. o

¢4 mog 3 P}

But 1t measures ¢ also
therefore F measures & D
therefore F will also mensure the greatest common measure of C, D
% 8 Porl
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But that 1s E,
therefore F will measure E, the greater the less
which 13 imposstble

Therefore no magnttude greater than the magnitude E will measure 4, B, C,

therefore E 15 the greatest common measure of 4, B, C1f D do not measure C,
and, 1f 1t measure 1t, D 15 1tself the greatest common measure

Therefore the greatest common measure of the three given commensurable
magntudes has been found

Porisy From this 1t 1s mamfest that, if o magmtude mensure three magm-
titdes 3¢ will also measure their greatest common measure

Similarly too, with more magnitudes, the greatest common measure can be
found, and the porism can be extended QED

PROPOSITION 5
Commensurable magmitudes have to one another the rafto which a number hasto a
number
Let A, B be commensurable magmtudes,
Isay tbut A has to B the ratio \vhlch a number has to 2 number
For, since 4, B are le, some de will them
Let 1t measure them, and let 1t be ¢

And, as many times as C meas-
A B c ures 4, 50 many units let there be
Iy wD,
and, as many times as C meas-
ures B, so many umts let there
bemn E
Since then € measures A according to the umts i D,
while the unt also measures D according to the umts n at,
therefore the unit measures the number D the seme number of times as the
magnstude ¢ measures 4,
there(ore 83 C, 15 to 4, so1s the umt to D, {vir Def 20}
therefore, 1nversely, as 4 1 to C, 8013 D to the umt fef v 7, Por]
Again, since C measures B according to the umits n E,
while the unit also measures £ according to the units 1n 1t,
therefore the unit measures E the same number of times as C measures B,
therefore, as C 1s to B, 50 1s the untt to
But 1t was also proved that,
as 4 15 to C, 5018 D to the unit,
therefore, ex aequalz,

as 4 1s to B, s0 13 the number D to E [v 22
Therefore the commensumble magmtudes A, B bave to one another the
ratio which the number D has to the number F QED

Prorosition G
If two magnatudes quuc o one unother the ratio which a number has to g number,
wnll be

For let the two mngmf,udes 4, B have to one another the ratio which the
number I has to the number E,
1 say that the magmtudes 4, B are commensurable
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For let 4 be divided 1nto a3 many equal parts as there nre unite in D,
and tet C be equal to one of them;
and let ¥ be made up of 83
any magmindes equal to &

ns theve are untts in £ A 8 [
Bince then there are 1n A D '
as many magmtudes equal to Ere F

' as there are units ip D,
whatever part the umt is of D, the same part is € of A alao;
therefore, 23 € 13 to A, s01s the umt to D, v Del 20}
But the umt measures the number D,
therefore € also measures 4.
And sinee, as €18 to 4, 50 1s the unit to D,
therefore, inversely, as A 18 to C, 5013 the number D to the untt
fef v 7, Por}
Apain since there are tn F 25 many magmitudes equal to € as there pre unis
inE,
therefore, 23 {13 to F, 50 1s the unit to B. fvir Def. 20}
But it was also proved that,
as 4 15 to C, 5013 D to the umt;

therefore, ex acquals, a3 4 13 to F, 5018 D to E. fv 22
But,asDisteDosois A o B, .
therefore also, 88 A 15 to B, so izt to ¥ also v
Therefore A has the same ratie to cach of the magmiudes B, F;
therefore B 1z equal to F v

But C measures F,
therefore 1t measures B also.
Further 1t measures 4 also,
therefore C measures 4, B

‘Therefore 4 15 commensurable with B *

‘Therefore ete

Portsm From this it 1s manfest that 1f there be two numbers, as D, B, and
a straght bine a8 A, 1t 18 posuble to make & straight hne (F] such that the
gven straight hine 15 to 1t 23 the number D 15 o the number F

And, if a mean proportional be also taken between 4, F, as B,
a3 A 1sto ' so wli the squate on 4 be to the square on B, that 1s, as the first
18 to the third, 5018 the figure on the first to that which 18 slar and suntlarly
desertbed on the second {vt 19, Por]

But, as 4 15 to F 5o 1s the number D to the number E,
therefare W, haa been contrived that os the wamber D s 4o the nuedber B 80
also 15 the figure on the straight line 4 to the figure on the strmght hne B

QED
Prorosimion ¥

Incommensurable magnatudes have not Lo one another the ratia which a number has
to @ number N

Iet 4, B be incommensurable magnitudes,

1 say that A has not to B the ratio which & number has to a pumber

Tor, tf A has to B the ratio nhich a number has to & nuwmber, 4 will be o™
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mensurable with B x 6
But 1t 18 not;
A therefore 4 has not to B the ratio which & number has to a num-
B er
Therefore ete QED

Prorosrrion 8
If two magnitudes have not to one another the ratio which a number kas fo a number,
the tudes wnll b bl

e
For let the two magmtudes 4, B not have to one another the ratio which 2.
number has to a number,

" I say that the des A, B are bl
-y For, if they are commensurable 4 will have to B the ratio
which a number has to 2 number x 5]
But 1 has not,
therefore the des 4, B are bl
Therefore ete QED

Prorostrrov 9

The squares on straight lines commensurable 1n length have to one another the ratro
whtck & square number has o & square wumber, and squares which kase lo one an~
other the vateo whach a sguare number has fo a square number will also have their
sudes commensurable 1z length But the squares on straght lines tncommensurable
1 Jength kate not to one another the ratio which a square number has to @ square
number, and squares which have not to one another the ratio which a square
ﬂ';]:nber has to a square number wnll not have thewr sudes commensurable 1n length
esther
For let A, B be commensurable 1 length,

T say that the square on 4 has to the

—h B square on B the ratio which a square
L . number has to 4 square number
T For, smce A 13 commensurable 1
length with B,
therefore A has to B the rato which 2 number has o 2 number {x 5]

Let 1t have to 1t the ratio which C has to D

Since then, as A 15 fo B, 5015 C to I,
;hgetthfs ratio of the square on 4 to the square on B 1s duphcate of the ratto

0 el
for sumilar figures are 1 the duphcate ratio of thewr corresponding sides,
{v1 20, Por}
2’“{1 t%e atio of the square on C to the square on D 15 duplicate of the ratio of
0 D,

for between two square numbers there 15 one mean proportional number and
the square number has to the square number the ratio duplicate of that which
the side has to the side, {vix 111
therefore also as the square an A 15 to the square on B, so 13 the square on C
to the square on D

Next as the square on 4 15 to the square on B, =0 let the square on C be to
the square on D,
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1 say that A 1s commensurable i lepgth with B
For since, as the square on 4 1s to the square on B, 50 15 the square en C to
the square on D,
while the ratio of the square on A to the square on B is duplicate of the ratio
of A to B,
and the ratio of the square on C to the square on D is duplicate of the ratio of
CtoD,
therefore also as 4 18 to B, s01s C to D
Thercfore A has to B the ratio which the number ¢ has to the pumber I,
therefore 4 15 commensurable 1n length with B [x 6
Next, let A be incommensurable 1 length with B;
I say that the square on 4 has not to the square en B the ratio nhicha
square number has to a square number
For, 1f the square on 4 has to the square on B the ratio which a square num-
ber has to a square humber, 4 will be commensurable with B
But 1t 1s not,
therefore the square on 4 has not to the square on B the ratio wluch a square
number has to a square number
Again, let the square on 4 not have to the square on B the ratio which a
square number has to a square number,
1 say that A 1s incommensursble ip length with B
For, if A 1s commensurable with B, the square on A will bave to the square
on B the ratio which a square number has to 2 square number
But 1t has not,
th A 1snot ble in length with B

Therefore cte

Forrsu And 1t 1s mantfest from what has been proved that straight lines
commensurable 1n length are always commensurable i square also, but those
commensurable m square are not alnays commensurable in length also

{LEMvA 1t has been proved 1n the anthmetical books that stmslar plane
numbers have to one another the ratio which 2 square number has to & square
number [vur 26]
and that, if two numbers have to one another the ratio which g square number
has\ tu" asquare numbfr, they are sumilar plane numbers  {Converse of vir 26]

- IR A

o o

Lor, if they have, they will be armular plane numbers which s contrazy to
the hypothesis

Therefore numbers which are ot simtlar plane numbers hase not So o0¢
another the ratio which a square number has to a square number ]

ProrosiTioN 10
To find two straight lines sncommensurable, the one tn length only, and the other 1
square also, with an assigned straght ine
Let 4 be the assigned straight line,
thus 1t 13 requared to find two straight ines incommensurable, the one 1n length
only, and the other 1n square also with 4
Let two numbers B, C be set out which have not to one another the rabio
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which 2 square number has to a square number, that 15 which are not similar
plane numbers,
and let 1t be contnved that,

A—— as B1s to C, so 1s the square on A to the square on D

Do— —for we have learnt how to do thus~— [\ 6, Por]
e therefore the square on A 19 commensurable with the
B~ square on D x €
Co—— And, since B has not to € the ratio which a square num-

ber has to a square number,
therefore nerther has the square on A to the square on D the ratio which 2
square number has to a squarc number,
3¢ Ai1s ble 2 length with D x 9
Let E be taken a mean propottional between 4, D,
therefore as 4 13 to D, 5018 the square on 4 to the squarc on E (v Def 9]
But 4 13 incommensurable 1n length with D,
therefore the square on 4 18 also incoramensurable with the square on E,

x 11
therefore A 19 ncommensurable 1n squate with B
s Pt “onn
ted
ProrosrTion 11
rre h Tat roar e e = MY $h itk a aamd

¢ Let 4, B, €, D be four magnitudes n proportion so that asd sto B, so1s
to D,

and let A be commensurable with B,
Ao B T say that C will also be commensurable

¢ o with D
Tor, stace 4 15 commensurable with B,
therefore 4 has to B the ratio Which a number has to a number x 5

And ns41st0 B so1s Cto D,
therefore C also has to D the ratio wiich a number has to a number,
therefore C 15 commensurable with D [x 6]
Next let A be incommensurable with B,
I say that C will also be incommensurable with D
For since A 13 incommensurable with B
therefore A has not to B the ratio which & number has to a number  [x 7]
And 25 A15to B sosCtoD,
therefore neither has € to D the ratio which 8 number has to a number,
therefore C 1 incommensurable with D [x g
‘Therefore ete QED

Prorosirion 12

Magnitudes commensurable with the same magnitude are commensurable with one
another also

For let each of the magmitudes 4, B be ble with C, v
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1 say that 4 1s also commensurable with B
Tor, since A 13 commensurable with C,
therefore 4 has to C the ratio

which o pumber has to a A 8
number ix B )
Let 1t have the ratio which £ —H
Dhasto B —F ®
Agan smee €13 commen= Iy L

surable with B,
therefore € has to B the ratio which a number has to a number Ix 3
Let 1t have the ratto which F has to G
And gven any nuraber of rati0s we please, namely the ratio which D hasto
E and that which F has to G
let the nurabers #, K, L be taken contmuously 1n the given ratios, [el viir 4
sothat as Disto E, so1s H to K,
and,as Fisto @, soish to L
Since, then, as A 15 to £, so1s D to E,
while, as D1s to X, so1s H to K,
therefore also, as A 1s to C, s0 18 H to K, v
Agam since asC13to B, so 3 Fto G,
while ss Fisto @, s0 s K to L,

therefore also as Cisto B, sos K to L v 1}
But also as 4 18 to , 5015 H to K
therefore ez aequalt as A1sto B, soisHto L vl
‘Therefore A has ta B the ratio which 2 number has to a number,
therefore 4 18 commensurable with B tx 9
Therefore ete QED

Provosition 13

If tuo magnitudes be commensurable and the one of them be tncommensurable wilh
any magnilude the remarrang one will also be incommensurable with the same
Let 4, B be two commensurable magnitudes and let one of them, 4, beso=
commensurable with any other magmiude C,
1 say that the remaining one B, will also be meom- A————"""

mensurable with C Cm——
For, 1f B 1s commensurable with ¢, g
while A 15 also commensurable with B,
A 15 also commensurable with ¢ LR

But 1t 15 also mcommensurable with 1t
which 19 imposstble
Therefore B 1s not commensurable with €,

tberefore 1t 1s Incommensurable with 1t
Therefore etc Q=D

Levnma
Grven two unequal strayght lines {o find by whot square the sguare on the grealer 18
greater than the square on the less

Let AB, C be the given two unequal straight lines and let AB be the greate?
of them,
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thus it 1s required to find by what square the square on 4 B 13 greater than (he
square on C' ‘
Let the semaircle ADB be deseribed on 4B,

D and let 4D be fitted mntort equal to €, (v 1}
lIet DB be jomned
It 18 then manifest that the angle ADB 19
L nght, {1z 31)
and that the square on AR 1 greater than the
square on 4D, that 1s, C, by the square on DB {r 471

Similarly also, of two strasght lines be given, the straight line the square on
which 13 equat to the sum of the squares on them 1z found mn this manger

Let AD, DB be the gnen two straight hnes, and Jet 1t be requtred to find the
straight line the square on which 1s equal to the sum of the squares on them

Let them be placed so as to contain a nght angle, that formed by AD, DB}

and let AB be oined
It 1s agmin mamifest that the straight hine the square on which 1s equal to the
sum of the squares on AD, DB 15 AB [t 471

QED
Prorosrrion 14

If four straight Lines be proportional, and the square on the first be greater than the
square on the second by the square on a straxght ine commensurable with the first,
ihe square on the third unll alsn be greater than the square an the fourth by the square
on a strawght line commensurable with the third
And, of the square on the first be greater than the square on the second by the square
on a straght line incommensurable with the first, the square on the third will alse
be greater than the square on the fourth by the square on @ siraight line mcommen-
surable vath the thard
e Let 4, B, C, D be four straight lines 1n proportion, so that, 83 4 1s to B, so 18
toD,
and let the square on A be greater than the squars on B
by the square on E,
and let the square on € be greater than the square on D
by the square on F,
1 say that, if 4 1s commensurable nith L, C'13also com-
E ¥ mensursble with F,
and, if A 13 meommensurable with E, € 158 also meom-
mensurable with 7
For sice, as A 1s to B, s015 C to D,
A8 € therefore also, as the square on A 13 to the square on B,
s0 13 the square on C to the square on D fvs 22)
But the squares on £, B are equal to the square on 4,
and the squares on D, F are equal to the square on C
Therefore, as the squares on E B are to the square on B, so are the squares
on D, F to the square on D,
therefore, separando as the square on £ 1s to the square on B, s01s the square
on F to the square on D, v 17]
therefore also as Exsto B, s01s F to D, vy 22}
therefore, inversely, es Brsto E,so1sDto F

-
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But, as A 1s to B, so also1s C to D, ’
therefore, ex aequals, as A1sto E, so1 C to F o2
Therefore, 1f A 15 commensurable with E, € 1s also commensurable with F,
and 1f A 1s1ncommensurable with E, C1s also mncommensurable with F {x 11]
Therefore ete QED

ProrosiTiov 15

If tuo commensurable magnatudes be added together, the whole will also be commen-
surable with each of them, and, of the whole be commensurable with one of them, the
eriginal magnitudes will also be commensurable

Tor let the two commensurable magmtudes AB, BC be added together,

I say that the whole AC 15 also commen-

surable with each of the magmtudes AB, B

BC At
For, since AB, BC are commensurable,

some magmtude will measure them D

Let 1t measure them, and let 1t be D
Since then D measures AB, BC, 1t will also measure the whole AC
But 1t measures 4B, BC also,
therefore D measures AB, BC, AC,
therefore AC 13 commensurable with each of the magmtudes AB, BC -
[x Def 1
Next, let AC be commensurable with AB,
1 say that AB, BC are also commensurable
For, since AC, AB are commensurable, some magmtude will measure them
Let 1t measure them, and let 1t be D
Since then D measures C4, AB, 1t will also measure the remainder BC
But 1t measures AB also,
therefore D will measure AB, BC,
therefore 4B, BC are commensurable [x Def 1}
Therefore ete QEPD

Prorosrriov 16

If two sncommensurable magnitudes be added fogether, the whole wll also be -
commensurable with each of them, and 1f the whole be mcammcnsurable with one
of them, the orginal les wnll also be

]o

For let the two incommensurable magmitudes AB, BC be added 4
together, T say that the whole AC 13 also incommensurable with
each of the magmtudes AB, BC

TPor, t TA, AB are not itle, some itud
will measure them
Let 1t measure them, 1if possible, and let 1t be D 3

Since then D measures CA, 4B,
therefore 1t will also measure the remainder BC
But 1t measures 4B also,
therefore D measures A3, BC c
Therefore AB, BC are commensurable,
but they were also by hypothesis incommensurable*
which 1s tmpossible
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Therefore no magmtude will measure C4, AB,
therefore CA, AB nre mncommepsurable {x Def 11
Smularly we can prove that AC, CB are also incommensurable
Therefore AC 13 incommensurable with each of the magmitudes 4B, BC.
Next, let AC be incommensurable with one of the magmtudes AB, BC
Furst, let 1t be mcommensurable with AB,
1 say that AB, BC arc also incommensurable
For, if they are ble, some de wall them
Let 1t measure them, and let 1t be D
Since, then, D measures AB, BC,
therefore 1t will also measure the whole AC
But 1t measures 4B also,
therefore ) measures C4, AB
Therefore €A, AB nre commensurable,
but they were also by hypothesis, incommensurable
which 1s impossible
Therefore no magmtude will measure 4B, BC,
therefore 4B, BC are tncommensurable {x Def 1}
‘Therefore ete QED

LEmna

T, P T L " [ Y -

For let there be apphed to the straight line AB the parallelogram AD de-
fictent by the square figure DB;

I say that AD 1s equal to the rectangle contamned
by AC, ¢B
Ths s mndeed at once mamfest,
A for, since DB 13 a square,

DC s equal to CB,
and AD 1s the rectangle AC, CD, that1s the rectangle AC, CB
Therefore et QED

Prorosrrion 17

I there be tico uncqual straight lines, and to the greaterthere be applied to aparallel-
ogram equal lo the fourth part of the square on the less and deficient by a square
JFoure, and of o2 devede ol tnto parts whick are commensurable sn length then the
Square on the greater wnll be greater than the square on the less by the squarc on a
Sraught line commensurable unth the greafer

And, +f the square on the greater be greater than the square on the less by the square
o q straight line commensurable with the greater, and 1f there be applied Lo the
greater o parallelogram cqual to the fourth part of the square on the less and defi-
;‘lml by @ square figure, st will diunde ot anto parts which are commensurable 1n

ength

Let A BC be two uneaual strairht lmes. of nhich BC 1s the ereater.
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E PRI SR N N 04

. . . : the square o8

and let EF be made equal to DE

Therefore the remamder RC 1s equal to BF §"

And smce the straght hne BC has been cut mto  §
equal parts at &, and 1nto uoequal parts at D, Tttt
therefore the tectangle contmned by BD, DO, together
with the square on ED, 15 equal to the square on EC, fxe 5

And the same 15 true of therr quadruples,
therefore four times the rectangle BD, DC, together with four trmes the square
on DE, 1s egual to four times the square on £C

But, the square on A 15 equal to four tunes the rectangle BD, DC,
and the square on DF 13 equal o four times the square on DF, for DI double
of DE

And the square on BC 1s equal to four times the square on £C, for agamt BC
1s Bouble of CE

Therefare the squares on 4, DF are equal to the square on BC,
s0 that the square on BC 1s greater than the square on 4 by the square on Dr

1t 15 to be proved that BC s aiso commensurable with DF

o opn . Yo e

. with D [x Bl
CD 1s equal to BF.
x 6

Therefore BC 1s also commensurable 1n length with BF, €D, {x 13
o that BC 18 also commensurable m length with the remawmnder D, X 13
therefore the square on BC 13 greater than the square on A by the square o8 8
straight bine commensurable with B¢

Neat let the square on BC be greater than the square on 4 by the square 08
a straight hine commensurable with BC,
let o parallelugrar be apphed to BC equal 1o the fourth past of the square 0
A ang deficient by a square figure and let 1t be the rectangle BD, DC

115 to be proved that BD is commensurable m length with DC

Visth the same construction we can prove sundlarly that the square ob 8
15 greater than the square on A by the square on FD

But the square on BC 15 grester than the square on A by the square 02 2
straight hne commensurable with BC

Therefare BC 1s commensurable m length wth FD,

s that, BC 1 also commensurable i length with the temmnder, the suo of
BF DC o 19
But the sum of BF D ts commensurable with DC, Ix ,E,]
s0 that BC 15 also commensurable s Jength with CD, x 1

and therefore separands, BD 13 commensurable tn length with D€ [X l
Therefore ete QED

ProrosiTion 18

1f theve be tuwo unequal straght bnes and to the greater there be apphed @ ?“mllﬂ;
ogram equal to the fourth pari of the square on the less and deficient by @ aqutr
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figure, and 1f 1f dunde 1t tnfo parts which are tncommensurable, the square on the
greater wnll be greater than the square on the less by the square on a straaght hine
wncommensurable wath the greater
And, of the square on the greater be greater than the square on the less by the square
on a strarght hine tncommensiurable wnih the greater, and 1f there be applied to the
greatera parallelogram equal lo the fourth pa:l of the square on the less and deficient

T X

¢ Let this be the rectangle BD, DC, {ef Lemma beforex 17}
and let BD be incommensurable in length with DC,
N A I say that the squarc on BC 15 greater than the square on 4 by
the square on o straight hine incommensurable with BC

> For, with the same construction as before, we can prove sum-
larly that the square on BC 1s greater than the square on A by
¢ the square on FD

—_Jtistobe proved that BC 1s mcommensurable in length with DF
Stnce BD 1s ncommensurable 10 length with D¢,
therefore BC 1s also meommensurable m length with CD Ix 18}
But DC 12 commensurable with the sum of BF, DC, 6
th (1 also ble with the sum of BF, DC, x 13}
50 that BC 13 also incommensurable m length with the remainder FD [x 16]
And the square on BC 1s greater than the square on 4 by the square on FD,
therefore the square on BC 13 greater than the square on A by the square on a
straight bne incommensyrable with BC
Agan, let the square on BC be greater than the square on 4 by the square on
Pt S M1 Gk DAY ned 1 ¢ thown b annd ad 60 R

1t 1s to be proved that BD 1s incommensurable in length with DC
For, with the same construction, we can prove sipularly that the square on
BC 13 greater than the square on 4 by the square on FD
But the square on BC 15 greater than the square on A by the square on &
straight Iing incommensurable with BC,
therefore BC 13 incommensurable mn length with #D,

50 that BC 1s also ble with the der, the sum of BF, DC
ix 18)
But the sum of BI', DC 15 commensurable m Jength with DC, [x 6]

therefore BC 15 also incommensurable in length with DC,  [x 13]
80 that, separando, BD 15 also mcommensurable m length with DC [x 16]
Therefore ete QEDP

Lesaa

Since 1t has been proved that straight ines commensurable i length are al-
Ways commensurable 1n square also while those commensurable 1n square are
not always commensurable 1n length also, but can of course be erther com-
mensurable or incommensurable mn length, 1t 1s mamfest that, if any straight
Line be commensurable 1 length wath 2 given rational straight bne, 1t 19 ealled
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rational and commensurable with the other not only m length but 1n square
also, since straight Lines commensurable 1n length are always comnmensurable
1n square also

. PR

ProrostrioN 19
The reclangle contarned by ratwonal straght hines commensurable wn lenglh 15
rational
For let the rectangle AC be contaned by the rational strarght bines AB, BC
commensurable 1 length; N

1 say that AC 13 rational b
For on AB let the square AD be described,
therefore AD 18 rahonal [x Def 4] c

And, since AB 1s commensurable 1n length with BC,
while AB 15 equal to BD,
therefore BD 1s commensurable m length with BC

And, as BD 1s to BC, so1s DA to AC. vi1]
Therefore DA 18 commensurable with AC x 1] A 3
But DA 1s rational,

therefore AC 15 also rational [x. Def 4)
Therefore etc Q.B P

Prorostriov 20

If a rational area be applicd to a rational straight line, of produces a2 breadth a
straight hine rational and commensyrable wn length wath the siraight line fo which
1t w8 applied
For let the rational ares, AC be applied to AB, a straight line once ™ot
rational in any of the aferaca A=~ ~od = ma 1 0 T
I say that BC1s ratio
For on AB let

therefure s 18 18tt0naL 1% Def 4)
But AC 15 also rational,
therefore DA 15 commensurable with 4C d
And, as D4 15 t0 AC, 5015 DB to BC w1
hnaf —n T L3 . - Tx 1)
But A 1s rational, c

therefore BC 15 also rational and commensurable 1 length with 4B.
Therefore ete Q
Prorositrov 21
The rectangle contarned by rational straaght lines commensurable in square ””;y
18 srrational, and the side of the square equal fo ot 15 trrational Let the latter
called medial
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For let the rectangle AC be contained by the rational straght ines AB, BC
- 1 v

b For on AB let the square AD be desenibed,
thercfore AD 1s rational {x Def 4]
B » And, since AB 1s incommensurable 1n length mith BC,

for by hypothesis they are commensurable 1n square only,
while AB 18 equal to BD,
therefore DB 1s also incommensurable 1n length with BC
¢ And as DB1sto BC, 5018 AD to AC, *vr 1)
therefore DA 1s incommensurable with AC [x 1]
But DA 15 rational,
therefore AC 13 irrational,

50 that the side of the square equal to AC 18 also irrational Ix Def 4]
And let the latter be called medial QED
Leaaa

If there be two straight lines, then, as the first 15 to the second, so 1s the
square on the first to the rectangle contamed by the two straight lines
E Let FE, EG be two straight lines
1 say that, as FE 1s to EG, so 1s the square on
FE to the rectangle FE, EG
Tor on FE let the square DF be described,
and let GD be completed

Stnce then, as FE 1s to EG, s01s FD to DG, vt 1t
and FD 1s the square on FE,
MAMALL - 4o mm ona . . —
therefore
Sumla '
18to FD, s013 GE to EF QED

ProrosrrionN 22

The square on a medsal straight hine, 1f applied to a rational strarght e, produces

as breadth a straight line rational and tnecommensurable 1n length wnth that fo which
13 applied

8 Let A be medial and CB rational,
and let o rectangular area BD equal to the
square on A be apphed to BC, producing CD as
G breadth,
T w

P P

equal to a rectangular area contaned by ra-
o 13 3 tional straight hnes commensurable 1n square
only x 211
Let the square on 1t be equal to GF
But the square on 1t 18 nlso equal to BD,
therefore BD 1s equal to GF /
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But 1t 15 also equiangular math1t,
and 1n equal and equiangular parallelograms the sides about the equal angles
are reciprocally proportional, iy
therefore, proportionally, as BC 1s to EG, so 15 EF to [#3]
Therefore also as the square on BC 1s to the square on EG, so1s the square
on EF to the square on CD 2y
But the square on €' 1s commensurable with the square on EG, for eathof
these strught lines 1s rational,
therefore the square on EF 13 also commensurable with the square on ?Dm
x
But the square on EF 1s rational,
therefore the square or CD 13 2lso rational, Ix Def 4
therefore CD 1s rational
And since EF 1s incommensurable in length with EG,
for they are commensurable 1n square only,
and a3 EF1sto EG so1s the square on EF to the rectangle FE, EG, [Lerums)
therefore the square on EF 15 meommensurable with the rectangle FE, %'G
X

But the square on CD 15 commensurable with the square on EF, for the
straight lines are rational 1n square,
and the rectangle DC, CB1s ble with the rectangle FE, EG for
they are equal to the square on A,
therefore the square on CD 15 also ble with the le DO
CB x 13
But, as the square on CD 15 to the rectangle DC, CB, so1s DC to €5,
[Lemms}
therefore DC 15 1ncommensurable m length with CB fx 1l
Therefore CD 1s rational and incommensurable 1n length with CB
Q

Prorosition 23
A straight ine commensurable with a medial straight line 15 medial
Let A be medtal and let B be commensurable with A,
1 say that B1s also medial
For let a rational straight line CD be set out
and to CD let the rectangular area CE equal to the 2 -
square on 4 be appled, producing ED as breadth, £
therefore ED 13 rational and ncommensurable
length with €D {x 22)
And let the rectangnlar area.CF equak to the snjuare
on B be applied to CD producing DF as breadth
Since, then A4 1s commensurable with B,
the square on A 1s 2o commensurable with the 7 F
square on B £
But EC 13 equal to the square on 4,
and CF 1s equal to the square on B,
therefore EC 15 commensurable with CF 1
And, 28 EC 15 to CF so13 ED to D, i
therefore £D 1s commensurable 1n length with DF =
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But ED 13 rationel and 1ncoramensurable 1n length with DC,
therefore DF 15 also rational [x Def 3] and incommensurable 1n length with
DC [x 13]

m & omonp [ R G R S TP )

therefore the mde of the square equal to the rectangle €D, DF 1s medial

And B 1s the side of the squhre equal to the rectangle CD, DF,

e therefore B 1s medial QED
! Portsu From thisit s fest that an area le with a medial
ares 15 medial Wy

TAnd 1n the same way as was explained n the case of rationals {Lemma
followmng x 18] 1t follows, as regards medials, that a straight line commensur-
able 1n length with a medial straight line 14 called medial and commensurable
T P - Voo

called, 1 this casé too, medial and commensurable 1n length and m square,
but, if 1n square only, they are called medial straight hines commensurable m
square only ]

Prorosriron 24
mo. v E3] v Al

I say that AC 1s medial
For on AB let the square AD be descnibed,
therefore AD 1s medral
And, since 4B 18 commensurable 1 length with BC,
A s while 4B 13 equal to BD
therefore DB 13 also commensurable in length with BC,
so that DA 1s also commensurable with AC [vr 1 x 11]
b But DA 15 medaal,
therefore AC 1s also medial [x 23, Por]
QED
Prorosrtiov 25
The rectangle contarned by medial straight lines commensurable n square only ts
esther rational or medial
‘For let the rectangle AC be contained by the medial straight lines AB, BC
Wiieh are commensurable 1 square only,
I say that AC 1s erther rational or medial
Tor on AR, BC let the squarcs AD, BE be described,
therefore each of the squares AD, BE 1s medial
Let a rattonal straght lme FQ be set out
to FG let there be apphed the rectangular parallelogram GH equal to AD, pro-
ducing FH as breadth
to HAL let there be apphed the rectangular parallelogram MA equal to AC,
producing HK as breadth,
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and further to KN let there be sumlarly apphed NL equal to BE, producing
KL as breadth,
therefore FH, HK, KL are m a straight hne
Since then exch of tue squares AD, BE
18 medial, M
and AP 13 equal to GH, and BE to NL,
therefore each of the rectangles GH, NL 1s

also medial 5
And they are apphed to the rational
straght hwe FG, oo l
o H e
:
And mnce AD is commensurable with BE,
hexefore GH 1s also ble with NL
And as GH is to NL, so1s T'H to KL, fr1 1)
therefore FH 1s commensurable w length with KL fx ul
Therefore FH, KL are rational straight hines commensurable in length,
therefore the rectangle FH, KL 1s rational {x 19

And, smce DB 1s equal to B4, aed OB to BC,
therefore as DB 1s to BC, 5015 AB to BO
But, as DB s to BC, so1s DA to 4¢, v 1l
and a8 AB 18 to BO, 5015 AC to CO, fid]
therefore, as D4 15 to AC, 5015 AC to CO
But AD 1s equal to GH 4C to MK and CO to NL,
therefore a3 GH 18 to MK, so1s MK to NL,
therefore slso as FH 1s to HK, so1s BK to KL, [vi 1, v 11
therefore the rectangle FH, KL 1s equal to the sqnare on HK fvs 17}
But the rectangle FH, KL 15 rational,
therefore the square on K 15 also rational
Therefore KA 1s rational
And if 1t 53 commensurable wm length with FG,
HN 13 rattonal, x 19
but f tt 35 tncommensurable i length with FG,
KN HM are rational straight incs commensurable 1 square only, and thert
fore HN 15 medial ix 2t
‘Therefore #N 1s either rational or medsal
But HM 13 equal to AC,
therefore AC 15 erther rational or medsal
“Therefore etc azp

ProrosirioN 26

A medial area does not exceed @ medial area by a ratione? erea

For, tf possible, Iet the medial area A B exceed the medal area AC by the
ratwonal area DB,

and let a rational straght hoe EF be set out,
to EF let there be applied the rectangular pasallelogram I equal to AB, pro
dueng EH as breadth,
and let the rectangle F@ cqual to AC be subtracted,
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therefore the remainder BD 15 equal to the remainder KH
But DB 1s rational,

A [2 3 fore JLH 1s also rational
Sinee, then each of the rectangles AB,
AC 15 medial,

and AB 15 equal to FH, and AC to FG,
therefore each of the rectangles I'H, FG s

s G

also medial
W And they are appled to the rational
straight ine EF,
therefore each of the straight ines HE, EG1s rational and incommensurable in
length with EF {x 22]

And since [DB 13 rational and 18 equal to KH,
therefore] KH 15 [also] rational,
and it 13 applied to the rational straight hine EF,
therefore GH 3s rational and commensurable i length with LF x 20
But EG 1s also rational, and 1s incommensurable 1n length with EF,
herefore EG 18 ble 1n length with GH {x 13]
And as EG1s to GH, 50 15 the square on EG to the rectangle EG GH,
therefore the square on EG 1s ble with the EG,
x 1]
But the squares on EG, GH are commensurable with the square on EG, for
both are rational,

and twice the rectangle EG, GH 13 ble with the le EG, GH,
for 1t 1s double of 1t, [x 6]
therefore the squares on LG, GH are mncommensurable with twice the rec-
tangle EG, GH, {x 13}

therefore also the sum of the squares on EG, GH and twice the rectangle EG,
GH, that 15, the square on EH [11 4]1s mcommensumble with the squares on
EG 6H [x 16]

But the squares on EG, GH are rational,

therefore the square on EH 1s irrational [x Def 4]
Therefore EH 1 1rrational
But 1t 15 also ratronal
which 13 impossible
Therefore ete QED

ProrosiTioN 27

To find medsal straight lines commensurable in square only which contan
a rational rectangle
Let tworational straight lines A, Becommensurable in square
p only beset out,
¢ let € be taken 2 mean proportional between 4, B, [v1 13]
and let 1t be contnved that,
A 8 as A1sto B, so1sCtoD [vr 12}
Then since A, B are rational and commensurable n
’ square only,

the rectangle 4, B, that 1s the square on C

[v1 17} 1s medial [x 21)
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Therefore € 13 medial xa
. n ~son
ix 1
And € 11 medual,
therefore I 1s nlso medial Ix 23 adhtion}

Therefore € I are medial snd commensurable 1w sqrare only

1 say that they also contn o rational rectangle

Forsmee as A 1sto B so1sC to D,

therefore alternately ss AstoC soisBto D [
But as disteC s0sCto B,
therefore slso n3 Cisto B sos B o B,
therefore the rectangle € D s equal to the square on B
Bat the square on B 13 ratronal,
therefore the rectangle € D s also rationat

Therefore medial straght hnes eommensurable in square only have been

found which contan a rationaf rectangle QED
Paorosyriov 28

To find smedia! strarght Lineseommensorable tn square only which contarn g medinl
rectangle

Yt the ratonal straight Iines 4 B € commensurable 1 squate only be seb
out,

let D be taken a mean proportional between 4, B fv1 13}
and let 1t be contnved that
asBistoC,s01s Dto B w1
. Since 4 B are‘_rntlona\ strmpght
) 1
thereforo the rectangle 4 B that & Do
1 thesquare on D {v1 17) wmeds ¢ E e
al (x 21}
Therefore D 1s meduat x 2

And sinee B € are commensurable i square only,
and as BwstoC sowDto B
therefore D E are also commensurable in square only A4
But D 15 medial
therefore B 18 alse medial x 23 addstron}
"Therefore I} E are medial strmght hines commensurable 1 square only
1 say mext that they also contmn o medeal reotangle
Forsinee as Bisto C sos Jio &
therefore alternately as BistoD so13Cto B tv 3
But psBustoD sowwDta A
therefore alsg as D1sto A sonwCto &
therefore the rectangle 4 € 19 equal to the rectanglo D, L v1 18]
But the rectangie 4 1o medial {x 21
therefore the rectangle D F 15 also medint
Therefore medial straight hines commensurable m square onh have beeo
found whuch contun a medial rectanglc QFE
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Leasa 1
To find iwo square numbers such that thewr sum 13 also square
Let two numbers 4B, BC be set out, and let them be erther both even or
both odd
‘Then since, whether an even number 1s sub-~

—
A o € ® iracted from an even number, o an odd number
from an odd number, the remainder 1s even, [x 24, 26]
therefore the remainder AC 1s even
Let AC be bisected at D

Let AB, BC also be either simuler plape numbers, or square numbers which
are themselves also smular plane numbers

Now the produgt of 4B, BC together with the square on €D 13 equal to the
square on BD [t 6]

And the product of A B, BC is square, tnasmuch ag 1t wag proved that, if fwo
simular plane pumbers by muliiplying one anotber make some number, the
product 18 square x 1]

‘Therefore two square aumbers, the product of 4B, BC, and the square on
CD, have been found whieb, when added together, make the square on BD

And 1t 15 mamfest that two square pumbers, the square on BD and the
square on CD, have agun been found such that their difference, the product
of AB, BC, 18 a square, whenever AB, BC are sumlar plane numbers

‘But when they are not similar plane numbers iwo square numbers the
square on BD and the square on DC, have been found such that their differ-
ence, the product of 4B, BC, 15 not square QED

Lessa 2

To find two square numbers such that therr sum 1s not square
For let the product of AB, BC, as we said, be square,
and CA even,
and let CA be isected by D
It 13 then manifest that the square pro-
—_— &, duct of 4B, BC together mth the square
A G HD F < B on CDisequal to the square on BD
(See Lemma 1]
Let the umt DE be subtracted,
therefore the product of AB, BC together with the square on CE 13 less than
the square on BD
I say then that the square product of AB, BC together with the square on
CE vl not be squere
For, 1f 1t 1s square 1t 1s either equal to the square on BE, or less than the
square on BE, byt eannot any more be greater, lest the umit be divided
First 1f possible, let the product of A B, BC together with the square on CE
be equal to the square on BE
and let G4 be double of the umt DE
Since then the whole AC 1s double of the whole CD,
and 1n them AG 15 double of DE,
therefore the remander GC is als0 double of the remainder EC,
therefore GC 1s isected by E
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‘Therefore the product of GB, B together with the square on (L1 equal to
the square on BE it 6}

But the product of 4B, BC togcther with the square on CE 13 also, by hy
pothesis equal to the square on BE,
therefore the product of GB BC together with the square on CE 1s equal to the
product of AB, BC together with the square on CE

And 1f the common square on CE be subtracted,

1t follows that AR 1s equal to GB
which 15 absurd

Therefore the product of AB, BC together with the square on CE 1s not
equal to the square on BE

I say next that netther 15 1t less than the square on BE

For, 1if possible let 1t be equal to the square on BF,

and let H4 be double of DF
Now 1t will again follow that H(C 1s double of CF,
50 that CH has also been bisected at F

and for this reason the product of HB, BC together with the square on FC1s
equal to the square on BI" [ 6]

But by hypotheas the product of AB BC together with the square on CE
18 also equal to the square on BF

Thus the product of HB BC together with the square on CF will also be
equal to the product of 48, BC together with the square on CE

which 1s absurd

Therefore the product of AB BC together with the square on CE 1s not less
than the square on BE

And 1t was proved that neither 1s 1t equal to the square on BE

Therefore the praduct of AB, BC together with the sguare on CF 1s not
square QED

Prorostriov 29

To find two rational straight lines commensurable 1n square only and such that the
square on the greater 15 greaicr than the square on the less by the square on a straight

fine commensurable 1 length with the greater
T ol ean .1 - ' ‘- aum
nall

and let 1t be contnved that
as DC1s to CE s01s the square on BA to the square on AF fx 6 Por)
Let #B be jomed
Since as the square on B4 18 to the square on AF F
s01s DC to CE
therefore the square on BA has to the square on AF
the ratio which the number DC has to the number

CcL,
therefore the square on BA 13 commensurable with

[}
D)
the square on AF fx 6) I £ 0
But the square on AB s rational [x Def 4]
therefore the square on AF 1s also rational, &3

therefore AF 13 also rational
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And, since DC has not to CE the ratio which a square number has to a
square number,
neither has the square on BA to the square on AF the ratio which a square
number has to a square number,
therefore AB 1s incommensurable 1n length with AF fx 9]
Therefore BA, AF are rational strarght hnes commensurable in square only
And since, as DC 1s to CE, so 15 the square on B4 to the square on 4F,
therefore, contertendo, as CD 18 to DE, s0 1s the square on 4 B to the square on
BF [v 19, Por, 11t 31,1 47]
But CD has to DE the ratio which a square number has to a square number
therefore also the square on AB has to the square on BF the ratio which a
square number has to a square number,
therefore AB 15 commensurable 1n length with BF, [x 9]
And the square on AB 1s equal to the squares on AF, FB;
therefore the square on A B 1s greater than the square on AF by the square on
BF commensurable with AB
Therefore there have been found two rational straight hnes B4, AF com-
mensurable 1n square only and such that the square on the greater AB 13
greater than the square on the less AF by the square on BF commensurable m
length with AB QED

ProrosiTiON 30

To find tiwo rational straight lines commensurable an square only and such that the
square on the greater 13 greater than the square on the less by the square on  strawght
line encommensurable 1n length with the greater
Let there be set out a rational straight line AB,
and two square numbers CE, ED such that their
[3 sum CD 13 not square, [Lemma 2]
let there be described on A B the semicircle AFB,
let 1t be contrived that,
as DC s to CE, so 18 the square on BA to the
square on AF [x 6, Por]
and let FB be joined
Then, 1n 2 similar manner to the preceding,
3 E D we can prove that BA, AF are rational straight
Iimes commensurable 1n square only
And since, a3 DC 1s to CE, so 1s the square on BA to the square on AF,
therefore, coniertendo, as CD 1s to DE, so1s the square on A B to the square on
BF [v 18, Por, 1 31,1 47]
But CD has not to DE the ratio which a square number has to a square
number,
therefore neither has the square on AB to the square on BF the ratio which 2
square number has to a square number,
aor enm
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Prarvostrian 31

Fo find twd medinl sirarght lives commenc: = v 1
rational reclangle, end = =7
on the less by the squa
Let there be set « , « ommensurable 1
square only and such on 41, Bemg the greater,
1s greater than the squaze on B the less by the square on o
< e ik A {x 29}
1 the rectangle 4, B
N fx 213
therefore the square on C 15 also medsal,
therefore € 15 also medial {x 20
Let the rectangle €', D be equal to the square on B A 8C D

Now the square on B 1s rational
therefore the rectangle €, D 1s also rational
And wince, as 4 15 to B, so 15 the rectangle 4, B to the square on B,
whtle the square on C 13 equal to the rectangle 4, B,
and the rectangle C, D s equal to the syuare on B,
therefare as A is to B so 1 the square on § to the rectangle €, D
But, as the square on € 13 to the rectangle € D, so1s C to D,
therefore alse as A sto B saisCto D
But 4 15 commensurable with B in squeare only,
C1s also ble mth Dn square only X 1
And C 13 medial,

therefore D 1s also medial ix 23, addation}

And since as 4 ssto B,soisCto D
and the square on A 15 greater than the square on & by the square on 3 strasght
hue cammensurible with 4,
therefore 10 the square on ' 1s greater than the square on D by the square 02
o straight line commensurable with € x u

Therefore two medial straight hnes €, D commensurable sn square only and
contawng a rattonal reetungle have been fonnd and the square on U1 grenter
‘h?}!i g‘e square on 2 by the square on a stratght hoe commensurable i length
s

Simaarly also 1t can be proved that the square on € exceeds the square 08
D by the square on 4 strasght line ihcommensurable with €, when the squet
on A 19 greater than the square an B by the square on a straight hine ween
mensurable with A4 fx 30

Trorositioy 32

To find two medral strazght hmes commensurable wm square only contarming &
merdial rectangle and such that the square on the greafer 13 greater than the squbT®
on the less by the square on o straight hine commensurable unth the greoter
Let there be set out three rational strarght hnes 4, B, € commensurable 12
square only and such thet the square on 4 15 greater than the square ot Obe
the square on a straght bne commensurable with 4, fx 24
and let the square on 7 be equal to the wetangle 4, B
Therefore the square on D s medial
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therefore D 13 also medial x 211
Let the rectangle D, E be equal to the rectangle B, C
a ‘Then since, as the rectangle 4,
o Bs to the rectangle B, €, 80 15 4
B. to C,
¢ E. ¢ while the square on D 1s equal to

\ i 1 ' the rectangle 4, B,

and the rectangle D, E 13 equal to the rectangle B, C,

thercfore, as 4 1s to C, so 15 the square on D to the rectaugle D, E
But, as the square on D 1s to the rectangle D, E, so1s D to E,
therefore also, as A 15to €, s01s D to E '
But 4 18 commensumble with C 1n square only,
Dis also ble with E 1n square only  [x 11]

But D 13 medial,

therefore E 18 also medial [x 23, addition]
And, since, as A 18 to C, 5018 D to B,
while the square on 4 15 greater than the square on C by the square on &
strarght line commensurable with 4,
therefore also the square on D will be greater than the square on E by the
square on a straight line commensurable with D x 14
1 say next that the rectangle D, F 1s also medial
For, since the rectangle B, C1s equal to the rectangle D, E, while the rectan-
gle B, C 15 medial [x 211

the greater 15 greater than the square on the less by the square on 2 straight
e commensurable with the greater

Similarly again 1t can be proved that the square on D 15 greater than the
square on E by the square on a straight line incommensurable with D, nhen
the square on A 1s greater than the square on G by the square on a straight ine
incommensurable with A Ix 30

Leanaa
Let ABC be a nght-angled trnangle having the angle A nght, and let the
Perpendicular AD be drawn,
A 1 say that the rectangle CB, BD 1s equal to the
square on BA,
the rectangle BC, CD equal to the square on C4,
the rectangle BD, DC equal to the square on 4D,
) and further, the rectangle BC, AD equal to the
¢ rectangle B4, A
And first that the rectangle CB, BD 1s equal to the square on BA
For, since in a right-angled triangle AD has been drawn from the nght angle
Perpendicular to the base,
therefore the tnangles ABD ADC are similar both to the whole ABC and to

one another fvr 8]
And since the tnangle A BC 1s sumilar to the tnangle ABD, therefore as CB
1sto B4, s01s BA to BD, tvr 4]

v
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therefore the rectangle CB, BD 1s equal to the square on AB [v1 13]
Tor the same reason the rectangle BC, CD 1s also equal to the square on AC
And since, if 1n a nght-1ngled trangle a perpendicular be drawn from the

nght angle to the base, the perpendicular so drawn 15 2 mean proportional be-

tween the segments of the base, I¥t 8 Por}
therefore, as BD1s to DA, so 18 AD to DC,
therefore the rectangle BD, DC 1s equal to the square on AD [QRY!

I say that the rectangle BC, AD 1s al<o equal to the rectangle Bd, AC
For since, as we said, ABC 18 stmilar to ABD,

therefore, as BC 18 to CA, so1s BA to AD [vr 4]
Therefore the rectangle BC, AD 1s equal to the rectangle BA, AC  [v1 16]
QED

Prorosition 33

To find two straight lines tncommensurable 1n square which make the sum of the
squares on them rational but the rectangle contained by them medial
Let there be set out two rational straight Iines 45 BC commen-urable 1n
square only and such that the square on
the greater A B 1s greater than the square
on the less BC by the square on a straight 3
line incommensurable with AB,  [x 30}
let BC be bisected at D,
let there be apphed to AB a parallelogram 4 Eg O €
equal to the square on either of the
straight lines BD, DC and deficient by a square figure, and let 1t be the rec-
tangle AE, EB, [v1 28]
let the semicircle AFB be desenbed on AB,
let EF be drawn at nght angles to AB,
and let AF, FB be jomned
Then <ince 4B, BC are unequal straight lines,
and the square on AB 1s greater than the square on BC by the square on 3
straight hine incommensurable with 4B,
while there has been applied to AB a parallelogram equal to the fourth part of
the square on BC, that1s to the square on half of 1t and deficient by a square
figure making the rectangle AE, EB,
therefore AE 1s ncommensurable with EB [x 18]
And, s AE1s ta EB, s0 1s the rectangle BA, AE to the rectangle AB, BE,
while the rectangle B4, AE 1s equal to the square on AF,
and the rectangle AB, BE to the square on BF,
therefare the sopare an AF 18 meommensurable wih, the sopare an FB,
therefore AF, FB are incommensurable in square
And, since 4B 1s rational,
therefore the square on AB 15 also rational, -
so that the sum of the squares on AF, FB 13 also rational [r 471
And since agan, the rectangle AE EB 1s equal to the square on I'F,
and, by hypothests, the rectangle AE EB 1s also equal to the square on BD
therefore FE 1s equal to BD,
therefore BC 1s double of FE,
so that the rectangle AB, BC1salso ble wath the le AB,EF
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But the rectangle AB, BC is medial, i Ix 21
therefore the rectangle AB, LF 1s also medial fx 23, Por]
But the rectangle AB, EF 15 equal to the rectangle AF, FB, {Lemma}

therefore the rectangle AF, FB 15 al<c medial
But 1t was also proved that the sum of the squares on these straight knes s
rattonal
Therefore two straight nes AF, FB incommensutrable m square have been
found which make the sum of the squares on them rational, but the rectangle
contained by them medial QED

Prorosrrion 31

To find two straight lings tncommensurable 1n square whick make the sum of the

squares on them medral bul the rectangle cantained by them rational
Let there be set out two medial straght hines AB, BC, commensurable 1n
square only, such that the rectangle which they contain is rational, and the
square on A8 1s greater than the square on BC by the square on a strasght line
meommensurable with AB, [x 31, ad fin)
let the sermcircle ADB be described

o on ',
let BC be bisected at E,
Jet there be applied to A B a parallelo-
pram equal to the square on BE and
Iy FE ¢ deficient by a square figure, namely
the rectangle AF, FB, [vr 28]
therefore AF 1s incommensurable :n length with #B (x 18]

Let I'D be drawn from F at nght angles ta 4B,
and let 4D, DB be jomned
Sice AF 15 incommensurable 1n length with FB
therefore the rectangle BA, AF 1s also ble with the rectangl
4B, BF {x.11]
But the rectangle Bd, AF 1s equal to the square on AD, and the rectangle
AB, BF to the square on DB,
therefore the square on AD 18 also incommensurable with the square on DB
And, since the square on AB 15 medsal,
therefore the sum of the squares on 4D, DB 1s also medial [ 31,1 47]
And, since BC 1s double of DF,
therofore the reetangle AB, BC 18 also double of the rectangle 4B, FD
But the rectangle 4B, BC 1s rational,

therefore the rectangle AB, FD 1s also rational [x 6
But the rectangle AB, FD 15 equal to the rectangle AD, DB, [Lemma)
contamed by them rational Q@ED

Prorostriov 35
To find two sirarght lines incommensurable in square which make the sum of the
sgquares on them medial and the rectangle contained by them medial and moreoter
eommensurable with the sum of the squares on them
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able mith 4B, [x 32,0dfin]
let the semicircle ADB be described on 4B,
and let the rest of the construction be as above
Then, since AF 13 incommensur-
able 1n length with FB, [x 18}
AD s alsoincommensurable in square
with DB x 11 D
And, since the square on AB 1s
medsal,
therefore the sum of the squares on A Fg E C
AD, DB1salsomedial [ 31,1 47]
And, since the rectangle AF, FB1s equal to the square on each of the straight
lines BE, DF,
therefore BE 1s equal to DF; 1
therefore BC 15 double of FD, _
50 that the tectangle AB, BC 1s also double of the rectangle AB, FD
But the rectangle AB, BC 18 medual, ~
therefore the rectangle 4B, FD 13 also medal [x.32, Por)
And 1t 15 equal to the rectangle AD, DB, {Lemma after X 32
therefore the rectangle 4D, DB 1s also medial
And, since AB 1s incommensurable in length wath BC,
while CB 18 commensurable with BE,

therefore AB 15 also mcommensurable In length with BE,  [x 13]

so that the square on A B1s al<o ble with the le AB, BE]
fx 1

But the squares on 4D, DB are equal to the square on 4B, it 47

and the rectangle AB, FD, that 1s, the rectangle AD, DB, 15 equal to the rec-
tangle AB BL,
therefore the sum of the squares on AD, DF 1s incommensurable with the rec-
tangle AD, DR

Therefore two straight lines A D, DB mcommensurable tn square have been
foand which make the sum of the squares on them med:al and the rectangle
contamed by them medral and moreover mecommensurable with the sum of the
squares on them QED

Prorosrrion 36
If tiwo rational straght lines commensurable 1n square only be added together,
whole 15 wrrational, and let 1t be called binormal
For let two rational strarght lines A B, BC commensurable in square only be
added together,
I say that the whole AC 1s irrational
For, since AB 1s incommensurable in length with A—’_—“é—”ac
BC-—for they are commensurable 1 square only —
and, as AB 1s to BC, so 1s the rectangle AB, BC to the square on BC)
therefore therectangle A B, BC1sincommensurable with the square
onBC fent
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But twice the rectangle 4B, BC 18 hle with the le AB,
BC{x 6), and the squares on AB, BC are commensurable with the square on
BC—for AB, BC are rational straight lines commensurable in square only—

[x 15]
therefore twice the rectangle AB, BC 1s incommensurable with the squares on
AB, BC

And, ram wamard ¢
AB, BC
the squa 18]
fx Def 4]
¢ u vu venonat QED

Prorostrion 37

If two medial strarght lings commensurable 1n. square only and conlaimng a ra-
honal reclangle be added together, the whole 13 wrratonal, and let of be called o first
bimediel straight Line
For let two medsal straight hines AB, BC commensurable 1n square only and
containing a rational rectangle be added together,
I say that the whole AC 1s irrational

N S For, since AB 13 meommepsurable m
length with BC,

therefore the squares on AB, BC are also incommensurable with twice the rec-

tangle 4B, B fef < 36, 11 9~20]

and, mmptmendo, the squares on AB, BC together with twice the rectangle
4B, BC, that 18 the square on AC {tr 4], 1s incommensurable with the rec-
tsngle AB, BC Ix 1B)
But the rectangle AB, BC1srational for, by hypothesis 4 B, BC are straght
Iines containing a rational vectangle,
therefore the square on AC 13 irrational,

therefore 4C 18 1rrational {x Def 4]
And let 3t be called 2 first bemedial straight e QE D
ProposiTioN 38

If two medhal strarght lines commensurable 1n sqmzrc on!y and contarning & mrdml
g"—"a"gk be added together, the whole 13 rrrat rm~?
uned o1+

e acvealipte e added to-
——— gether,
D H 1 say that AC 1srrationsl
For let 2 rational straght hine DE be set
out and let the parallelogram DF equal to
the square on AC be apphied to DE, produc-

g DG asbreadth {r 44
£ Thep emon st ! equal to
the an g fir 4]

, e
v
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therefore the remamnder HF 15 equal to twice the rectangle AB, BC
And, since cach of the straight hnes AB, BC 1s medaal,
therefore the squares on A B, BC are also medial
But, by hypothess, tnice the rectangle AB, BC1s also medial
And EH 15 equal to the squares on AB, BC,
while FH 1s equal to twice the rectangle AB, BC,
a e e Pt

1 length with DE x 2
Stnce then 4B 13 mcommensurable 1n length with BC,
and, as AB 1s to BC, so 15 the square on AB to the rectangle AB, BC,
le AB,

therefore the square on AB 15 ble with the BC']

a1

But the sum of the squares on 4 B, BC 1s commensurable with the square ol;

5 [x 15

and ¢wice the le AB, BC'1s ble with the rectangle A8, BCl

[x 6

Therefore the sum of the squares on AB, BC 15 incommensurable with twice

the rectangle 4B, BC Ix 13
But EH ' -

‘Therefor

so that DH 18 also mcommensurable 1n length with HG [vr 1,x 1
‘Therefore DH, HG are rational straight lines commensurable in square only,
5o that DG 1s irrational Ix 30
But DI 1s rational,
and the rectangle contained by an irrational and a rational straght hoe s 1
rational, fof x 20
therefore the area DF 1s irrational,
and the side of the square equal to 1t 1s rrational  [x Def 4]
But AC 15 the stde of the square equal to DF,
therefore AC 15 1rrational
And let 1t be called a second bumedial straight line Q@ ED

Prorostriov 39

If tuo straght lines ancommensurable 1n square which make the sum of the squares
on them ratronal but the rectangle conlained by them medial, be added together, the
whole straight line 13 vrrational and let ot be called major
Cor let two strasght lines A B, BC incommensurable in square and fulfilhng
the given conditrons (x 33}, be added together,
I eay that AC 18 1rrational ,{—"-“E""G
For, aince the rectangle AB, BC 1s medial
twice the rectangle AB, BC 1s also medral {x Gand 23, ror}
But the sum of the squares on AB, BC 1s rational,
therefore twice the rectangle A B, BC 1s incommensurable with the sum of the
squares on 45, BC
<o that the squares on AB, BC together with twice the rectangle 4B BC that
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15, the square on AC, 1s also incommensurable with the sum of the squares on

AB, BC, [x 16]
therefore the square on AC 18 rrrational,
so that AC 13 also wrrational [X Def 4]
And let 1t be called major QED

ProrosrrioN 40

If tuo siraaght lines incommensurable tn square which malke the sum of the squares

on them medial, but the reclangle contained by them rational, be added together, the

whole straight line 18 srrational, and lef ot be called the side of a rational plus a

medial area
F

A
For, since the sum of the squares on 4 B, BC 1s medial, while twce the rec-
tangle AB, BC 1s rational,
therefore the sum of the squares on AB, BC 1s incommensurable with twice the
rectangle 4B, BC,
? éhat the square on AC 1s also incommensurable with twice the rectangle AB,
[x 16]
But twice the rectangle AB, BC 1s rational,
therefore the square on AC 1s rrational
Therefore AC 18 1rrational [x Def 4}
And let 1t be called the side of a rafional plus a medial area QED

ProrostTion 41

If two straight lines tncommensurable 1n square which make the sum of the squares
on them medual, and the rectangle contained by them medial and elso tncommen-
surable wuth the sum of the squares on them, be added together, the whole strawght
Line 18 wrrational and let ot be called the side of the sum of two medial arens
For let two straight Lines AB, BC mcommensurable 1 square and satisfying
the grven conditions [x 35] be added together,
v 1 say that AC 18 1rrational
Let a rational straight ine DE be set out, and let there
be applied to DE the rectangle DF equal to the squares on
AB, BC, and the rectangle GH equal to twice the rec-
tangle AB, BC,
therefore the whole DH 1s equal to the squareon AC {11 4]
Now, since the sum of the squares on AB, BC1s medial,
and 1s equal to DF,
therefore DF 1s also medial
And 1t 18 applied to the rational straight hine DE,
therefore DG 15 rational and incommensurable 1n length
[} E with DE [x 22]
For the same reason GK 18 also rational and incommen
8 € gurable in length with GF, that1s DE
And, since the squares on AB, BC are incommensurable with twree the ree-
tangle AR, BC,

A

DF 15 incommensurable maith GH,



on EUCLID

0 that DG 1s also imncommensurable with 6K {v1 1, x 1Y)
And thav are ratonal,
therefore DG, GK are rationat straight lines commensurable 1a square only,
therefare DK 18 yrrational and what 15 called bmomual fx 78}
Buy, DE 18 rtiomal,
therefore DH 15 wrratronal, and the side of the square which 15 equal to 1110
rational [x Def 4
But AC ss the sade of the square equal to #D,
therefore AC 13 1rationnl
And let 1t be eailed the side of the sum of two medial areas QED

Leata
And that the aforesaid irational straght hnes are divided only t ove Wty
mto the straght tmes of which they are the swm and «hich produce the types
1 questien we will now prove after premusing the following lemma
Let the straight hne AB be set out, let the whole be cut mnto unequal parts
at each of the powats €, D,
and let AC be supposed greater than DB,

1 say thot the sguares on AC, CBaregreater 4 ek 3
than the squares on 4D, DB
For let A8 be basected at E

Then smee AC s greater than DB,
let DDC be subtracted from each,
therefore the remawmder 41 1s greater than the remamder CF
But AE 15 equal to B,
therefore DE s less than EC

therefore the ponts € D are not equudistant from the pant of hisection

And since the rectangle AC, CB together with the square on EC 15 equsl 10
the square on £B n 8
and further the rectangle AD, DE together with the square on DE 1s equal 0
the square on EB (14}

haw fnendl & 4 am oon - sequal to 1he
H

the};w;a the remander the rectangle AC, ©B, 1 also less than the rectangle
sg Bthat twice the rectangle 4G, CF 15 also less than twice the rectangle AD,

Therefore also the remamder the sum of the squares on AC, B, 15 gresle?
than the sum of the squares og AD DB qE?

Prorosrriow 42

A binomal straight ine 15 dieded nto us terms af one pownd only
Let AB be a Innonual straight lme dinided 1nto is terms at C,

therefore AC B are rational straight lines

coamensurable in square only A o <
Tsay that 48 1s not dimded at another pornt mto two rational straight bt

commensurable W square gnly

8
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For, if possible, let 1t be divided at D also so that AD, DB are also rattonal
straight lines commensurable 1n square only
It 13 then mamfest that AC 1s not the same with DB
For, 1f possible, let 1t be so 1
Then AD will also be the same as CB
and, as AC 18 to C'B, so will BD be to DA
thus AB will be dmdcd at D also 1n the same way as by the diviston at C
whch 1s contrary to the hypothesis 1
Therefore AC 1s not the same with DB
For this reason also the points C, D are not equidistant from the point of bt-
section
Therefore that by which the squares on AC, CB differ from the squares on
AD, DB 13 also that by which twice the rectangle AD, DB dhiffers from twice
the rectangle AC, CB,
because both the squares on AC, CB togetber with twice the rectangle AC,
CB, and the squares on AD, DB together with twice the rectangle AD, DB
are equal to the square on AB
But the squares on AC, CB duffer from thes squareson AD, DBby a mtxonal
area,
for both are rational,
therefore twice the rectangle AD, DB also differs from twice the rectangle AG,
CB by a rational area, though they are medual [x 21} I3
which 13 abstird, for a. medial area does not exceed a medial by a rational area
[x 261
Therefore o binomal straight line 1s not dinded at different points,
therefore 16 18 divided at one pont only QED |
ProrositioN 43 N i ! !
A first bumedial straght hinz 13 dimded at one pownt ohly
Let AB be n first bumedial straight line divided at €, so that AC, CB sxe
— o medialstraght hnes commensurnb]e m square
A o C B onlyand containmg 4 rational rectangle; [x 37]
1 say that AB 15 not so divided at another pomnt
For, 1f possible, let 1t be divided at D also, 80 that AD, DB are also medial
mlght lLines commensurable 1n square only and contaiming & rational rec
e
Since, then that by which twice the rectangle AD, DB differs from twice
the rectangle AC, OB 15 that by which the squares on AG, CB differ from the
squares on AD DB,
while twice the rectangle AD, DB differs from twice the rectangle AC, CB by
4 rafional arca—~for both are rationaf—
therefore the squarcs on AC CB also duffer from the squares on AD, DB by a
Tational area, though they are medial
which 18 absurd [x.26)
Therefore a first brnedial strarght line 1s not divided 1nto 1ts terms at differ-
ent ponts,
therefore 1t 13 so divided at one point only QED
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ProrosITION 44

4 second bunedial straxght line 15 ditrded at one pont only

Let AB be a second bimedial strarght line divided at C, so that AC, CBart
medial straight lines commensurable 1n square only and contmmng a medual
rectangle, ix 38
1t18 then manifest that € 1< not at the pownt of bisection, because the segments
are not commensurable 1n Jength

1 say that AB 1s not so divided at another point

A D_C B
M__H N
[ K

For, if possible, let 1t be divnded at D also so that AC 1s not the szme with
DB, but AC 1s supposed greater,
1618 then clear that the squares on 4D, DB are also, as we proted above [Lem-
ma], less than the squares on AC, CB,
and suppose that AD, DB are medial straight lines commensurable 10 square
only and contaimng a medsal rectangle

Now let a rational straight ine LF be set out,
let there be applied to EF the rectangular parallelogram EK equal to the
square on 4B,

aud lcl. = 14 g o~ -
therefore the rt . u 4
Agam let th - ° luch

were proved less than the squares on AC, CB [Lemma],
therefore the Tomamder MK 1s also equal to twice the rectangle AD DB
Now, since the squares on AC, CB are med:al
therefore EG 1s medial
Aud 1t ts applied to the rational strasght line EF,
therefore £H 15 rational and ir~ommensurable in length with ZF L]
For the same reason
HN 15 also rational and incommensurable 1 length with IF
Ard, since AC, CB are medial straight lines commensurable i square onlyy
therefore AC 15 incommensurable m length with CB
But, as AC 13 to CB, s0 15 the square on AC to the rectangle AC, CB,
therefore the square on AC 15 ble with the e AC, CBI '
[x I
But the squares on AC, CR are commensurable with the squate on 4, for
AC, CB are coromensurable 1 square = 4l
C{;\ud twice the rectangle AC CB 1s commensurable mith the rcctaml]e["lgi
%
Thercfore the squares on AC, CE are nlo tncommensurable with twice the
rectangle AC, CB x 1
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But EG 1s equal to the squares on AC, CB,
and HE 13 equal to twice the rectangle AC, CB;
therefore EG 15 ble with HK,
80 that EH 1s also incommensurable 1n length with HN v1 1,x 11]
Anfl they are rational,

commensurable m square only,
and EN will be a binomeal straight line divided at different points, H and A

And EH 15 not the same with 3N

For the squares on AC, CB are greater than the squares on AD, DB

But the squares on AD, DB are greater than twice the rectangle 4D, DB,
therefore also the squares on AC, CB, that 1s, EG, are much greater than twice
the rectangle AD, DB, that 1s, MK,

80 that EH 1s also greater than MN
Therefore EH 1s not the same with AN QED

ProposITION 45

A major straight line 15 dinnded at one and the same pont only
Let A B be a major strayght line divided at C, so that AC, CB are incommen

b ¢ surable 1n square and make the sum of the
j————+——F—~3  squares on AC, CB rational, but the rectangle
AC, CB medmal,

I say that AB1s not so divided at another pomnt

For, if posaible, let 1t be divided at D also, so that AD, DB are also mcom-
mensurable 1n square and make the sum of the squares on AD, DB rational,
but the rectangle contained by them medial

Then, since that by which the squares on AC, CB differ from the squares on
AD, DB 1s also that by which twice the rectangle AD, DB differs from twice
the rectangle AC, CB,
while the squares on AC, CB exceed the squares on AD, DB by a rational area
—for both are rational—
therefore twice the rectangle AD, DB also exceeds twice the rectangle AC, CB
by e rational ares, though they are medial

which 15 1mpossible [x 26)
Therefore 2 major straight line 15 not divided at different points,
therefore 1t 13 only divided at one and the same pomt QED

Prorosrrion 46

The side of g rational plus @ medial area 1s divrded af one point only
Let AB be the side of a rational plus a medial area divided at C, so that AC,
B are mcommensurable 1n square and make the
A5 & sumof the squares on AC, CB medal, but twice
the rectangle AC, CB rational, [x 40}

I say that AB 1s not so divided at another pont

For, 1f possible, let 1t be divided at D also, so that AD, DB are also mcom-
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there[are the'squares onAp, DB alse €Xceed the $quares on 4C, op by a .
tiona] ares, though they are Medial.
which jg Impossihle {x 26
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Paurosxno'v 47
The Sude of 4, SUm of tye Medra) areas 40 ditadeg @t one Point only
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d 1t g 2Pplied ¢, the Tationg) Straghy lne

er

A ’
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A o 1nc RenSura bl n lengyp with gF

And Since the Sum of ¢y, Squares op, 4¢, 0p 1smcumm5nsumble with twice
8le de¢, op

therefore £G s alsp mcommcnsumble With Gy,

50 that p, 15 also mcommeusurable with frx bryxy
al,

are
therefore Zif 212 Fationay Straghy Iineg commemumble ‘N square only,
thereforg EN sy bmomml Straghy hne divideq at K [x 367
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Simlarly we can prove that 1t 1s also divided at M
And EH 18 not the same with N,
therefore a binorual has been divided 2t different points
whuch 1s absurd Ix 42]
Therefore a side of the sum of two medial areas 12 not divided at different
points,
therefore 1t 1s divided at ene pont only QED

DEFINITIONS 11 !

1 Given 2 rational strmght line and a binomial divided mto 1ts terms, such
that the square on the greater term 1s greater than the square on the lesser by
a 2o v e T 7

2 but 1f the lesser term be commensurable 1n length with the rntmnal
straight Line set out, let the whole be called a second binomaal,

3 and 1f nerther of the terms be commensurable m length wnth the rational
straight Iime set out, let the whole be called a therd binomual

4 Agan, if the square on the greater term be greater than the square on the
lesser by the square on a strught hine meommensurable 1n length with the
greater, then, if the greater term be commensurable i length with the rational
straight hine set out, let the whole be called a fourih binomeal,

5 1f the lesser, a fifth binomaal,

6 and if nesther, a sexth bunomeal

PROPOSITION 48

To find the first bunomzal strasght line
Let two pumbers AC, CB be set out such that the sum of them 4B has to
BC the ratto which a square number has to a
H square number, but has not to CA the ratio
which a square number has to a square num-
£ £ G ber, [Lemma, 1 after x 28}
¢ let any rational straight bne D be set out, and
let EF be commensurable 1 length with D
Therefore EF 15 also rational
Let 1t be contrived that,
a3 the number BA 1s to AC, so 1s the square on EF to the square on FG
{x 6, Por]
But AB has to AC the ratio which 2 number has to a number,
therefore the square on EF also has to the square on FG the ratio which & num-
ber has to 2 number,
so that the square on EF 1s commensurable with the square on FG [x 6}
And EF 15 rational,
therefore FG 1s also rational
And, since BA has not to AC the ratio which a square number has to a
square number,
nerther, therefore, has the square on EF to the square on FG the ratio which a
square number has to a square number N
h Fis ble 1n length with G {x 9

[
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Thercfore EF, FG are rational struight lines commensurable in square only,
therefore £G 1s binomial [x 30)
I say that 1t 15 also a first binomial straight line
For sinee, as the number BA 1s to AC, 50 15 the square on EF to the square
on I'G,
while BA 1s greater than AC,
therefore the square on EF 15 also greater than the square on FG
Let then the squares on FG, H be equal to the square on EF
Now since, as B4 1s to 4C, 5o 1s the square on EF to the square on FG,
therefore, contertendo,
as AB 1s to BC, 5018 the square on EF to the square on [v 19, Por]
But AB has to BC the ratio which a square number has to a square number,
therefore the square on EF also has to the square on H the ratio which a square
number has to a square number
Therefore EF 1s commensurable n length with #, {x 9
therefore the square on EF 1s greater than the sguare on FG by the square 013
strarght line commensurable with EF
And EF, FG are rational, and EF 1s commensurable mn length with I/
Therefore EF 13 8 first binomal straight hine QEed

Prorositiov 49

To find the second binomal straight line

Let tw o numbers AC, CB be set out such that the sum of them 4 Bhasto BC
the ratio which a square number has to a square num-
ber, but has not to AC the ratio which a square num A £
ber has to a square number, D (“
Iet a rational straight bne D be set out, and let EF be .
commensurable mn length with D,

therefore EF 1s rational ©
Let at be contrived then that, 8
as the number CA 1s to AB, so also 1s the square on EF [

to the square on F@, [x 6 Por]
therefore the square on EF 15 commenstrable with the square on G [ ol
Therefore F( 13 also rational
Now, since the number C4 has not to 4B the ratio which a square nymber
has to 2 square number nesther has the square on IF to the square on I' 0 the
ratio which a square number has to a square pumber

Therefore EF 1s mcommensurable 1 length with 7@, [ 9
therefore EF, FG are rational straight Lines commensurable m square only,
therefore EG 15 binomal te %

It 1s next to be proved that 1t 1s also 2 second binomial straight lne

For since mversely, as the number BA 1s to AC, so 15 the square on Gt to
the square on FE,

while BA 1s greater than AC,
therefore the square on GF 1s greater than the square on FL

Let the squares on EJ, H be equal to the square on GF,

therefore, contertendo, as AB 1s to BC, s0 1s the square on F@ to the s‘l“*”‘;f (:ni
v 19 fo
But AB has to BC the ratio which a square number has to a square number;

rd
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therefore the square on FG also has to the square on # the ratio which a square
s TN

x 9
the square on 2

And FG, FE are ratronal straight lines commensurable 1o square only, and
EF, the lesser term, 1s commensurable in length with the rational straight Jime
D set out

Therefore EG 1s & second bmomual straight hine QED

ProrostrioN 50

To find the third binomal strarght line
Let two numbers AC, CB be set out such that the sum of them 4B has to
BC the ratio whick a square rumber has to a square number, but has not to
AC the ratto which a square number has to a square number
Let any other number D, not

X A ¢ B 5Quare, be set out also, and let
fmea T =————+"— 1{ not have to erther of the num-
s [} b bers BA, AC the ratio which a
H square number has to & square

number

Let any rational straight hne E be set out,
and let 1t be cantrived that, as D 1s to A B, 5015 the square on £ to the square
on F@, {x 6, Por}
therefore the square on E 15 commensurable with the square on G [x 6

And E 1s ratonal,

therefore F& 13 also rational

:\l;)de, since D has not to A B the ratio which a square number has to a square
number,
nerther has the square on £ to the square on FG the ratto which a square num-
ber has to a square number,

therefore E 1s incommensurable mn length with FG Ix 9
Next let 1t be contrived that, as the number BA 13 to AC, 5013 the square on
FG to the square on GH, {x 6, Por]

therefore the square on FG' 15 commensurable with the square on GH  [x 6]
But FG1s rational,
therefare GH 15 also rational
And, since BA has not to AC the ratio which a square number has to a
square gumber,
nerther has the square on FG to the square on H@ the ratio which a square num-

ber has to & square number,

LR R e T a7 re ol

I say next that 1t 1s also & third binomual straight Ime
For mince, as D 13 to AB, 50 1s the square on £ to the square on FG,
and, as B4 1s to AC 2013 the squae on F@ to the square on GH,
therctare, ex acqualt, as D 1s to AC, 5015 the square on I to the square on GH
o2
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But D has not to AC the ratio which a square number has to g square num-

T
thex"efore nether has the square on & to the square op GH the ratio whicha
. 3

x 9

therefore, converlendo, as AB 18 to BU, s0 1s the square o 4 & to the square on

K (v 19, Por)

But AB has to BC the ratio winch a square number has to a square number,

therefore the square on FG also has to the square on X the ratxo whech o square
number has to a square number,

therefore G 13 commensurahle 1n length mth X x4

Therefore che square on FG 1s greater t than the square on GI by the square

Prorosrrion 51
To find the fourth bznom;g{strazght line e

- ~ aoryet
’ ‘ £
Let 1t be contrived that, as the number B4 18 to AC, go is the
square on EF to the square on FG, {x 6, Por]
therefore the square on EF 13 commensurable with the square ¢
on G, [x 8] 7
therefore FG 1s also ratronal B
Now, since BA has not to AC the ratio which a square H
number has to a square numbery, d

neither has the Square on EF to the square on FG the ratio

whinh a ot e L

I say next that 1t 1s also 2 fourth binoral stmxghz Iine
Forstnce as BA1sto AC, 5015 -
therefore the square on Et

Let then the squares on G JI
therefore, conzertendo, as the number 4B 13 to BC, so1s the square On P o
the square on H {v 19, Por)

But AB has not to BC the mtio which a square number has to & ﬁq“m
number,
thcrcfore peitber has the square on EF to the square on J the ratio whichs
square nuraber bas to a square number
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Therefore EF 138 mcommensurable m length with H, [x 9
therefore the square on EF 1s greater than the square on GF by the square on
a straight line incommensurable with LF 3

And EF, FG are rationsl straight hines commensurable m square only, and
EF 13 commensurable mn length with D

Therefore EG 1s a fourth binomial straight line 1 QED

! Propostrioy 52 ‘

To find the fifth banomaal straaght line
Let two numbers AC, CB be set out such that AB hag not to erther of them
the ratio which a square number has to a square number,
let any rational strarght line D be set out,
A E ~  and let EF be commensurable with D,
l therefore EF 1s rational
Let 1t be contrived that, asCA 1s toAB s01s the square on EF
¢l tothesquareon FG {x 6, Por]
¢l But €4 has not to 4B the mtlo which a square number
has to s square number, \
therefore nesther has the square on EF to the square on FG the
lH 6! ratio which a square number has to a square number
Therefore EF, FG are rational straight hmes commensurable
1 square only, [x 9]
therefore EG 18 bmomral [x 36}
1 say next that 1t 1s also a fifth bmomual straight kne
For since, as A 1s to 4B, so1s the square on EF tothe square on FG,
mversely, as BA 1s to AC, 50 15 the square on F@ to the square on FE,
therefore the square on GF 1s greater than the square on FE
Let then the squares on EF, H be equal to the square on GF,
therefore, conrertendo, as the number AB 1s to BC, 50 1s the square on GF to
the square on B [v 19, Por]
B‘i:t AB has not to BC the ratio which & square number has to a square
number,
therefore nerther has the square on FG to the square on H the ratio which a
square pumber has to a square number
Therefore F@ 13 ble 1n length with H, x 9]
so that the square on FG 1s greater than the square on FE by the sqmire ona
straight line mcommensurable with FG
d GF, FE are rational strasght lines commensurable 1n square only and
tll)le lesser form EF 13 commenstirable 1n length with the rational straight hne
set out
Therefore EG 1s a fifth binomial straight line. Qo

B!

ProrosiTION 53

To find the sixth binomual strawght line

Tet two numbers AC, CB be set out such that AB has not to erther of them
the ratto which a square number has to a square number,
and let there also be another number D whach 1s not square and which has not
to erther of the numbers BA, AC the ratio which a square number has to a
square number
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Let any rational straight line E be set out,
and let 1t be contrived that, as D 1s to AB, so 1s the square on  to the

square on FG, {x 6, Por)

thercfore the square on E 15 commensurable with the

square on FG .61 A F
And E s rational, 5

tberefore FG 15 al~o rational
Now, since D has not to AB the ratio which a square
pumber has to a square number,
pexther has the square on E to the square on F'G the ratio
which a square number has to a square number, B
herefore £1s able m length with £G (A 9]
Agam, let 1t be contrised that, as BA 1s to AC, so1s the 4
square on FG to the square on GH {x 6, Por}
"Therefore the square on FG'1s commensurable with the square on G {x §
‘Thevefore the square on H{G 1s rational,
therefore HG 15 rational
And, since BA has not to AC the ratro which a square number has to
square number,
neither has the square on FG to the square on GH the ratio which a quare
number has to a square number,
th G 1s ble 1n length with GH AR
‘Therefore FG, GH arc rational steaight hnes commensurable 1n square only,
therefore FH 1s bunomeal x 3
It 1s mevt to be proved that 1t 15 also p sixth binomal straight hne
For since, as D 1s to 4B, so0 15 the square on E to the square on FG,
and also, as B4 1s to AC, 50 1s the square on FG to the square on GH,
therefore, ez acqualy, as D 1s to AC, s01s the square on E to the square 0? G'l:]
\ s

b But D has not to AC the ratio which a square number has to a square B
er,
therefore neither has the square on E to the square on GH the ratio

whach a square number has to a square number,
thorafara B @ tmanvan. (S X } 1 1 v ooy

no
But1

1 length with £
And since, as B4 13 to AC, <0 1s the square on F@ to the square oo GH,
therefore the square on FG 1s greater than the square on GH
Let then the squares on GH, K be equal to the square on FG,
therefore, conterfendo, as AB1s to BC, so 18 the square on FG
to the square on K v 19 Purl
But AR has not to BC the ratio whieh o square number has to 2 QU
number,
s0 that neither has the square on F@ to the square on A the ratio which s
'

en ara v mbaw hao dn
[t %

" by the square 08
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And PG, GH are rational straight hnes commensurable 1 square only, and
neither of them 1s commensurable 1n length with the rational straight hne E
set out

t Therefore FH 13 a sixth bmomal straight Line QED

Leana

Let there be two squates AB, BC, and let them be placed so that DB1sm a
straight line with BE,

PN . 1 ne

L3

ol 8 between AB, BC, and further that DC 1s a mean propor-
tional between AC, CB
For, since DB 1s equal to BF, and BE to BG,
therefore the whole DE 1s equal to the whole FG
But DE 1s equal to each of the straight lines AH, KC,
and F(1s equal to each of the straight hnes AK, HC [t 34],
therefore each of the straight lines AH, K€ 15 also equal to each of the straight
hoes AR, HC
Therefore the parallelogram A 1s equilateral
And 1t 15 also rectangular,
therefore AC 15 a square
And since, as FB 1s to BG, so1s DB to BE,
while, as FB 1s to BG, so1s AB to DG,
and, as DB 1s to BE, so 18 DG to BC, v 1]
therefore also, as AB1s to D@, s01s DG to BC Iv 11}
Therefore D@ 15 2 mean proportional between 4B, BC
1 say next that DC 15 also a mean proportional between AC, CB
For since, as AD 15 to DK, so013 KG to GC—
for they are equal respectively—

and, componendo, as AK 18 to KD, so1s KC to CG, v 18]
while, as AK 1s to KD, so1s AC to CD,

and, as KC1s to C@, so1s DC to CB, vr1)

therefore also as AC 1s to DC, so0 15 DC to BC [v 11]

Therefore DC 13 a mean proportional between AC, ¢B
Being what 1t was proposed to prove

ProrosiTiov 51

If an area be contained by a rational strawght Line and the first binomal, the “side
of the area 1s the trrationol strarght line whick 18 called binomial
For let the area AC be contamed by the rational straight line 4B and the
first binomal 4D,
1 say that the “mde’ of the area AC 1s the irrational straight lne which 1s
called binomral
tP;n' smee AD 1s o first binomral straight hne let 1t be divided mnto its terms
2 >
and let AL be the greater term
1t 13 then mamfest that AE, ED are rational straight lines commenenrahla
In square only,
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the square on AE 15 greater than the square on D by the squate on » straight
line commensurable with AE,
and AX 13 cornmensurable 1 length with the rational straight ine 4B set out.
¢ n fx Deff 51}
1ot ED be biseeted ot the pont P

A £
[ | N
8

il

Thes, smee the square on AE s greater than the squase on FD by thesquar
an a strayght hoe commensurable with A%,
{herefore, if there be apphed to the greater AE & paralielogram equal to the
fourth part of the square on the less that s to the square on EF, and deficient
by a square figure 1t divides 1t mnto commensurable parts fx 1)

Let then the rectangle AG GE equal to the square on EF be applied to AE,

therefore AG 1s ¢ommensurable 1 length with FG

et GH, EK, FL be drawn from @, B, F parallel to esther of the strasght
tmes 48, €D,
let the square SV be constructed equal to the parallelogram A, and the
square VQ equal to GK, frr 14}

and Jet them be placed so that ALN s 1n o straight lme with NO,
therefore BN 13 also mn o straght hoe with VP

And let the parallel 89 be leted
rerefore 8¢ 15 a square [Leraina}
Now, since the rectangle AG GE 15 equal to the square on EF,
therefore 88 4G 1s to EF, so 15 FE to EG, v 17}

therefore also, as AH 13 to EL, so 1s EL to KG, o 1l
i R e o e

tharnt wn B
But AH
T2
But M R s also a mean proportional betaeen the some SV, N@, {Lemma]
therefore EL is equal to AR,
so that w15 also equal to PO
But AH GK are aleo equal to SN NG
therefore the whole AC 15 equal to the whole 8@, that is, to the square oz MO,
thercfore 3/0 15 the ‘ side of AC
X say next that MO 1s bromzal
For smnce AG s commensurable with G£
therefore AE s aleo commensurable with each of the strught hnes AG[. Gf;}
x
But 4E 19 also by hypothews commensurable with 48, 2}
therefore 4G GE are abo commensurable with A8 fx &
And AB s rationat
therefore each of the straght lines AG, GE 15 also rational, i
therefore each of the rectangles 44 GK 1s rational, [x 2
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and AH 1s commensurable with GK
But AH 15 equal to SN, and GK to NQ,
then;,]fure SN, NQ, that 1s, the squares on AN, NO, are rational and commen-
surable
And, since AE 13 incommensurable m length with ED,
while AE 13 commensurable with AG, and DE 1s commensurable with EF,
therefore AG 1s also incommensurable with EF, {x 13]
50 that AH 1s also incommensurable with EL v 1,x 1]
But AH 15 equal to SN, and EL to MR,

SN 13 also ble mith MR
But as SN 1s to MR, so1s PN to NR, {v1 1]
therefore PN 1s mncommensurable with NR x 1]
But PN 13 equal to MN, and NE to NO,
herefore AN 13 ble with NO

And the square on AN 13 commensurable with the square on NO,
and each 1s rational,
therefore M{N, NO are rational straight lines commensurable 1n squsre only
Therefore 70 1s binomial [x 36] and the “side” of AC QED

Prorosrrion 55

If an area be contarned by a rational strasght line and the second binomal the
“aude” of the area 15 the srrational strarght line whach 13 called a first bumedral

For let the area ABCD be contained by the rational straight line AB and
the second binorial 4D,

Isay that the “side ’ of the arex AC 13 2 first bimedial strmght hine

tchn-, since Alz 18 a second binomial straight line, let 1t be divided into 1ts

P a4 PRt .

the

th

1 na racam Tiae o oam
1
P

and deficient by a square figure,
therefore 4G 13 commensurable 1n length with GE Ix 17)
Through G, E, F let GH EK, FL be dravn parallel to AB, €D,
let the square SN be constructed equal to the parallelogram AH and the
square NQ equal to GA,

L

and let them be placed =0 that AN 1s 1n 2 straght Iine with NO,
therefore RN 1s also 1n a straight hne with N.
Let the square SQ be completed
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It 1s then mamfest from what was proved before that J/R 15 a mean propor-
tional between SN, NQ and 1s equal to EL, and that MO 1s the “side ' of the
area AC

It 15 now to be proved that MO 1s o first bimedial straight hne

Since AZ 1s commensurable in length with £D, \

- i b

Ix 13}

GGE [x 13
But AE 18 incommensurable 1 length with A%,
therefore AG, GE are also incommensurable with AB fx 13]
Therefore BA, AG and BA, GE are parrs of rational strarght lines commen
surable 1n square only,
so that each of the rectangles AH, GK 13 medial [x 2y
Hence each of the squares SV, NQ 13 medial
Therefore 3{N, NO are also medial
And, since AG 15 commensurable m length with GE,
AH 1s also commensurable with GK, [s1 1,7 1]
that 15, SN 1s commensurable with NQ,
that 1s, the square on MN with the square on NO
And, since AE 1s incommensurable 1n length with ED,
while AE 1s commensurable with AG,
and ED 15 commensurable with EF,
therefore AG 1s incommensurable with EF, Ix 13}
so that AH 1s also incommensurable with EL,
that 15, SN 15 incommensurable with MR,
that 15, PN with NB, v g,x 11
that 15, MN 13 incommensurable 1n lepgth with NO
But MM, NO were proved to be both medial 2nd commensurable 1n squar®
therefore AN, A O are medial straight lines commensurable m square oaly
1 say next that they also contain a rational rectangle
For since DE 1s, by hy pothests, commensurable with each of the stratght
lines 4B, EF,

therefore EF 1s also commensurable mth EK fx 1%
And each of them 1s rational,
therefore EL, that 1s, MR 15 rational, re 1
tam
atled
[§:0]
Therefore MO 1s a first bimedial straight lne QEP

Prorostrion 56
If an arca be conlained by a rotional straght line and the third binomsal, the “‘side
of the area 1s the wrrational straght line called @ second bimedial
For let the area ABCD be contamned by the rational strarght hine ABandthe
third binomial AD divided into1ts terms at E, of which terms 4 E 1sthegreatets
1 say that the “side” of the area AC 1s the irrational straight line catled 4
second bimedial
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For let the same construction be made as before
Now, since AD 15 a third binomial straight hine,

and neither of the terms AE, ED 15 commensurable in length with AB
[x Deff 1 3)
Then, 1 manner similar to the foregong, we shall prove that M0 1s the
“side ! of the area AC,
and MN, NO are media! straight lines commensurable 1n square only,
so that M0 1s bimedial
Tt 15 next to be proved that 1t 1s also a second bimedial straight line
Since DE 13 incommensurable 1n length with AB that 1s, with EK,
and DE 13 commensurable with EF,
herefore EF 13 ble mn length with EX [x 13]
And they are rational,
therefore FE, EK are rational straight ines commensurable 1n square only
Therefore BL, that 1s, MR, 1s medial x 21]
And 1t 1s contamed by MN, NO,
therefore the rectangle MN, NO 1s medial
Therefore MO 1s a second bimedhal straight line [x 38)
QED

ProrosiTiON 57

If an area be contained by a rational straight line and the fourth binomaal, the
“side” of the area 1s the vrrational straight line called major
For let the area AC be contamed by the rational straight hine AB and the
fourth binominl AD divided 1nto 1ts terms at E, of which terms let AE be the
greater,
Isay that the“side” of the area AC)s the irrational straight ine called major
For, since AD 15 a fourth brnomal straght bine,
therefore AE, ED are rational straight hines commensurable 1n square only,
the square on A B 1s greater than the square on ED by the square on a straight
line incommensurable with AE,
and AE 1s commensurable 1n length with AB [x Delf 11 4]
Let DE be bisected at F,
and let there be apphied to AF a parallelogram the rectangle 4G, GE, equal to
the square on LF,
therefore AQ 13 Incommensurable 1n length with GE [x 18)
Let GH, EK, FL be drawn parallel to AB,
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and let the rest of the construction be as befare,
1t 15 then mantfest that 3O 1s the “aide” of the ares AC

It 15 next to be proved that A0 1s the wrational straight hine called major
Simee A 1s meommensurable with EQ,
AH 1s also mcommensuvable with GK, that1s SN with ¥Q, v 1,x 1]
th

fore MN, NO are ¢ ble m square
And, smece AE 15 commensurable with A8,
AR 18 rationat, = 9

and 1t 15 equal 1o the squares on MV, NO,
therefore the sum of the squares on A/N, NO s also rational
And, since DE 1s mcommensurable 1 Jength with AB, that 15, with EK,
while DE ys commensurable with EF,
therefore EF 18 incommensurable 1o Jength with EX I= 1}
Therefore XK, LF are rational straight hnes commensurable 1 square only,
therefore LE, that 15, MR, 15 medial {x 211
And tt1s coutamned by MN, NQ,
therefore the rectangle AN, NO 13 medial
And the {surm} of the squares on MN, NQ 1s rational,
and MN, NO are incommensurable in square
But if tno straight hines meommensurable in square and making the sum of
the squares on them rational hut the rectangle contamned by them medial, be
added together the whole 1 1rratinal and 13 called major x 30
Therefore Y0 ss the wrratrona) strarght hne called mayor and 13 the sgide" of
the area AC QED

Prorositioy 58
If an arca be contaaned by a rafzom~? *
of the arce 15 the yrrotor
aree
For let the aren AC L wwus Uy the rational straght ine 4B and the
£ith binomual AD divided into s terms at £, so that AL 1s the greates tefft
¥ 52y that the “‘side  of the aren AC 15 the 1rrational strarght hme ealled the
stde of a rational plus o medial area
Tar let the <ame construetion be made as before shown,
1t 18 then manfest that MO s the “ade  of the area AC
1t 15 then to be proved that 27 s the ssde of a rationa} plus a medal 8782
For, amnce AG 15 meommensurable with GE, £x. 18
therefore {4 15 also commensurable with HE, V1 4% 1)
that 1 the square on & with the square on NG,
therefore YN N are ble i square t
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And, simee AD 13 a fifth bmomual straght Ie, and ED the losser segment,
therefore ED 13 commensurable i length with A8 {a Defl 1 §)

F )]

0

[N

But AE 1s incommensurable with £D,
therefore AR 13 also ncommensurable 1n length with A€ [x 18]
Therefore AR, that1s the sum of the squares on AN, NO, s medial [ 21]
And, since DE 1s commensurable in length with . B, that 15, with FA,
while DE 1s commensurable with EF,

hercfore EF 1s nlso ble with EX 12
And EK 1s rational,
therefore EL, that 1s, MR, that 1, the rectangle ALV, A0, 13 also rational
¢ e

Therefore 2N, NO are struight lines incommensurable 1 square wkich
make the sum of the squares on them medial, but the rectangle contained by
them rational
" Therefore MO 15 the side of a ratronal plus & medial ares [x 40] and 15 the

side’ of the area 40 QED

ProrosITION 59

54
Ifan gren be contarned by a rational stratght line and the suxth binomal, the “side™
of the area 1s the rrational straaght line called the side of the sum of two medral areas
For let the arca ABCD be contatned by the rational straght ine A8 and
the sexth bipomral AD, diided 1nto 1ts terms at £, so that A& 13 the greater

i,
1 say that the “side” of AC 15 the side of the sum of tno medual areas
Let the same construction be made as before shown

F

o e ‘ade of AC nnd that AN 19 incommen-
sle in length with A B,
ther e .
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herefore FE 15 also ble with EK, x 13
therefore FE, EK are ratronal straight lines commensurable 1n square only,
thercfore EL, that 1s, MR, that 1s, the rectangle 2fN, NO, 1s medal [ 21]

And, stnce AE 15 meommensurable with IF,

AR 13 also mcommensurable with EL [vt 1,x 1
But AK 15 the sum of the squares on /N, NO,
and EL 1s the rectangle MN, NO, -~

therefore the sum of the squares on A, NO 15 incommensurable with the
rectangle MN, NO

And each of them 1s medial, and AN, NO are incommensurable 1a square

Therefore M0 13 the side of the sum of two medial areas [x 41], and 1s the
“side” of 4C QED

LEsiva .

If & straight line be cut mnto unequal parts, the squares on the unequsl parts
are greater than twice the rectangle contamed by the unequal parts

Let AB be a strmght line, and fet it be catinto D L 3
unequal parts at C, and let AC be the greater, P

1 say that the squares on AC, CBare greater than twice the rectangleAC,CB

For let AB be bisected at D

Smce then, & straight Itne has been cut into equal parts at D, and mtoun
equal parts at C,
therefore the rectangle AC, CB together with the square on CD 18 equal to the
square on 4D, (e 5]

50 that the rectangle AC, CB 1s less than the square on 4D,

therefore twice the rectangle AC, CB 1s less than double of the square on AD

But the squares on A(, CB are double of the squares on AD, DC, [ 9
therefore the squares on AC, CB are greater than twice the rectangle AC, C8

QED

ProrosrrioN 60

The square on the binomual strasght line applied to ¢ rational strawght line pro-
duces as breadth the first brnomzal

Let AB be a binomual strarght ling divided into 1ts terma at €, so that ACs
the greater term,

let a rational straight hne DE be set out
%nd ]z;:hDEF G equal to the square on 4B be apphed to DE groducing DG 35 s
readth,

Tanwr that Y o2 oV o t a
"y KM 8§
eq
square on BC
therefore the remainder, twice the rectangle AC,
CB, 18 equal to MF
Let MG be bisected at N and let NO be drawn T 0 f
parallel [to 3L or GF] ___ﬁ___..,l
B

Thereforc each of the rectangles 30, NI s A ¢
equal to once the rectangle AC, CB
Now, since AB 15 a binomzzl divided mto its terms at C,



ELEMENTS X 243
therefore AC, CB are retional straght bnes commensurable 1n square only,

Ix 36
therefore the squares on AC, CB are rational and commensursble with one sn-
other,

so that the sum of the squares on AC, CB s also rabonal  [x 13]
And st 1s equal to DL,
therefore DL 13 rational
And 1t 18 applied to the rational elsmght line DF,
therefore DAL 13 rattonal and commensurable m length with DE (s 20}
{\gmn, snce 4C, CB are ratranal straight lines commensurable m square
only,

Yherefore twice the rectengle AN 7P ° " adl  Ix 211
Aund 5t 18 appbed 4~ ¢ .
theret =7 . « ML, that1s,
fx 23]
. was alid is commensurable 1 length with DE,

tnerefore DA 1s commensurable 1 length with M@ tx 3
And they are rational;
therefore 231, MG are rational struight knes commensirable mn square only,
therfore D@ 13 bmomuat Ix 26]
1t 13 next 1o be proved that 1t 15 also o first bmomual strmght hme
Sunee the rectangle AC, CB 18 a mwean proportional between the squares on
4¢, ¢, fef Lemrmg after< 53
therefare A0 13 also 2 mean proportional between DH, KL
Therefore, 23 DI 1s to M0, 5018 MO to KL,
that 19, 25 DK s to MY, so1s AN to MK, 11 1]
thesefore the reciangle DK, K3/ 15 equal to the square on AN vz 17)
And, snce the square on A 13 commensurable vith the square ou CB,
DH 5 also commensurable with AL,
80 that DA 1s also commensursble with K3{ ¥ 1 x M}
And, simee the squares on 4C, CF are greater than twice the rectangle 4C,
B, {Lemma]
therefore DL s also greater than MP,
so that DAf 53 sloo greater than MG e 11
And the rectangle DK, K21 15 equal to the square on MA, that 1s, to the
fourth part of the squate on MG,
2nd DK 12 commensurable with K3
But, 1f there be tno nnequnl strarght Ymes, and 1o the greater there be ap-
Plied & parallelogram equsl to the fourth part of the square on the less and de-
fietent, by o snuare figure, and 1f 1t divide 1t into commensurable parts, the
5quare on the greater 13 greater than the square on the less by the square on a
sttaight hine commensurable with the greater, ix 17
therefore the square on D3S x5 greater than the square on 3G by the square
08 & stamght hne commensurable with D3
And DM, MG are ratianal,
and DAL, winch 1s the greater term, 18 commensurable m fength with the ta-
tionat gtrught bne DE set out
Thercfore DG 1s o first binomsal strasght hine Ix Deff 1 1}
QED
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Prorosrriow 61

The square on the first bunedial straxght line apphed 1o @ rational siraight line pro-
duces as breadth the seeond binomeal
Let AB be a first bimedral straght hne divided into 1ts meduals at €, of

whiech medials AC 1s the greater, 5

1ts breadth,
1 say that DG 15 a second binomal straight Ine
Forlet the same covstruction asbeforebemade  E

Then swce AB 15 a first bumedial divided at C, hy e
therefore AC, CB are medial straight lines com-
mensurable 1n square only, and containing s rational rectangle, x 3
so that the squares on AC, CB are also medal fx 2
Therefore DL 15 medial X 15and 13, Porl

And 1t has been apphed to the rational strmight hine DE,
therefore D 1> rational and incommensurnble 1n Jength with DE [x 2]
Agan since twice the rectangle AC, CB 1s rational, MF 1s also rational
And 1t 15 apphed to the rational straight hne MZ,
therefore 3G 15 also rational and commensurable m length with ML, thst ;gi
x
h Dt s ble 1n length with MG fx 13
And they are mtional,
therefore DAf, MG are rational straight lmes commensurable 1 square only,
therefore DG 15 bnorual Ix 3
It 1s mext to be proved that 1t 15 also 3 second binomtal straight hne
For, since the squares on AC, CB are greater than twice the rectangle 40,

therefore DL 13 also greater than MF,
so that D! 15 2lsa greater than UG w3
And, since the square on AC 15 commensurable with the square oa C3,
DH 15 also commensurable with KL,
so that DA 1s also commensurable with KA fvr ,x 18
And the rectangle DA A Af 15 equal to the square on AN,
ale e =" thesquareon
i x 11

[x Deff 1%

ProposiTioN (2

The square on the sccond bimedial siraight line applied to a ralional strarght line
produces a3 breadlh the third bunvmial

Let AB be a second bimedtal straight line divided into 1ts medials st C, 50
that AC 1s the greater segment
let DE be any rationaj strarght hne,
and to DE let there be applied the parallelogram DF cqual to the squast @
AB and producing DG as its breadth,
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1 say that D@ 15 & third binomial straight hne
Let the same construction be made s before shown

N Then, since 4B 15 a second bunedial divided
X G-
therefore AC, OB are medial straight lineg com-
mensurgble wm square only snd containing a
medial rectangle, [x 35]
50 that the sum of the squares on AC, CB 15 also
£ HL 0 F media] < I5and 23 Por ]
A C B Ana 1t 18 equal to DL,

therefore DI 1 also medial
And 1t 1s applied to the rational straight line DE,
therefore MDD 15 also rattonal and mcommensurable tn length with DE [« 22)
For the same reason,
. e wonn

And, stnce A(! 15 incommensurable 1n length mith CB,
and, a3 AC 13 to CB, 50 15 the square on AC to the rectangle AC, CB,

therefore the square on AC 15 also ble with the rectangle AC,
CB) <1

Henee the sum of the squares on AC, CB 13 incommensurable with twice the
rectangle AC, CB, {x 12,13}

that 1s, DL 18 incommensurable with ATF
50 that D 13 also incommensurable with A1G  [vr 1, % 111
And they are rational,
therefore D@ 13 binomual (x 36}
It 15 to be proved that 1t 13 also a third binomial straight hine
In mavner smylar to the foregomng we may conclude that DM 1s greater than
and that DX 13 commensurable with KM
. And the rectangle DK, KM 13 equal to the square on M’Iy,

bE
Therefore DG 15 a thurd binoral straight hine [x Deff 11 8)
QED
Proposirion 63
Thovn ~  war 1 v o . 2oL tar ’

Lt the same construction be made as before shown
Then, since AB 13 a major straght hne divided st C,
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AC, CB are strmght lines mcommensurable 1n square which mahe the sum of
the squares on them rational, but the rectangle contatned by them med[la] .
[x 39]
Since, then, the sum of the <quares on AC, CB
1» rational, therefore DL 1s rational,
therefore DAf 15 also rational and commensurable
m length with DE {x 20]
Agaw, smce twice the rectangle AC, CB, that
15 MF, 15 medial,
and 1t 15 appled to the rational strarght line AL, 0 f
therefore 1G5 also rational and incommensurable ¢ &
1n length with DE, {x 22]
therefore DAf 15 also ncommensurable in length with MG [x 8]
Therefore DM, MG are rational straight hnes commensurable n squsre
only,

therefore DG 1s bnormal [x 367
1t 15 to be proved that 1t 1s also a fourth binormal straight hine
1In manner smar to the foregomg we can prove that DAL is greater than
AG,
and that the rectangle DK, K3/ 1s equal to the square on MV
Stnce then the square on AC 15 iIncommensurable with the square o CB,
th DH 15 also ble with KL,
so that DA 15 also mncommensurable wmith KL~ [v1 1,% 1)
But, 1f there be tvwo unequal straight lines, and to the greater there be ap-
plied 2 parallelogram equal to the fourth part of the square on the less and
deficient by 2 aquare figure, and 1f 1t divide 18 nto ineommensurable parts
then the square on thegreater will be greater than the square on the less by the
square on a straight line iIncommensurable in length with the greater, [x 1
therefore the square on DAf 15 greater than the square on MG by the square 02
a straight line meommensurable with DAf
And DM MG are rational straight Iines commensurable 1n square onlf,
and DM 1s commensurable with the rational straight ine DE set out

Therefore DG 13 a fourth binomal straight ine [x Deft 114
QEP
Prorostriov 64
e a e s s o e nlstraght
strught

lines at C, so that AC 1s the greater,
let a rational straight ine DE be set out MK
and let there be apphed to DE the parallelogram
DF equal to the squarc on AB, producing D@ as
1ts breadth,

1say that DG 1s a fifth binomial straight line

G

Let the same construction as before be made o0 !
Smce then AB 1s the side of a rational plus a ;—"‘—‘é"‘-s
medral area, divided at C,

therefore AC, CB are straight lines mncommensurable 1 square which make
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the sum of the squares on them med:al, but the rectangle contained by them

rational ix 40]
Bince, then, the sum of the squares on AC, CB 1s medial,
therefore DL 1s medial,
80 that D2 1s rational and incommensurable in length with DE [x 22]
Agap, smee twice the rectangle AC, CB, that1s 21F, 1s rational,
therefore M@ 1s rational and commensurable with DE i 20]
Therefore DAI 1s incommensurable with A1G, [< 13]

therefore DG 1> binommral

I say next that 1t 1s also a fifth bimormal straight hree

For 1t can be proved similarly that the rectangle DX, KAf 1s equal to the
square on MV,

and that DK 1s incommensurable m Iength with KA,

therefore the square on DM 1s greater than the square on A{G by the square
on 4 straight line incommensurable with DA {x 18]

And DM, M@ arc commensurable 1n square only, and the less A1G, 1s com-
mensurable in length with DE

Therefore DG 13 a fifth binomial QED

therefore DA, M@ are rattonal straight lines commensurable 1n square only,
Ix 36

Prorostrrov 65

The square on the sde of the sum of two medial areas applied to a rationgl straight
&ne produces as breadth, the sxth binomial
Let AB be the side of the sum of two medial areas, divided at C,
let DE be a rational strarght ke
and let there be applied to Dk the parallelogram DF equal to the squate on
AB, producing DG as 1ts breadth,
1 say that D@ 13 a sixth binomtal straight hne
For let the same construction be made as before
Then since AB 1s the side of the sum of two
[} x ¢ medial arcas, divided at C,
therefore AC, CB are straight lines mncommeensur-
able 1o square which make the sum of the squares
on them medial, the rectangle contained by them
medial and moreover the sum of the squares on

T them ble with the le con-
~ ML 0 "F taned by them, x 41}
A [ -] s0 that, m accordance with what was before

proved each of the rectangles DL, MF 1s medial
) And they are apphed to the rational straight hne DE,
therefore each of the strarght kines DA{, A{G 15 rational and incommensurable
1 length with DE [x 22)
And, sinee the sum of the squares on AC, CB1s mcoramensurable with twice
the reetangle AC, CB,

i L oven
T}

s ther

,

Isay next that 1t 15 also a sixth binomual straight hne
1
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Supilarly again Wwe can prove that the rectangle DK, K3 is equal to the
square on MN,
I

vouomer v v ar ot v

and J . " '

by i
s . Y
the rational straght hne DE set out
Therefore DG s a sixth b 1 straght bme QED

Prorosirion 66
A straght ine commensurable wn length wnth @ binomal strowght hine 13 stself also
bunarmal and the same tn order
YLet A B be binomual, and let €D be commensyrable m length with AB;
1 gay that CD ss binomual and the same

£
1o order with AB Ao oo B
For, stnee AR 18 btnomual, ¢ £ v

et 1t be divided wnto s terms at B,
and let AE be the greater term;
therefore 48, ER are ratioual strawght hines commensurable m squm{tmé:é}
3

Let 1t be contnived that,
23 AB 1310 CD, 8015 AF to CF, fer 12
tnerefore also the remamder EB1s to the remunder FD as AB1sto €D (v 1%
But AB 15 commensurable w length with CD,
thercfore A 19 abso ble with CF, and EB with FD = 10
And AE, EE ave rational,
therefore CF, FD are also rationat
And, es 4E 15 to CF, zo18 EB to FD v i
‘Therefore, alternately, as AE 1s to B, s018 CF to FD (v 1
But AE, ER are commensurable in square only,
therefore CF FD are slso commensurable m square ooly. 1% H
And they are rational,
therefore €D 13 rnomual x
1 sav next that 1t 1s the same 1 order with 4B
For the square on A 1 greater than the square on ZB either by the squart
on o strasght hine commensurable with AZ or by the squasre on & strarght boe
wcommensurable with it
If then the square on AF 1s greater than the square on BB by the square @
& straight hne commensurable with AE,
the square e CF will also be greates than the square an £D by the square ond
straght hne commensurable with CF x 1
And, 1f 4£ 15 commencurable with the rational straight hne set out, CF wil
also be commensurable with 1, AR
and Jor this reason each of the strasght hnes A B, CI21s a first binomual, ';'5‘ ®
x

the same i order Deff 1t L
But, if LB 1 commensurable with the ratronal straghe line set out, FD ,‘,’
alze commenstieable withat, x ¥l
and for this ceacon agamn CD wilt be the same m order vath 48, p

for each of them will be & second Dnomest [X. Dell 1 %
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But, if neither of the straight hnes AE, EB 1s commensurable with the ra-
tronal straight hne set out, neither of the straight lines CF, FD will be com-
mensurable with it, [x 13

an PUENEE R | AR

ron

na
14}
s

and each of the straight hnes AB, CD 18 a fourth binomual  [x Deff 1t 4)
But, of EB 15 50 commensurable s01s FD also it

and each of the straight linés AB, CD will be & fifth bmomial  [X Deff 1 5]
But, 1f nerther of the straight lines AE, EB 1s 50 commensurable, neither of

the straight lines CF, FD 15 commensurable with the rational straight hine set

out,

and each of the straight lines AB, CD will be a sixth binomial — [x Deff 11 6]
Hence a straight line commenmmble n length with a binomal straight line

18 binomal and the same 1n order vl

ProrosITION 7 '

A straught ine commensurable 1n length with a bimedial strarght line 15 atself also
bimedral and the same wn order

Let AB be bimedsal, and let CD be commensurable 1n length with AB,
A ¢ 8 Isay that CD1sbimedial and the same in order with AB
_C“_r’_b_ For, since AB 18 brmedtal,

let 1t be divided "\nto 1ts medials at B,

therefore A, EB are medial straight lmes commensurable n square only
ix 37, 38]

And let 1t be contrived that
as AB1s toCD, so1s AE to CF,
therefore also the remainder EB 1s to the remainder FD asABistoCD {v 19
ut 4B 1s commensurable 1n length with €D,
therefore AE, EB are also commensurable with CF FD respectively  [x 11}
But AE, EB are medial,

therefore CF, FD are also medial x 23]
And since, a3 AE 1s to EB, so 18 CF to FD v 111
and AE, EB are commensurable mn square only,
CF, FD are also commensurable 1n square only x 1]
But they were also proved medsal,
iy e CD 12 tumeadial

)
I say next that 1t 15 also the same m order with AB
or stnce, as AE 1s to EB, so1s CF to FD,
therefore also, as the square on AE 1s to the rectangle AE, EB, 5019 the square
on CF to the rectangle CF, FD,
therefore, alternately,
a3 the square on A% 1 to the square on CF, s01s the rectangle AE, EB to the
rectangle CF, FD [v 161
But the square on AE 1s commensurable with the square on CF,
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therefore the rectangle AL, EB1s also commensurable with the
rectangle CF, FD

If therefore the rectangle AE, ELB__ 15 rational,

[x 37)
[x 23, Por]
and each of the straight lines AB, CD 1s a second bimedl  [x 38
And for this reason CD will be the same 1 order with 48 QED

ProrosiTIoN 68

A straaght line commensurable with @ magor siraght line 1s atself also maor
Let AB be major, and let CD be commensurable with AB, 1

I say that CD 1s major A
Let AB be divided at E,
therefore AE, EB are straght hnes mcommensurable m square G
which make the sum of the squares on them rational, but the rec 2
tangle contamned by them medial [ 39] f:

Let the same construction be made as before gl o
Then since, as AB 15 to CD, s018 AE to CF, and LB to FD,
therefore also, as AE 1s to CF, so1s EB to FD v 1
Bat AB 1s commensurable with CD,
therefore AE, EB are also commensurable with CF, I'D respectively  [X n
And since, as A 1s to OF, so 15 EB to FD,
alternately also,

as AE s to LB, so1s CF to FD, Iv 18}
therefore also, componendo,
as AB1s to BE, so1s CD to DF, vl
therefore also as the square on 4B 18 to the square on BE, so 1s the square 08
CD to the square on DF v 20

Similarly we can prove that as the square on AB 13 to the square on Ak, 50
also 1s the square on CD to the square on CF

Therefore nlso, as the square on AB 1s to the squares on AE, EB, 5038 the
square on CD to the squares on CF, FD,

therefore also alternately,

a3 the square on AB1s to the squarc on CD so are the squares on AL, EBto
the squares on CF, I'D v 16]

But the square on AB 13 commensurable with the square on CD,
therefore the squares on AE, EB are also commensurable nith the squares 0

'

And the squares on AE, EB together are rational,

therefore the squares on CF, FD together are rational

Similarly also twice the r gle AE, EB1s ble wath twice the
rectangle CF, FD

And twice the rectangle AE, EB 1s medal,

therefore twice the rectangle CF, FD 1s also medial  [x 23 Por)

Therefore CF, {"D are strught lines incommensurabfe in square wAch mahe:
at the same time, the sum of the squares on them rational, but the rectanglt
contained by them medtal, therefore the whole CD 1s the irrational straight
Iine ealled major x 3%
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Therefore a straight line commensurable with the major straight hine 1s
major QED
.
Prorostriov 69
A straight line commensurable with the side of a rational plus a medial area s
ttself also the side of a rational plus a medial area
Let AB be the side of a rational plus a medial area, and let CD be commen-
surable with AB,
A 1t 15 to be proved that CD 19 also the mde of & rational plus a
medial area
c Let AB be dinided mnto 1ts straight hnes at E,
therefore AE, EB are straight hnes mcommensurable m square
which make the sum of the squares on them medial, but the
£ rectangle contatned by them rational {x 40]
F. Let the same construction be mado as before
sl ol We can then prove sumilarly that
CF, FD are incommensurable 1n square,
and the sum of the squares on AE, EB 13 commensurable with the sum of the
squares on CF, FD,
and the rectangle AE, EB with the rectangle CF, FD,
50 that the sum of the squares on CF, FD 1s also medial, and the rectangle CF,
FD rational
Therefore CD 1s the side of a rational plus a medial area QED

PropostTioN 70

A straight line commensurable unth the side of the sum of two medial areas 1 the
sude of the sum of tuo medial areas

{ftAziB be the side of the sum of two medial areas, and CD commensurable
Wi B,
1t 13 to be proved that CD 1s also the side of the sum of tw o medial
areas

For, since AB 15 the side of the sum of two medial areas,
let 1t be divided 1nto 1ts strasght hnes at E,
therefore AE, LB are straight hines mcommensurable in square
El . which make the sum of the squares on them medial the rectangle

contained by them medial, and furthermore the sum of the
5 squares on AF, EB mcommensurable with the rectangle AE, LB
B Ix 41]
Let the same construction be made as before
We can then prove stmilarly that
CF, FD are also incommensurable 1n square,
the sum of the squares on AE, EB 1s commensurable with the sum of the
squares on CF, FD,
and the rectangle AL, EB with the rectangle CF, FD,
s0 that the sum of the squares on CF, FD s also medial,
the rectangle CF, FD 1s medial,

and moreover the sum of the squares on CF, FD 1s mcommensurable with the
rectangle CF, FD

A

o

Therefore CD 1s the side of the sum of two medial areas QED
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But EF 15 rational,
end 1f an area be contamed by a rational straight Ine and the first binomal,
the sde of the square equsa! to the area 1s binomal {x 54
Therefore the “‘aide” of ET 13 binomtal,
s0 that the “side” of AD 1s also binomial
Next let the square on EH be greater than the square on HK by the square

with the ra-

therefore £XK 13 s fourth brmomial (x Deff 11 4}
But EF 15 rational,
and 1f an area be contained by s rational straight line and the fourth binomtal,
the “side  of the area 1s the 1rrational straight Iine called major [x 571
Th refore the ‘side of the area ET 13 major,
50 that the “side’ of the area AD 15 also major
Next let AB be less than CD,
therefore LG 15 also less than HY,
80 that EH 1s also less than A
Now the square on HX 1s greater than the square on EH either by the
square on a straight ine commensurable with HA or by the square on &
straight hne incommensurable with 1t
First ‘Iec the square on 1t be greater by the square on a straight ine com-

1
* 18 commensurable m length with the ra~

therefore EK 15 a second binomal [x Deff m 2}

But EF 13 rational,
and if an areq be contamed by a rational straight hine and the second binomial,
tbe side of the square equal to 1t 1s a first bimedial, [x 551

therefore the “side of the area ET 1s a first bimedial
50 that the “side of AD 18 also a first blmedx'alﬂ

line EF set out,
therefore £A 13 & fifth binorual [x Deff 1 5}
But EF 15 rational,
and, if an area be contamed by a rational strarght Ine and the fifth binomial,
the sde of the square equal to the area 1s a side of a rational plusamedial areaI
{x 88
Therefore the “side of the area EI 15 a mide of a rational plus & medial area,
sothat the side of the area AD1s also a sude of a rational plus & medial area
Therefore ete Qrp

ProrostTioN 72
If two medial arcas incommensurable with one another be added together, the re~
matning two wrrational straight hines arise, namely esther a second bimedial or &
#ude of the sum of two medial areas
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Tor let two medial areas AB, CD incommensurable with one another be
added together,

T say that the “side * of the area AD 13 exther a second bimed:al ora side of
the sum of two medial areas

A [

B D

For AB 15 exther greater or less than CD

TFirst, if 1t so chanee, let AB be greater than CD

Let the rational straight line EF be set out,
and to EF let there be applied the rectangle EG equal to AB and producing B
as breadth, and the rectangle HI equal to CD and producing HK as breadth.

Now, stnce each of the areas 4B, CD 1s medial,

therefore each of the areas EG, HI 1s also medial

And thoy are applied to the rational strmght hine FE, producing EH, HE 23
breadth,
therefore each of the straight hmes EH, HEK 1s rattonal and mecommensurable
m length with EF x 2

And, since AB 1s ncommensurable with €D,

and AB 1s equal to EG, and CD to HI,

th LG 13 also able with HT
But as EG1s to HI, so1s EH to HE, v 1l
therefore EH 1s incommensurable 1n Jength with HK x 1

;I‘herefore EH, HK are rational straight lineg commensurable 1 square
only,
therefore EX 1s binormal Ix 36)
But the square on EH 15 greater than the square on 2K erther by the squaré
on a straight line commensurable with EH or by the square on 8 straight hne
incommensurable with 1t
Furst, let the square on 1t be greater by the square on a strmght line o™
mensurable 1n length with atself
Now neither of the straight lines EH, HK is commensurable 1n length with
the rational straight line ¥ set out,
therefore EX 18 o third bromial (x Deif 1 4
But EF 1s rational,
and 1f an area be contuned by a rational straight hne and the third Binoma!
the “‘side” of the arca 1s a second bimedial, x4
therefore the “side * of LT, that1s of AD, 1s a second brmedial
P - ~ on JIK by the squar®

: mensurable 1n length
with ET,
therefore EXK 1s a sixth binomual [x Defl It U
But, if an area be contamned by a rational straight hne and the aixth bt
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nomual the “side” of the area s the side of the sum of two medial areas, [x 59]
so that the “smide ’ of the area AD 1s also the side of the sum of two medial
areas
Therefore ete QED

14 4 -1 3 Y sgnfian favana than

whuch t¢ 1s applied (x <2
But the square on the binomial, if applied to a rational straight hine, pro-
duces as breadth the first binomal (x 60)
The square on the first bimedial if applied to a rational straight hne pro-
duces as breadth the second brnomal [x 61]
e square on the second bumedial if applied to a rational strarght line pro-
duces as breadth the third binomal [x 62
The square on the major, if applied to o rational straight line, produces as
breadth the fourth binormal , x 63]
28 S v Poeedl A4 aem

the first because 1t 1s rational and from one another because they are not the
same 1n order,

so that the wrrational straight lines themselves also duffer from onc another

ProrosiTiov 73

If from a rational straight Line there be sublracted @ ratonal strasght line commen-
surable uath the whole wn sguare only, the remainder 1s wrrational, and let +f be
called an apotome

For from the rational straight line AB let the rational straight line BC, com-
mensurable with the whole 1n square only, be subtracted,
T 1 say that the remander AC 1s the wrrational straight

B Line called apotome

For, since AB 1s incommensurable 1n length with BC,
and as AB 15 to BC, so 1s the square on AB to the rectangle AB, BC,
therefore the square on AB 1s incommensurable with the rectangle AB, BC

[x 11]
But the squares on AB, BC are commensurable with the square on AB,
x 15
and twice the le AB, BC s ble with the le AB, BC
[x 6
And masmuch as the squares on AB, BC are equal to twice the rectangle
AB, BC together with the square on CA 7]
therefore the squares on AB, BC are also mncommensurable with the remun
der, the square on AC {x 13 16]
But the squares on 4B BC are rational,
therefore AC 1s irrational [x Def 4}

And let 1t be called an apotome QED
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ProrostTiov 74

If from o medial strarght hine there be subtracted a medsal straight ine which 18
commensurable with the whole 1n square only, and whych contans with the whole e
ratwonal rectangle, the remarnder 18 wrrational And let 1t be called a first apotome
of o medial straight line

For from the medial straight line AB let thers be subtracted the medil
straaght line BC which 1s commensurable with 4 B \n square only and with AB
makes the rectangle AB, BC rational,

1 say that the remamnder AC 1s1rrational, and let 3t ¢ 8
be called a first apotome of a medial stroaght line ——

For, since AB, BC are medial, f

the squares on AB, BC are alsy medial

But twice the rectangle AB, BC 1s rational,
therefore the squares on AB, BC are incommensurable with twice the rectan
gle AB, BC,
therefore twice the rectangle AB, BC 1s also incommensurable with the re-
mamder the square on AC, fef 1
smee 1if the whole 15 mcommensurable with one of the magmtudes, the ongmal

des will also be bl x 16
But twice the rectangle AB, BC 1s rational,
therefore the square on AC 1s 1rrational,

therefore AC 15 rrationa] [x Def 4]
And let 1t be called a first apotome of @ medzal strayght hine QED
ProrosiTion 75
Jee e oA ’ EERETN . BN
< . t -

A e [ T PN PN ‘
of a medial straight line
For from the medial strmight hne AB let there be subtracted the meditl
straight line CB which 15 commensurable with the whole 4B 1m square 0%
and such that the rectangle AB, BC which 1t contamps with the whole AB B
medial, x %
Isay that the remainder AC 1sirrational and let 1t e called a second apoto™
of a medial straight lme

For let & rational strught line DI be set. out, o
1§c DdEi;eqUﬂ‘ to the squares on AB, BC, be applied to DI, producing D ¢
readth,
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and let DH equal to twice the rectangle AB, BC be npphed to DI, producing
DF s breadth,

t}\crefore the remainder FE 1s equal to the square on AC {71
Now, since the squares on AB, BC are methal and commensurable,
R therefore DE 1s also medial R [x 152nd 23, }:or]
3 e oy Zoanm 2 aa

And 1t 18 equal to DH,
therefore DH 15 also medial
b A:;d 1t has been apphed to the rational straight hne DI, produewng DF a.s
readth
Lhemfore DF 1s rétional and 1ncommensurable m length with DI [x 22]
And, since 4B, BC are commensurable 1 square only,
therefore 48 13 incommensurable m length with BC,

therefore the square on AB 1s also ble with the le AB,
BC Ix 1
But the squares on AB, BC are commensurable with the square on 45,
{x 15}
and twice the le AB, RC 18 ble with the rectangle A8, BC,
1x 8]
therefore twice the rectangle AH, BC1s with the squares on
4B, BC {x 13]
But DE 13 equal to the squares on 4B, BC,
and DH to twice the rectangle AB, BC,
therefore DE 18 ble with DH
But, as DE 1s to DH, so 1s GD to DF, [\R )]
therefore GD 15 1rcommensurable with DF x 11]

And both are rational,
therefore GD, DF are ratlonal straight Imes commensursble n square only,
therefore F( 1s an apotome fx 73}
But DI 15 rational
and the rectangle contained by a rational and an srrational straght hne 15 3r-
rational, [deduction from x 20]
and it “sude 18 arrational
And AC1s the “side of FE
therefore AC 1s rrational
And let 1t be called a second apotome of a medial straight hine QED
Prorosirion 76
Fowr (4 5 1 thasdcdacht]epel b ogamemmm wweillp
. . , . . . ey o0 7
! L - L L -
G
5 :
1 say that the remmnder AC 1s the irrational strasght hine called minor
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For, since the sum of the squares on AB, BC 1s rational, while twice the recs
tangle AB, BC 1s medual,
therefore the squares on A B, BC are incommensurable with twce the rectangle

B, BC
and, mn’Lerlcnda, the squares on AB, BC are incommensurable with the re-
mander, the square on AC fu 7,x 18]

But the squares on AB, BC are rational,
therefore the square on AC 15 1rrational,
therefore AC 13 1rrational
And let 1t be called manor QED

Provostrion 77

If from a strawght line there be sublracted a straight line whach 15 tncommensurable
1 square wrth the whole, and whieh wnth the whole makes the sum of the squareson
them medral, but tunce the rectangle contaned by them ratiwnal, the remainder 13
srrational, and let 1t be called that which produces with a rational area 4 medial
whole

For from the straght hne AB leb there be subtracted the straight e BC
which 18 incommensurable 1n square with AB and fulfils the given con-
ditions, [x 34

1 say that the remaunder AC 1s the irrational straight line aforesaid

For, since the sum of the squares on 4B, BC 15 medial,

while twice the rectangle AB, B( 1s rational,

therefore the squares on AB, BC are incommensurable with twice the ¢
rectangle AB, BC,
therefore the remainder also, the square on AC, 18 incommensurable
with twice the rectangle 4B, BC [ 7,% 16]

And twice the rectangle 4B, BC 1s rational,

therefore the square on AC 1s irrational,
therefore AC 15 mrational
And let 1t be called that uhck produces unth a ralional area @ medial whole
QED

ProrosiTion 78

If jrom a straght line there be subtracted a strawght line whch 18 ancommenstreblt
tn square wath the whole and which with the whole makes the sum of the squares o™
3

*
]

whole

For from the straight line AR let there be subtracted the straight line s
incommensurable i square with AB and fulfilling 8
the given conditions, {x 35)

I say that the remamder AC 15 the irrational
straight hne called that wheck produces wath ¢ medial
area a medal whole

™o L

" eset out, t

» the squares
Faan Ea
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and let DH equal to twice the le AB, BC be sut d
Therefore the remainder FE 1s equal to the square on AC, [m 7]
50 that AC 1s the “side ' of FI
Now, smee the sum of the squares on 4B, BC 1s medal and 1s equal to DE,
therefore DE 18 medsal
And 1t 18 apphed to the rational straight hne DI, producing DG as breadth,
therefore DG 1s rational and mcommensurable 1n length with DI I 22]
Agan since twice the rectangle 4B, BC 1s medial and 1s equal to DH,
therefore DH 1s medsal
And 1t 13 applied to the rational straight lne DI, producing DF as breadth,
therefore DF 1s also rational and incommensurable 1n lepgth with DI [\ 22)
And, smeé the squares on AB, BC are ncommensurable with twice the ree-

tangle AB, BC,
therefore DE 15 also incormensurable with DH
But as DE 1s to DH, so also 1s DG to DF, vi 1]
therefore DG 1s mcommensurable with DF fx 111
And both are rational,
therefore GD, DF are rational straight lines commensurable 1n square only
Therefore FG 18 an apotome x 73]
And FH 1s rational,
but the rectangle contatned by a rational straight line and an apotome 1 15~
rational, {deduction from x 20]

and 1ts “side 18 1rational
And AC 1s the “side’ of FE,
therefore AC 15 rrational
And let 1t be called that whach produces wilh a medial area a medial whole
QED
Prorosirion 79
To an apotome only one rational straight line can be annexed which 1s commensu~
rable wath the wholc wn square only
Let AB be an apotome and BC an annex to1t,
A 8 ¢ o therefore AC, CB are rational straight hnes
ble 1n square only {x 73]
I say that no other rational straight line can be annexed to AB which 15
commensursble with the whole i square only
For, if possible, let BD be so annexed,
z};?refore AD, DB arc also rational straight lines commensurable 1n square
'y [x 73]
Now, since the excess of the squares on AD DB over twice the rectangle

gg. gg 15 also the excess of the squares on AC, CB over twice the rectangle
’ 1

for both exceed by the same, the square on AB, [ir 71
therefore, alternately, the excess of the squares on AD, DB over the squares
on AC, CB 1s the excess of twice the rectangle AD, DB over twice the rec-
tangle AC, CB

But the squares on AD, DB exceed the squares on AC, CB by a rational area,
for both are rational,
therefore twice the rectangle AD, DB &lso exceeds twice the rectangle AC, CB
by & rational ares
L
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which 15 impossible,
for both are medial {x, 21}, and 2 mechal area does not exceed a medial by a
atronal ares ix 20}
Therefore no other rational strmght hne can be annexed to AB which s
commensurabls wath the whole 1 square onty
Therefore only one rational sirmght hne ean be annexed to an spotome
which 18 commensurable with the whole in square only Q ED

ProrosiTion 80

To a first apotome of @ medral straaght Line only one medial strarght fine can be
annexed which 13 commensurable with the whole tn square only and whach contains
wnth the whole a rational rectangle

Forlet 4B be a first apotome of a medial A B [
straight hne, and let BC be an annex to AB; S
therefore AC, CB are medial straight lines commensurable 1a square anly wed
such that the rectangle AC, C8 which they contain 1g rational, x. 74

1 say that no other medial strasght line can be gnnexed to 4B which 18 com-
mensurable with the whole i square only and which contams with the whole
a rational area

Tor, 1f posmble, let DB also be so annexed,
sherefore AD, DB are mediad straipht bines votemensurable m square ouly sed
such that the reetangle AD, DB which they contain 1s rational <M

Nov, since the excess of the squares on 4D, DB over twce the rectangle
ﬁg, gg 15 alse the excess of the squares on AC, CB over twee the reetangle

, CB,
for they excced by the same the square on 45, 7

therefore, alternately, the eveess of the squares on 4D, DB over the squaresd
on AC, CB 18 slso the excess of twice the rectangle AD, DB over twice the rec-
tangle 4C CB

But twice the rectangle 4D, DB exceeds twice the rectangle AC, CB bye
ratienal area

for both are rational

‘Therefore the squares on 41, DB alvo exceed the squares on 4C, CB bys

rational area
whieh 15 smpossible

for both are medial {x I5and 24, Por}, and a medial area does not exceed 2
medal by a rational ares [x 2

Thercfore ete QED

Prorosrrion 81

To a sccond apotome of a medial straight hine anly one medeal sirasght hne can be

onnezed which 15 commensurable with the whole in square only and which contaus

with the whole @ medhal rectangle

Aé;ct AB be a second apotome of 2 medial straight line and BC an annes 0

i

therefore AC, OB are wedial straght hines commensurable i square only wl

such that the rectangle AC (B whach they contam is medial A
1say that no other medial straght bue can be annexed to 48 which 13 c0m”
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mensurable with the whole in square only and which contarns with the whole
a medtal rectangle

For, 1f possible, let BD also be so anneved,
therefore AD, DB are also medial straight lines com-

A__B €D mensurablensquare only and such that the rectangle
F AD, DB whch they contain 1s medial [x 75]
L| M Let = rational straight lne EF be set out,

let EG equal to the squares on AC, CB be apphed to
EF, producing EJ as breadth,
and let HG equal to twice the rectangle AC, CB be sub-
' tracted, producing H A as breadth,
therefore the remainder EL 1s equal to the
square on 4B, [r 73
so0 that AB 1s the “su:le" of EL

Agarmn, let EI equal to the squares on AD, DB be ap-
plied to EF, producing EN as breadth

But EL 1s also equal to the square on 4B,
therefore the remainder HI 1s equal to twice the rec-
tangle 4D, DB r 7]
N Now, since AC, CB are medial straight bnes,

therefore the squares on AC, CB are al<o medual

And they are equal to EG,

Apt - e therefcn? EG 3 al§o msd:al . [x'3:5'nnd‘23, P:of]
there "

Ag

twice the rectangle AC, CB 1s also medial [x 23, Por]
And 1t 1s equal to HG,
therefore HG 15 also medial

And s 1 rar iR

herefore AC 15 ble in length with CB
But, as AC 1s to CB, 50 15 the square on AC to the rectzmgle AC, CB;
therefore the square on AC 15 ble with the AC, C.

x 11]
But the squares on AC, CB are commensumble \\1th the square on AC,
Whlle twice the le AC, CB1s with the le AC,

s
x 6]
there!are the squares on AC, CB are incommensurable with twice the rec-
tangle AC, CR = 13

And EG 1s equal to the squares on AC, CB,
while GH 15 equal to twice the rectangle AC, CB,

therefore EG 1s tncommensurable with HG
But, as £G 15 to HG, so 15 LM to HAM, v 13
therefore EM 15 Iucommensurable in length with MK {x 11]
And both are rational,

therefore EAf, MH are ratmnal straight Lines commensurable in square only;
thex‘efore EH 13 an apotome, and HAf an annex to 1t [x 73)
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Similarly we can prove that HN 1s also an annex to it;
therefore to an apotome different strught hines are annexed which are com
mensurable with the wholes mn square only
which 1s imposstble [x 79
Therefore etc QED

ProrosiTiov §2

To a munor strawght line only one straight line can be annezed which 15 ncommen-
surable 1 square wth the whole and which makes, with the whole, the sum of the
squares on them rational but tunce the rectangle contained by them medial
Let AB be the miror straight line, and let BC be an annex to 4B,
therefore AC, CB are straight lines incommensurable 1 square which make
the sum of the squares on them rational, but twice , B c D
the rectangle contained by them medial k7w
I say that no other straight line can be annexed to AB fulfiling the same
conditions
For, if possible, let BD be so annexed,
therefore AD, DB are also straight lines incommensurable 1o square whch fil
i} the aforesard conditions {x ¢
Now, since the excess of the squares on AD, DB over the squares on AC, cB
15 also the excess of twice the rectangle AD, DB over twice the rectangle AC,

CB,
while the squares on AD, DB exceed the squares on AC, CB by a rational ares,
for both are rational,
therefore twice the rectangle AD, DB also exceeds twice the rectangle AC,CB
by a rational area
which 15 impossible, for both are medial Ix 2
Therefore to & mmor straight line only one straight line can be annexed
which 15 mcommensurable 1 square with the whole and which makes the

squares on them added together rational, but twice the rectangle contamed by
them medral QEP

ProrosiTIoN 83
To a strarght line which produces with a rational area a medial whole only o7
straaght line can be annezed whick 15 ncommensurable n square with the whole
strasght tine and which with the whole strasght line makes the sum of the squares ™
them medual, but twrce the rectangle contarned by them rational

)}A]at AB be the straight lime which produces with a rational area 3 medal
whole,

and let BC be an annex to AB; P

therefore A R ara gten ~he § A8

xM

. . . 21 san0e
condttions

For, if posaible let BD be so annexed, I
therefore AD, DB are also straight Jines incommensurable 1n square nhich
i} the given conditions ix &

Stnce then, s 1n the preceding eases,
the excess of the squares on 4D, DB over the squares on AC, CB 13 85 e
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excess of twice the rectangle AD, DB over twice the rectangle AC, CB,
while twice the rectangle AD, DB exceeds twice the rectangle AC, CB by a
rational area

for both are rational,
therefore the squares on AD, DB also exceed the squares on AC, CB by a
rational area
which 15 impossible, for both are medial [x 26]

Therefore no other straught hine can be annexed to AB which is incommen-
surable 1n square with the whole and which with the whole fulfils the aforesaid
conditions,
therefore only one straight line can be 5o anneved QED

Praposrrion 84

To a straight line whach produces with ¢ medial area @ medial whole only one
slrawght Iine can be annexed whach 1s incommensurable 1n square with the whole
straight line and whach unth the whole strawght line makes the sum of the squares
ot them medial and tunce the reclangle contained by them both medial and vlso in-
commensurable with the sum of the squares on them
hLeit AB be the straight hne which produces with a medial area a medial
whole
and BC an annex foit,
therefore AC, CB are straight lines incommensurable in square which fulfil the

aforesard conditions x 78]
1 say that no other straight ine can
A B co be annexed to AB which fulfils the

aforesaid conditions

For 1f possible, let BD be so an-
nexed
so that AD, DB are also straight lines
mecommensurable in square which
make the squares on AD, DB added
F L 1 together medual, twice the rectangle

AD, DB medal, and also the squares

on AD, DB incommensurable with twice the rectangle AD, DB [x 78]

Let a rational straight hine EF be sct out,
{frt fdﬁhequal to the squares on AC, CB be applied to EF, producing EM as

e i
and let HG equal to twice the rectangle AC, CB be apphed to EF, producing
HAI as breadth,

therefore the remainder, the square on AB [1r 7}, 1s equal to EL,
therefore AB 1s the “side " of EL

Agam let LI equal to the squares on AD, DB be applied to £f, producing
EN as breadth

But the square on AB 1s also equal to EL,
therefore the remainder twice the rectangle AD, DB i 7] 1s equal to HI

Now, since the sum of the squates on AC, CB1s medial and 18 equal to EG,

therefore EG 1s also medial

And 1t 15 applied to the rational strught hne EF, producng EVf as breadth,

therefore EAI 1s rational and incommensursble 1n length with EF 29
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Agsin, since tvies the rectangle AC, CB 13 medial and 15 equal to HG,
therefore H 18 also medial
And 1t 1s applied to the rational straght hne £F, producing HA as breadth,
thevefare H{A{ 15 rational and meommensurable 1o length with FF {x 23
And, since the squares on AC, OB are imntommensurable with twice the rece
tangle AC, CR,
EG 18 also weommensusable with AR,
therefare B2 1s also incommensurable i length with MY {vr 1,x I}
And both sre rations!,
therefore EM, MH are rational straight lines commensurable i square only
thercfore EH 13 an apotome, and H2f an anpex to 1t x 73
Sumlarly we ean prove that EH 1s agmn an apotome and HN an aunex toik.
Therefore to an ap different rational straight hines are anneved which
a1e cormensurable with the wholes m square only
which was proved impossuble X 1
Therefore no other straght hine can be so anneved to AB
Therefore to AB only one strmght line ¢an be annexed which 13 ipeommen-
strable 1 square with the whole and wiich with the whole makes the squures
on them added together medial twice the rectangle contamned by ther medal,
and also the squares on them incominensurable with twies the rectangle con
taned by them QED

DEFINITIONS 1L

1 Given a ratsonal straight hne and an apotome, if the square on the whfe
be greater than the squate on the anpex by the square on & steaight hne ton
mensurable in Jength with the whole and the whole be commensuratle B
len%th with the ratsonal straght hue set out, let the apotome be called s fird
apofome

2 Bugif the annex be commensurable 1 length with the rational straght
line set out and the square on the whole be greater than that on the ann®s ty
the square on o straight hne commuensurable nith the whole, let the apotons®
be called & second apatonte

3 But 1f nerther be commensurable 1n length with the rational atraght 18
set out and the square on the whole be greater than the square oo the ange?
by tha square on a straght ine commensurable with the w hole, Jet the apotemt
be called a third apatome

4 Agam if the square on the whole be greater than the square on the 882
by the square vn a straight line incommensurable with the whole then, ¥ {5
whole be commensurable 1n length wath the ratronal strmght hine seb o8t
the apotome be called & fourth apotome

5 f the ennex be so commensurable s fifeh,

6 and if nesther a surth

ProrosiTion 85
To find the first apotome
Let o rations! strmght bine A be set out
8ad let BG be commensurable i length with 4,
therefore B@ 15 alaa rational



ELEMENTS X 205
Let two square numbers DE, EF be set out, and let therr difference D not
square, ¢ !
B ¢© Gl therefore neither has LD to DF
A the ratio which a square num
ber has to a square number
E F 4 Let 1t be contrived that,
a3 ED 15 to DF, so 13 the square on B@ to the square on GC, (¥ 6, Por ]
therefore the square on BG 15 commensurable with the square on GO [x 6]
But the square on B 1s rational,
- therefore the square on GG 15 also rational,
therefore GC 15 also rational
And, since ED has not to DF the ratio which 4 square number has to a
Square number,
therefore nerther has the square on BG to the square on GC the ratio which 2
square number has to a square nunber,

H

G 13 ble 1n length with GC x 9
And both are rattonal,
therefore BG, GC are rational straight hnes commensurable 1n square only,
therefore BC 13 an apotome x 73}

1 say next that 1t 15 also a frst apotome
For let the square on H be that by which the square on BG 1s greater than
the square on GO
Now since, as ED 13 to FD, so 1s the square on BG to the square on GC,
therefore also, convertendo, v 19, Por}
83 DE 13 to EF, 50 18 the square on GB to the square on &
But DE has to EF the ratia which s square number has to & square number,
for each 13 square,
therefore the square on GR also has to the square on J the ratio winch 2 square
number has to a square number,
therefore BG 15 commensurable 1 Jength with ff ™9
And the square on BG 15 greater than the square on GC by the square on /,
therefore the square on BG 1s greater than the square on GC by the square on
a straight ine commensurable in length with BG

4 And the whole BG1s commensurable 1o length with the rational straight hine
set out

Therefore BC 15 a first apotome {x Deif n1 1)
Therefore the first apotome BC has been found
{Being) that which 1t was requred to find QED

Prorositioy 86

Yo find the second apotome

Lhct a rational straight hne A be set out and G cornmensurable gy, o ot
with 4

’ therefore GC 19 rational

Let two square numbers DE EF be set out and let thewr diffees- 35,

square

Now let 1t be contrived that as FDis to DE, 5018 the squurr 40 0y o oo
square on GB s e

Therefore the square on CG 1s commensurable with the gy, m o1 72 <
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But the square on CG 15 rational, R
therefore the square on GB i3 also rationsl,
therefore BG 15 rational
And, since the square on GC has not to the

square on B the ratio which o square pum- U N
ber has to & square number, 8 ¢ N
CG 1s meommensurable mn length with GB. EaEEseneseeanh
x #
And both are rational,
therefore CG, GB are rational straight lines T F T
commensurable m square only,
therefore BC 13 an apotome x 7

1 say next that 1t 1s also a second apotome

For let the square on H be that by which the square on BG is greater than
the square on GC

Since then as the square on BG 1s to the square on GC, s0 15 the number ED
to the number DF,

therefore, comertends,

as the square on BG 1s to the square on #, so1s DE to EI' {v 19 Porl

And each of the numbers DE, L'F 1s square,
therefore the square on BG has to the square on H the ratso which a square
aumber has to a square number,

therefore BG 1s commensurable 1n length with x4

And the square on BG s greater than the square on GC by the square oo By
therefore the square on BG 1s greater than the square on GC by the square ond
straight hne commensurable i length with RG

And CG, the annex, 1s commensurable with the rational straight hoe 4 set
out

‘Therefore BC 1s a second apotome [x Deft 1 2}

Therefore the second apotome BC has been found qED

Prorostriov 87
To find the third apotome
Let 2 rational straight line 4 be set out
let three numbers E BC, (D be set out
which hase not to one ancther the rabio
which a square number has to & square num- L
ber but let CB hase to BD the ratio which a.

square number has to a square number e
Let1t be contrived that 25 £ 1s to BC, s0 1s ek
the square on 4 to the square on "G, e
and, as BC1s to CD, s0 1s the square on F@ 8 0
to the square on GH {X 6 Por}
Since then as £ 1s to BC so 1s the square on A to the square of FG, P
therefore the square on A 15 commensurable with the square on £ It

But the square on A 1s rational
therefore the square on F@ 1s alsg rational,
thercfore FG 1s rational
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And, since I has not to BC the ratio which 2 square number has to a square
number,
therefore neither has the square on A to the square on FG the ratio which a
square number has to a square number,
therefore A 18 incommensurable 1n length with FG [x 91
Agnn, since, as BC 1s to CD, so 15 the square on FG to the square on GH,
therefore the square on F@G 1s commensurable with the square on GH  [x 6]
But the square on FG 1s rational,
therefore the square on GH 1s also rational,
therefore GH 15 rational
And, smce BC has not to CD the ratio which a square number has to a
square number,
therefore neither has the square on F@ to the square on GH the ratio whnch a
square number has to a square number,
herefore FG s ble in lepgth with GH x 9
And both are rational,
therefore FG, GH are rational straight lines commensurable i square only,
therefore I'H 1s an apotome Ix
1 say next that 1t 1s also a therd apotome
For since, 2s E 15 to BC, so 1s the square on A to the square on FG,
and, as BC 1s to CD, so 1s the square on FG to the square on HG,
therefore, ex acqualz, as E 15 to €D, 50 1s the square on A to the square on HG
[v 22]
But E has not to CD the ratiowhich a square number has to a square number,
therefore neither has the square on 4 to the square on GH the ratio which a
square number has to & square number,
therefore A 15 incommensureble m length with GH x9
‘Therefore neither of the straight limes FG, GH 1s commensurable m Jength
with the rational straght line 4 set out
Now let the square on K be that by which the square on FG 1s greater than
the square on GH
8ince then, as BC 1s to €D, so 19 the square on FG to the square on GH,
therefore, contertendo, as BC 1s to BD, so 18 the square on FG to the square
o K {v 19 Por]
But BC has to BD the ratio which a square number has to a square number,
therefore the square on F'@ also has to the square on K the ratio nhich a square
number has to a square number
Therefore FG 15 commensurable 1 length with K, {x 9]
and the square on FG 15 greater than the square on GH by the square on a
S‘T?lqm hine commensurable with FG

with

. m 3]
Therefore the third apotome FH has been found QED

ProrosrTioN 88
To find the fourth apotome
I}ft 3 rational straght Line A be set out, and BG commensurable 1n length
with it,
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therefore B 1s also rational
Let two numbers DF, FE be set out such that the whole DE hasnot to
aither of the numbers DF, EF the ratio which a square number has o3
square number

Ao . SRS

H

b f E

Tet it be contrived that, as DE 1s to BT, 56 13 the square on BG to the square
on GC, [x 6, Por}
therefore the square on BG 1s commensurable wath the square on GC % 6}

But the square on B 13 rational,

therefore the square on GC 1s also rational,
thesefore GC 13 rational

Wow, since DE has not to EI the ratio which 2 squars number has o5
square number,
therefore uerther has the square on B to the square on GC thé ratio phih s
square number has t0 a square number,

heref G is sble i length with 6C A}

And both are rational,

thereforn P 0 -k

Vet . at

Now
the square on GC
Since then as DE 18 to EF, s0 1 the square on BG to the square on GC
therefore also convertendo as ED 18 to DF, 5038 the square on GB to thesyist
on H tv 19 For}
But ED has not to DF the ratio which a square number has to a square
number
therefore nether has the square on GB to the square on H the ratio which &
square sumber has o a square number,
L -

Hhamafama I . ”” T O
A set out
Therefore BC 1s a fourth apotome {x Dett w 4
Therefore the fourth apotome has been found QE?D

Prorosrrion 89
To find the fifth apotome
Let 4 rational straght hine 4 be set, out and let G be commensurable 8
length with 4,
therefore CG 1s rationat o
+ Let two numbets DF FF be set out such that DI agam has not to ethes
the numbers DF, FE the ratio which a square humber has to a square numbeh
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and let 1t be contrived that as FE 13 to ED, s0 15 the square on € to the
square on GB

Thesefors the square on GB 1s alsa rational, {x 61
therefore BG 1s slso rational
8 0 Now since as DE s to BF, so 18 the square on BG to
the square on GC,
while DEhas not to EF the ratio which a squave number has
% ta a square number
therefore nerther has the square on B@ to the square on GO

H the ratio which a square nutaber has to a square number,
gt {f therefore BG s ble 1 length "ath GG {x 9)
And both are rational,
therefore BG GC ate rational straight bines commensurable
£ m square ouly,
- x 73}
. thau
the square on GC

Since then as the square on BG 1s to the square on GC, s01s DE to EF,
thevefore, convertendo, as ED 15 to DF, 50 13 the square on BG to the square
onH {v 19 Por}
Bx;’te ED has not to DF the ratio which a square number his to s sguare
number,
therefore nesther has the square on B@ to the squsre on K the ratio which a
&quare mumber hag to a square number,

vy Vit st B o oY

& straight, lwe wcommensurable 1o length with 6B
4 And the annex 0@ 1s commensurable i Jength wrth the ratronal straight hne
set out,
therefore BC 1s e fifth apotome {x Detf m 5}
Thereforg the fifth apotome BC has been found QCDp

Prorosrrion 90
To find the sizth apotoms
&t n ratiopal straight Ime A be set out and three numbers B BC 434 nat

A .
;,"""“"“""""““"*‘*a square number has to s square number
Kemommeaen Let 1t be contnived that a5 E1s to BCyso 18
£ = ' - Qo

g Por

&8 o c Now since as £ 18 to BC' 50 1s the square

on 4 to the square on FG
therefare the square on 4 1g commensucable with the square oo F¢  fx 6]
But the square on 4 1s rational,
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therefore the square on FG 1s also rational,
therefore FG s also ratronal
And, since E has not to BC the ratto nhich a square number has to a square
number,
therefore nerther has the square on A to the square on FG the ratio nhichs
square number has to a square number,
therefore A 15 incommensurable 1 Jength with FG (x o
Agan since, as BC 1s to €D, 5013 the square on FG to the square on GH,
therefore the square on FG 15 commensurable with the square on GH  [x 6
But the square on @ 1s rational,
therefore the square on GH 1s also rational,
therefore GH 13 also rational
And, since BC has not to CD the ratio which a square number has tos
square number,
therefore perther has the square on FG to the square on GH the ratto nhicka
square number has to a square number,
therefore FG 15 incommensurable 1n length with GH Ix §
And both are rational,
therefore FG, GH are rational straight hines commensursble m square only,
therefore FH 1s an apotome fe 1)
T say neat that 1t 15 also a sixth apotome
For since, as E 1s to BC, so 1s the square on 4 to the square on FG
and, as BC 15 to €D, 50 13 the square on FG to the square on GH,
therefore, ex aequalt as E1s to CD, 501s the square on 4 to the square o;l Gg]
v

But E has not to CD the ratic which a square number has ta & square num

T,
therefore neither has the square on A to the square on GIf the ratio which s
square number has to a square number,
th As ble 1o length with GH, x4
therefore nesther of the straight Lines FG GH 15 commensurable m length wi
the rational straight hine 4
Now let the square on K be that, by which the square on FG 1s greater tha
the square on GH
Since then as BC 1s to CD, s0 15 the square on FG to the square oo cH
therefore, contertendo as CB 1 to BD, so 1s the square on FG@ to the square
on b v 19, Tor)
b But CB has not to BD the ratio which a square nuraber has to a square 2V
er,
therefore nexther has the square on FG to the square on K the ratio whish®
square numbcf haf to a square number, re
& Ralad -

5
o

And neither of the straight lines PG GH 13 commensurable with the rationd!
straight hine A set out

Therefore FH 1s & sicth apotome {x Defl O i

Therefore the sixth apotome FII has been found qs?
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Prorosrrion 91

If an area be contarned by a ratwonal stratght line and a first apolome the “side”
of the area 13 an apotome
For let the area AB be contamned by the rational straight line AC and the
first apotome AD,
Isay that the ‘side of the area AB 1s an apotome
For simce AD 13 a first apotome let DG be 1ts annex,
therefore AG, GD are rational straight lines commensurable 1 square only
[x 731
And the whole AG 1s commensurable with the rational straght hine AC set

out
and the square on AG 1s greater than the square on GD by the square on 3
PRV h ~ -

surable parts Ix 17]
Let DG be bisected at E,
A let there be spplied to AG o parallel-
ogram equal to the square on £G and
deficzent by a square figure
and let 1t be the rectangle AF FG,
¢ therefore AF 1s commensurable
L N PS with FG

And through the pomnts E F, & let
Y EH FI GK be drawn parallel to AC
s m Now since AF 15 commensurable
W] m length with FG
therefore AG 1s also commensurable
m length with each of the straight
lnes AF FG [x 18]

But AG1s commensurable withAC,
gxgrefcm each of the straight hines AF, FG 1s commensurable 1n length with

[x 12)
And AC 15 rational
thercfore each of the straight hnes AF FG 15 also rational
. o - [x 19}
th traight lines
DL ke [x 15}

Bt DA 18 ravionsi andt incommensuratie 1n tenzin witn AT,
therefore each of the strarght lines DE EG 15 also rational and mcommensur-
able 1n length with AC [x 13]

therefore each of the rectangles DH, EA 1s medial {x 213
Now let the square L be made equal to AT and let there be subtracted
;h}t square N0 having o common angle with 1t the angle LP, and equal to
f
therefore the squares LY NO are about the same diameter [vi 26)
Let PR be their diameter and let the figure be drawn
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Snce then the rectangle contamed by AF, FGis equal to the square on EG,
therefore, as AF 15 to KG, s013 EG to FG {1 13
But, as AF 13 to LG, so1s 47 to EK,
and, as EG 1s to FG, so1s EX to KF, mn
therefore BX 1s & mean proportional betneen 41, KF i
But AN 1s also a mean proportional betueen LA, NO, 8s was befare proved,
{Lemms afterx 53
and A1 1s equal to the square LA, and KF to NO,
therefore AN 1s also equal to EK.
But EK 15 equal to DH, and MN te LO,
therefore DX 13 equal to the gnomon UV and NO.
But AX 15 also equal to the squares LAf, NO,
therefore the yemainder AB 1s equal to 57,
But ST 15 the square on LV,
therefore the square on L is equal to AB;
therefore LNV 1s the “side” of AB.
1 say next that LV 15 an apotome
For, stnce each of the rectangles AT, FK 1s rational,
and they are equal to LA, NG,
therefore each of the squares LM, NO, that 1s, the squares on LP, PN respec
tuely, 1s also rational,
therefore each of the straight lines L2, PV 18 also rational
Agamn, sice DH is medial and 15 equal to LO,
therefore LO 1s also medial
Stace, then, LO 15 medial,
while NO ss rational,
therefore LO 15 incommensurable with ¥O
But 25 LO 15 to NO, s01s LP to PN, fvi 1
therefore LP 13 incommensurable i length vath PV fe
And both are ratronal,
therefore LP, PA are ratsonal straight hines commensurable 1n square ool
therefore LN 18 an apotome x ™
And 1t 13 the “side * of the area 4B,

therefore the “‘side ” of the area 4B 13 an apotome
Thercfore ete eE?

ProrosiTioN 92 .
If an area be contained by a ratwnal strarght hine and a second apolome, the Vsude
of the area 13 a first apolome of @ media! strarght hine
For et the aren AB be contomen by toe ranonal straight hne AC and 5
second apotome AD,
I saythat the*side of thearea d 813 2 first npotome of amedinl strasght bt
For et DG be the annex to AD,
therefore A, GD are rattonal straight hnes commensurable in square 0?:}’:73 ;
and the annex DG 1s commensurable with the rational straght Ime AC s ouly
sehule the square on the whole AG 1> greater than the square on the sane¥
by the square on a stratght line commensurable n leagth with 4G 4
fx Dell W2
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Smce, then the square on AG1s greater than the square on GD by the square
on & straight line commensurable with AG,
therefore, 1f there be applied to AG a
Llel equal to the fourth part
of the square on GD and deficient by a
square figure, 1t divides 1t into com-
L mensurable parts x 17
K Let then D@ be bisected at I,
L let there be apphed to AG a parallclo-
gram equal to the square on EG and
v deficient by a square figure,
) and let 1t be the rectangle AF, I'G,
! v therefore AF 1s commensurable 1n
length with FG
‘Therefore AG 13 also bl
m length with each of the straight
hnes AT, FG [x 15]
But 4@ 1s rational and mcommensurable 1n length with AC,
therefore each of the straight lines AF, FG1s also rational and mcommensu-
rable i length with AC, [x 13}
therefore each of the rectangles AT, FK 1s medial [x 21]
Agamn since DE 1s commensurable with EG,
therefore DG 15 also commensurable with each of the straight hines DE, EG
[x 18]

But DG 1s commensurable n length with AC
Therefore each of the rectangles DH, EX 1s rational [x 19}
Let then the square LM be constructed equal to A7,
and let there be subtracted A O equal to FK and being about the same angle
with LM, namely the angle LPM,
therefore the squares LAf, NO are sbout the same diameter [vi 26
Let PR be their diameter, and let the figure be drawn
8ince then A7, FA are medial and are equal to the squares on LP, PN,
the squares on LP, PN are also medial,
therefore LP, PN are also medial strarght hines commensurable 1n square only
Aud since the rectangle AF, FG 15 equal fo the square on EG,

therefore, as AF 1s to EG, so 18 EG to FG, fvr 17]
while, a8 AF 15 to EG, so1s AT to EK,

and, as EG1s to FG, so1s EK to FK, [vt 1]

therefore ER 1s 2 mean proportional between AT, FK (v 11]

But AN 15 also a mean proportional between the squares LAf, NO,
and AT 18 equal to LM, and I'R to NO,
therefore AN 13 also equal to EK

But DH 13 equal to EK, and LO equal to MN,

therefore the whole DA 13 equal to the gnomon UV W and NO
Stnce, then, the whole AK 15 equal to LA NO

and, 1z these DK 1s equal to the gnomon UVW and NO,
therefore the remainder AB 1s equal to T'S
But 7'S 13 the square on LN,
therefore the square on LN 1s equal to the area 4B,
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therefore LN 1s the “side” of the area AB.
1 say that LN 1s a first apotome of & medial straight line
For, since EX 15 rattonal and 1s equal to LO,
therefore LO, that 1s, the rectangle LP, PN, 1s rational
But NO was proved medial,
therefore LO 1s iIncommensurable with AO
But, 2s LO 1s to NO, so1s LP to PN, [z 8]
therefore LP, PN are incommensurable i length (x 1
Therefore LP, PN are medial straight limes commensurable n square only,
which contain 2 rational rectangle,
therefore LN 13 a first apotome of a medial straight e (X 7
And 1t 13 the “side” of the area AB
Therefore the “side” of the area AB 15 a first apotome of a medial straght
hine QED

ProrosiTiov 93

If an area be contained by a rational straght ine and @ third apotome, the “oude”
of the area 1s a second apotome of a medial strasght line
For let the area AR be contained by the rational straight line AC and the
third apotome AD,
; 1 say that the “stde ' of the area AB 15 a second apotome of a medial straight
e
For let DG be the annex to AD,
therefore AG, GD are rational straght lines commensurable m squaré only,
and peither of the straght hines AG, GD 15 commensurable 1n Jength with the
rational straight line AC set out,
while the square on the whole AG 1s greater than the square on the anne¥ ¢
by the square on a straight line commensurable with AG [x Deff 10 3
Since, then, the square on 4G 1s greater than the square on GD by the square
on a straight line commensurable with 4G,
therefore, 1f there be applied to AGa
parallelogram equal to the fourth part £ -
of the square on DG and deficient by
a square figure, 1t will divide 1t mnto
commensurable parts x 17]
Let then DG be bisected at &,
let there be applied to AG a parallelo- € n
gram equal to the square on £G and
deficient by a square figure, v,
and let 1t be the rectangle AF, FG s ‘ 0
Let EH, FI, Gh be drawn through Y
the pomnts E, F, G parallel to AC Y
Therefore AF, FG are
rable,
therefore Al 13 also commensurable i
with FK b1y, x 1)
And, since AF, FG are commensurable 1n length, o5
therefore AG 13 also commensurable 1n length with each of the straight b’;ﬂ
AF, FG kx
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-~ -, PRI IR, )
x 1)
. : {x 2
ihe straight limes
DE,EG [x 13
™o St e e s o B s teeethnth AC,
, . 1nal 20@ meommensu-
. X 13]
LNCALIOIE L4088 UL LG ELLbauksns 3a0dy st 18 medial ix o
] G,
therefore 4F 13 bie 1 length with £4 {x 13]
But, as AF 18 to EG, 5015 4] to ER, fviy
therefore A1 18 yncommensursble with EX fx 1y

Now let the square LM be constructed equal to 47,
and let there be subtracted NO equal to FX and betng about the same angle
with LA,
therefore LA, NO are about the same diameter vt 26}
Let PR be thewr diameter, and let the figure be drawn
Now, since the rectangle AF, FG s equal to the square on EG,

therefore, as AF 1 to G, so1s EG to FG fvi 173

But, as AF 15 to EG, sos A7 to EA,
and, as EQ s to FG, so1s EK to FK, vz 1)
therefore also, as A7 15 to BK, 5013 EK to FK, (A7 1]

therefore FA 15 2 mean proportional between A7 FE
But N 1a also 2 mean proportional betneen the squares L3, NO,
and 41 1s equal to LAf and FK to MO,
therefore £XK 18 tlso equal to AIN
But MA 13 equal to LO and ER equal to DH,
therefore the whole DA 13 also equal to the gnomon UV and NO
But &K 1 2lso equal ta LM, MO,
therefore the remander AB 15 equul to ST, that 15, to the square on LAY,
therefore LN 1s the “side ’ of the area A8
1 say that LV 15 a second apotome of & medsal straight hne
For staee A7, FA were proved medial, and are equal to the squates on LP,
therefore each of the squares on LP PN 13 also medual,
therefore each of the straght fines LD, PN 1 medtat
And snce 47 5 commenseralie stk FA Jve {20
therefore the square on LP 15 also commensurable with the square on PV
Again, sinee AF was pmvad saeommensurable with BE,

i
[\'1 L,x 1y
therefore LP, PN are medial straight hnes commcnsurnble n sguare only
1 22y next that they alzo contun a mediad rectangle
For, emce EA was proved medial and 19 equal to the rectangle L, PN,
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therefore the reetangle LP, PN 15 also medial
sa that LP, PN are medial straight hines commensurable 1n square anly wheh
contam a medial Tectangle
Therefore LN 1s 2 secontd apotome of a mediwl straght line, fx 5
and 3t 18 the “ade ’ of the area AB
Therefore the “side” of $he area AB 15 4 second apotome of » medial straight
line GED

Prorosrrrov 91

11 on area be contaned by a vatonal strarght lne and a Jourth apotome, the s’
of the area 15 manor
Far let the aren AB be contained by the rational straight Ine AC and the
fourth apotome 4D,
1 say that the “side” of the ares AB 18 munor
For let DG be the annex to 4D,
therefore 4G GIY are ratsonal strmght hnes commensurable m square enly,
AG 1s commensurable 1 length with the rational straight hine AC set out
nd the square on the whole 4G 1s greater than the square on the annex Daby
the square on a strught hne ncommensurable i length with 4G,
{x Deff 31 4]
Smee then the square on AG s
greater than the square oo GD by the LI
square on s strarght hine meommen-
surable sn length with 477
therefore i there be apphed to AG a
parallelogram equal to the fourth part 3
of the square on I)@ and deficent by  © . ¥
a square Sgwre 14 wall drnde w mte b
mcommensurable parts [x 18} 1Y
Let then D@ be bisected at £,
let there be apphed to AG 2 paralielo~ v Wl Q.
gram equal to the square on EG and
deficient by & square figure
and let it be the rectangle AF FG
herefore AF 1s ble 1

n & M

length wath FG
Let EH FI G4 be drawn through £ F G paxallet to AC, BD
Since then 4G 13 rtwonal snd commensurable tn length with AC,
therefore the whole AKX 1s ratzonal ix 9

A{;«;un swmece DG 18 meommiensirable m length with AC, end both are I
tional

therefore DA 1 medial L
Agun sice 4F 15 mcommensurable in kngth with FG Il
therefore A/ 1s also ble with FK [T L

Dow let the square L be constructed equal to 41, "
and let there be subtracted \0) equal to FA and about the same sngle, ¢
angle LPAM I

Therefare the squares £ AQ sre about the same diameter b #

Tet PR be therr dinmeter and let the figure be drawn
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Since, then, the rectangle AF, FG is equal to the square on EG,
therefore, proportionally, as AF 1s to EG, so1s EG to FG  [vr 17]
But, 88 AI' 13 to EG, 5015 AI to EK,
and, as EG 18 to FG, so1s EX to FK, fvr 1)
therefore ER 18 a mean proportional between A7, FK v 11]
But A4 13 also a mean proportional between the squares L3f, NO,
and AT 1s equal to LM, and FA to NO,
therefore EX 1s also equal to /N
But DH 15 equal to EX, and LO 15 equal to AN,
therefore the whole DK 1s equal to the gnomon UVI and NO
Since, then, the whole AKX 1s equal to the squares L3, NO,
and, in these, DK 15 equal to the gnomon UV IV and the square NO,
therefore the remainder 48 15 equal to ST, that 1s, to the square on LN}
therefore LN 1s the “side” of the area AB
1 say that LN 1s the wrrational straight line called minor
For, since AK 18 rational and 1s equal to the squares on LP, PN,
therefore the sum of the squares on LP, PN 1s rational
Agam, since DK 15 medial,
and DX 1s equal fo twice the rectangle LF, PN,
therefore twice the rectangle LP, PN 13 medial
And, since 47 was proved mcommensurable with FA,
therefore the square on LP 1s also imcommensurable with the square on PN
Therefore LP, PN are straight lines incommensurable 1n square which make
the sum of the squares on them rational, but twice the rectangle contamned by
them medial

Therefore L 1s the irrational straight line called minor, x 76]
and 1t 15 the “side ’ of the area 4B
Therefore the “side’ of the area AB 1s munor QED

Prorostrion 95

If an area be contarned by a ratonal strawght lme and a fifth apotome, the “side”
of the area 13 a straight line which produces wath a rational area @ medial whole

For let the area AB be contained by the ratronal straight ine AC and the
ifth apotome 4D,

I say that the “side * of the area AB 1s a straight hpe which produces with
a ratronal area a medial whole

Tor et DG be the annex ta 42,
therefore AG, GD are rational straight lines commensurable 1n square only,
the annex GD 15 commensurable 1 length with the rational strasght line AC

set out,
and sl = L il L4 AP en bactlan thaan amn o tho nnnae DAVR
tommensurable parts Ix 18]

Let then D@ be bisected at the pont E,
vas o L T N T Ir]
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Norw, since AG1sncommensurable 1n length with CA, and both are rational
therefore AK 15 medial {x 2]
Agan, smee DG 1s rational and
commensurable m length with AC,
DK 15 ratronal [x 19]
Now let the square LM be con-
structed equal to A, and let the
square NO equal to FK and about
the same angle, the angle LPM, be L P
subtracted,
therefore the squares LM, NO are 4y
about the same diameter [¥1 26) $ 4] 0
Let PR be therr diameter, and let v
the figure be drawn
Similarly then we can prove that
LN 15 the “side” of the area AB
I say that LA 1s the strmght lne
which produces with a rational area a medial whole
Tor, since AK was proved medral and 1s equal to the squares on LP, PN,
therefore the sum of the squares on LP, PN 15 medal
Agam, since DA 15 rational and 18 equal to twice the rectangle LP, PN,
the latter 15 1tself also rational
And, since A4 1s mcommensurable with FK,
therefore the square on LP 1s also incommensurable with the square on PX,
therefore LP PN are straight lines incommensurable 1n square whech make
the sum of the squares on them medial but twrce the rectangle contamed by
them rational
Therefore the remainder LN 1s the irrational straight Iine cailed that which
produces with a rational area a medial whole, x 7
and 1t 15 the “side” of the arca AB
Therefore the “side” of the area AB 1s a straight Itne which produces withs
rational area a medial whole QED

F_&

Prorosrrion 96

1f an area be contarned by a rational straght line and a sixth apolome, the “ude”
of the arca 13 a strawght line whick produces with a medial area a medial whole
For let the area 4B be contaned by the rational strught ine AC and the
sixth apotome AD,
I say that the “side” of the area AB 1s a straight hine which produces with
a medial area a medial whole
For let DG be the annex to AD,
therefore AG, GD nre rational straight ltnes commensurable 1n square onlY,
m‘:thc: of them 1s commensurable i length with the rational straight lne
get out,
and the square on the whole AG1s greater than the square on the annex DGy
the square on a straight line incommensurable 1n length with AG.
{x Deff 1 8
Since, then, the square on AG 1s greater than the square on GD by the square
on g straight line ncommensurable 1n length with 46,
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therefore, 1f there be apphed to AG a parallelogram equal to the fourth part of
the square on DG and deficient by a square figure, 1t will divide it into 1ncom-
mensurable parts {x 18]

Let then DG be bisected at E,
Iet there be applied to AG a parallelo-
gram equal to the square on EG and
deficient by o square figure, and let
1t be the rectangle AF, FG,
% therefore AF 13 mncommensurable n
L P length with I'G
But, as AF 1» to FG, s0 18 AT to
A FK, fvr 11
U0 ° therefore 4115 ble mith
W FK [x 1]

And, sice AG, AC are rational
strmght hmes commensurable m
square only,

AK 15 medial [x 211

. Agamn, since AC, DG arc rational straight lines and mcommensurable 1
length,

DK 15 also medial [x 21}
Now, since AG, GD are commensurable mn square only,
therefore AG 1s incommensurable m length with GD
But, as AG 1s to GD, so 1s AK to KD, vt 1]
theref A ble with XD x 1]
Now Jet the square LIS be constructed equal to 47,
and let NO equal to FK, and about the same angle be subtracted,
therefore the squares LAf, NO are about the same diameter [vI 26]
Let PR be their diameter, and let the figure be drawn
Then 1n manner similar to the above we can prove that LN 1s the “side’ of
the area AB
hI 7ay that LV 1s a straight Iine which produces with & medial area a medial
whole
For, since AK was proved medial and 1s equal to the squares on LF, PN,
therefore the sum of the squares on LP, PN 1s medial
Agam, since DX was proved medial and 1s equal to twice the rectangle LP,
vy

twice the rectangle LP, PN 1s also medal
And since AK was proved incommensurable with DA,
the squares on LP, PN are also incommensurable with twice the rectangle LP,
PN

And smnce A 1s ncommensurable with FK,
therefore the square on LP 1s also incommensurable with the square on P,
Y RN P '

tangle contained by them
L herefore LV 1s the irrational straight hne called that which produces with

& media} area a mediat whole, tx 791
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and it is the “side” of the area AB
Therefore the “nide” of the area 15 a straight Iine which produces with a me-
dial area a medial whole QED

ProrosiTroN 97

The square on an apolome opplied to o ratonal strarght line produces a8 readth
a first apolome
Let AR be an apotome, and CD rational,
and to CD let there be apphed CE equal to the square on AB and producng
CF gs breadth,
I say that CF 1s a first apotome
For let BG be the annex to

H A B [

therefore AG, GB are rational ———
strught lines ble ¢ £ k__M
m square only [x 73]

To CD let there be apphed
CH equal to the square on AG,
and KL equal to the square on [ Hol
BG

‘Therefore the whole CL 1s equal to the squates on AG, GE, and, 1n these, CE
is equal to the square on 4B,
therefore the remainder FL 13 equal to twice the rectangle AG, GB [t 7
Let FAf be bisected at the pomnt N,
and let NO be drawn through & parallel to €D,
therefore cach of the rectangles FO, LN is equal ta the rectangle AG, GB
Now, since the squares on AG, GB are rational,
and DI 13 equal to the squares on AG, GB,
therefore DAf 15 Tational
o Ar:id }:z has heer applied to the rational straight hine CD, producing CMas
readth,
therefore C 15 rational and commensurable 1n length with €D [X 2)
Agmn since twice the rectangle AG, GB 1s medial, and FI 15 equal to wice
the rectangle 4G, GB,
therefore FL 15 medial
And 1t 15 applied to the rational straight hine CD, producing FM 28 breadth,
therefore F3! 15 rattonal and mcommensurable 1 length with CD [* 2
And, since the squares on 4G, GB ore rational,
while twice the rectangle AG, GB 15 medinl,
therefore the squares on 4G, GB are mcommensurable with twiee the re¢*
tangle AG, GB
And CL 15 equal to the squares on 4G, @B,
and FL to twice the rectangle 4G, GB,
therefore DVf 13 incommensurable with FI 3
But, as DM 1s to FL, 5013 CM to FAf, [v1 b
therefore €31 13 incommensurable 1n length with FAf [x !
And both are rational, "
therefore CM, MF are rational straight lines commensurable 1n square o 7!3i
therefore CF 1s an apotome x
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1 say next that 1t 15 also a first apotome
For, since the rectangle AG, GB 13 a mean proportional betw een the squares
on AG, GB,
and CH 1s equal to the square on AG, i
KL equal to the square on BG,
and NL equal to the rectangle AG, GB, !
therefore NI 1s also a mean proportional between CH, KL,
therefore, as CH 15 to NL, so1s NL to KL
But,as CH1sto NL,so1sCK to NM, ¢ |
and, as NL1s to KL so1s NM to KM, vt 1]
therefore the rectangle CK, KA 1s equal to the square on N3 [v1 17] that1s,
to the fourth part of the square on FAf
And, since the square on AG 1s commensurable with the square on GB,
CH 15 also commensurable with KL

But, as CH 13 to KL so1s CK to Kif, fvr 1}
therefore CK 15 commensurable with KAf Ix 11]
Since, * e aen B + o
andto (" ** qual to the fourth
Ppart of "
while CK 15 commensurable with KAl
el P . v weny o
out,
therefore CF 1s a first apotome [x Deff 11 1)
Therefore etc QED

ProrosITioN 98
The square on a first apotome of a medral strasght hine applied to a rational straight
Iine produces as breadih a second apotome
Let ABbe a first apotome of o medial straight line and CD a rational straight
ne,
gnd :]o fD let there be applhed CE equal to the square on A B, producing CF as
readt]
T say that CF 1s a second apotome
For let BG be the annex to AB,
therefore AG, GB are medial straight hnes commensurable 1 square only

which contam a rational rectangle x 74]
To CD let there be applied
A B © CH equal to the square on AG,
¢ ¥ produemg CK as breadth, and
KLequal to the square on GB,

produeing KA as breadth,
1 therefore the whole CL 1s
5 H equal to the squares on AG,

’

therefore CL 1s also medal [x 15and 23 Por]
And it 13 applied to the rational straight ine CD, producing CM as breadth;
therefore CM{ 1s rational and incommensurable 1n Iength with CD x 22]

s
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Now, stnce CL 1s equal to the squares on AG, 48,
and, m these, the square on 48 15 equal to CE,

herefore the der, twice the le AG, GBisequel to FL (7]
But twice the rectangle AG, ?B 15 ratronal
thers -

nd 1t s =" ** as breadih,
th Audy ]
vy ULy 15 medial while

tu w1 1418 Tational

wiretore CL 1s ncomwensurable with FL

gut, as CL 15 to FI, 5015 CAMf to FM, e
therefore C3f 15 ble in length wath FA (x 1

And both are ratiopal,
therefore €M, MF are rational strasght hnes commensusable 1 square only,
therefore CF 15 an 2patome [R5
1 say pext that it1s also a second apotome
Tor let FAf be brected at X,
and Jet NO be drawn through & paraliel to D,
therefore each of the rectangles FO, NL 15 equal to the rectangle 4G, GB
Now, smnce the rectangle 4G, GB 38 2 mean proportional beti een the squares
on AG, GB,
and the square on AG 15 equal to CH,
the rectangle AG, GB to NL,
and the square on BG to KL,
therefore NZ 16 also 2 tean proportianal between CH, KL,
therelore as ( H 13 to VL sors ML to XL
But as CH1s to ML sois CK to NAf
and as VD s to KL sors Ad to MA, e 2
therefore, as CA 15 to NI, so1s M3 to KM, lv 1l
there fore the rectangle CA R M is equal to the square on NAf [v1 17} that
1o the fourth part of the suuare on FJ3f "
Since then, CM M/ are two unequal strarght hnes and the rectangle €K
KM equal to the fourth part of the square on MF and deficient by 2 sq%%
figure has been applied to the greater €A, 2ad divides it mto commensursble
parts
therefare the square an € ¥ 1s greatey than the square on A{F by the squaTe OB
& strasght hne commensurable 1 length with CA0 = hg
And the annex 1 1s commensurable 1 length with the rattonal strugh
hue 0D set out,

therefore CF 13 3 second apotome (x Deff 1 4
Therefore ete qQE?

Prorosirron 99
The square on a second apotame of o medial strawght ling applied to & ratordl
strawpht hine produces as breadth a third apolome
Let AB be a second apotome of a medial stratght hne avd €D ratiana!
and to CD let there be apphied CE equal to the square ou A B, produciid
preadih,
1 say that CF 15 a third apotome
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For let BG be the annex to AB,
therefore AG, GB are medial straight lines commensurable 1n square only

which contain & medial rectangle ix 78
Let CH equal to the square
A B G on AG be applied to CD, pro-
¢ ¥ ducing CA  as  breadth,
and let AL equal to the square
on B@ be apphed to AH, pro-
ducing AJSf as breadth,
5 1 therefore the whole CL1s equal
to the squares on 4G, GB,
therefore CL 1s also medial [x 15and 23, Por]
th .

CE 1s equal to the square on AB
therefore the remamnder LF 15 equal to twice the rectangle AG, GB [rr 7]
Let then FA! be bisected at the point &,
and let NO be drawn parallel to CD,
therefore each of the rectangles FO NL 1s equal to the rectangle AG, GB
But the rectangle 4G, GB 15 medual,
therefore FL 13 also medial
And 15 apphed to the rational straight line EF, producing FAf 2s breadth,
therefore #'3{ 13 also rational and mcommensurable i length with €D [x 22}
And, since AG, GB are commensurable 1n squate only,
herefore AG 15 ble 1n length with GB,
therefore the square on AG 1s also ble with the rectangle AG,
GB v 1,x 11]
But the squares on 4G, GB are commensurable with the square on AG,
and twice the rectangle AG GB with the rectangle AG, GB,
therefore the squares on AG GB are mcommensurable with twice the rectangle
AG GB [x 13)

But CL 15 equal to the squares on AG GB,
and FL 15 equal to twice the rectangle AG GB,
therefore CL 15 also incommensurable with FL
But as CLis to FL so1s C3 to FAMf, vt 1
therefore CM 1s mcommensurable 1n length with FAf [x 11)
And both are rational,
therefore CAf, J{F are rational straight lines commensurable i square only
therefore CF 13 an apotome i 73}

1 say next that 3t 13 also a third apotome
Fe P 1 v I

- 11
And since the rectangle AG, GB1s 8 mean proportional between the squares
on 4G, GB,
and CH 1s equal to the square on 4G,
AL equal to the syuare on GB,
and NL equs! to the rectangle AG GB,
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therefore NZ 1s also a mean proportional between CH, KL,
therefore, s CH 18 to NL, so s NL to KL
But, as CH 13 to NL, s01s CK to NI,
and, as NL1s to KL, so1s N3f to KAL, g
therefore, as CK 1s to AN, so1s MN to K3, fv 1
therefore the rectangle Ch, A M 15 equal to [the square on A, that s, to] the
fourth part of the square on FAf -~
Since, then CM, MF are tuwo unequal straxght hues snd & parallelogran
equal to the fourth part of the square on F'M ard defictent by a squarc figure
has been apphed to €3, and divides 1t wto commensurable parts
therefore the square on C31 18 greater than the square on MF by the square on
2 strasght live commensurable with C3f x 11
And nerther of the strmght Iines CAf, AF 13 commensurable 1 Jength with
the rational straight line CD set out,
therefore CF s a third apotome s Deff mr 3
Therefore ete QED

Prorosrrion 100

The square on & muner straight line applied to o votional strarght ine produces a3
breadth a fourth apotome

Let AB be a munor and €D 2 rational straight hne and to the ratrons}
strasght line CD let (& be apphied equal to the squate on 4B and produring
CF as breadth,

1 sy that CF 1s a fourth spotome
For let BG be the annex to

a8, A 88

therefore AG GB are straght x M
tines ble m ¢ £

square which make the sum

of the squarcs on AG OB ra

tional but twice the ! Wt
ACG GB medial P

ix 7o}
To CD let there be apphed CH equal to the square on AG and productng ch
88 breadth
and AL equal to the square on BG produeing K2 as breadth,
therefore the whnle €1 1s equal to the squares on AG, GB
And the sum of the squares on AG, GB s rational,
therefore CL 15 also rational
And 1t 12 applied to the vutional stemght hme CD productng €M as preadiby
therefare €37 13 also rational and commensurable length with CI fx2
And sice the whole € L 13 equal to the squares on AG, GB, and 1 the<t &
15 equal to the square an AB,
therefore the remamnder FE 1 equal to twice the rectangle AG GB pd
Let then £V be biseted at the pont A {1
andine a1 * tel to esther of the straight ines CD VL
VL 18 equal to the rectangle 4G
6B 18 modint and 15 equal to FLr
therefore 7L 13 also medint dth
And it 15 applied to the rational stravght me FE producing FM as bred
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therefore FM 13 rational and incommensurable 1n fength with CD x 22]
And, since the sum of the squares on AG, GB 1s rational,
while twice the rectangle AG, GB 13 medial,
the squares on AG, GB are incommensurable with twice the rectangle 4G, GB.
But GL 15 equal to the squares on AG, GB,

and FL equal to twice the rectangle 4G, GB, A
theref 18 ble with 'L
But, as CL 1s to FL, so1s C3f to MF, v 1)
heref; M ble m length with MF {x 11
And both are rational,
therefore CA, MF are rational straight lines commensurable 1n square only,
therefore CF 13 an apotome fx 731

1 say that it is also & fourth apotome
For, sance AG, GB are incommensurable mn square,
therefore the square on AG 15 also mcommensurable with the square on G&
And CH 13 equal to the square on 4G,
and KL equal to the square on GB; 1
fore CH 18 ble with KL
But, 23 CH 15 to KL, 8015 CK 10 KM, 1 1
therefore CK 18 mcommensurable 1 length with KA Ix 1]
And, smnce the rectangle AG, GB 1s 3 mean proportional betw een the squares
on 4G, GB,

0

and the square on AG 1s equal to CH,
the square on GB to KL,
and the rectangle AG, GB to NL,
therefore NL 13 a mean proportional between CH, KL,
therefore, a3 CH 1s to NL, 3018 NL to KL
But, as CH 13 to NL, 50 18 CK to N M,
2 are aoer

P IS 4l LR

’Smce then C2f, MF are two unequal straight hnes, and the rectangle CK,
KB equal to the fourth part of the square on MF and defiient by a square
figure hos been applied ta CM and divides 1t 1nte Jncommensurable parts,
therefore the square on CM 15 greater than the square on MF by the square on
4 straght hine imcommensurable with GM [x 18}

And the whole CM 1s commensurable m length with the rationsl straight
line OB set, out,

therefore CF 1s a fourth apotome {x Deff 1x 4]
Therefore ete QED
ProrosiTion 101

The square on the strasght line which produces with o ratwnal ares a medial whole,
o apphied lo @ rafional stravght hine, produces as breadth a fifth apotome
w .
it

For let BG be the annex to AR, Paant
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therefore AG, GB are straight lines mcommensurable 1n square which make

the sum of the squares on them medial but twice the rectangle contaned by

them rational [x 77
To CD let there be applied

CH equal to the square on AG A B [

and KL equal to the square on

GB,
therefore the whole CL 1s equal
to the squares on AG, GB
But the sum of the squares
on AG, GB together 1s medial, [ WL
therefore CL 1s medial

and, 1n these, CE 1s equal to the square on A5,
therefore the remainder FL 13 equal to twice the rectangle AG, GB {1 7
Let then FAL be usected at N,
and through I let NO be drawn parallel to esther of the strasght lnes €D, M. L,
therefore each of the rectangles FO, A L 15 equal to the rectangle AG, GB
And, smee twice the rectangle AG, GB 1s rational and equal to FL,
therefore FL 1s rational
Knd # pmmadadansl ot w1 il tile PR 1 ~ P a5 breadth
[x M

therefore CL 1s ble with FL
But, ag CLs to I'L, 80 1s CM to MF, v 1
therefore CM 15 ble 1n length with MF AR

And both are rational,
therefore CAMf, MF are rattonal straight Lines commensurable 1n square ol
therefore CF 15 an apotome [
1 say next that it 1s also a ffth apotome
For we can prove similarly that the rectangle CK, KA 15 equal to the square
on N3, that 1s to the fourth part of the square on FAS
And since the square on AG 1s Incommensurable with the square on 6B,
whle the square on AQ 18 equal to CH,
and the square on GB to KL,

therefore CH 1s ble with KL
But, as CH s te AL so01s CK to KM, w
therefore CK 15 incommensurable in length with Kaf (x 1

Since then CAL MF are two unequal straight lineg
and 2 parallelogram equal to the fourth part of the square on FA and defiment
by a square figure has been applied to CAM, and divides 1t 1nto mcommenst
rable parts,
a f ~e e e on
. < 18
. out,

u 8
QB?®
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ProrostTIoN 102

The square on the straight line which produces with a medial arca a medial whole,
1f apphicd to a rational straight Iine, produces as breadth a sizth apotome

Let AB be the straight line nhich produces with & medial area a medral
whole, and CD a rational straight line,
zlx)ud to CD let CE be appled equal to the square on AB and producing CF as

readth,
I say that CF 1s a sixth apotome
For let BG be the annex to 48,
therefore AG, GB are straight

A 8 G lines incommensurable 1n
— square which make the sum of
[ the squares on them medzal,

twice the rectangle AG, GB
media) and the squares on
AG, GB incommensurable with
H L twice the rectangle AG, GB

x 78]
Now to CD let there be applied CH equal to the square on AG and produc-
g CK as breadth,
and KL equal to the square on BG,
therefore the whole CL 1s equal to the squares on AG, GB,
therefore CL 13 also medial
. . R O R L N N

. o

and, 1 these, CE 1s equal to the square on AB,
therefore the remainder FL 18 equal to twice the rectangle AG, GB (71
And twice the rectangle AG, GB 1s medial,

therefore FL 15 also medial
Andab cmnal adbnil  bam 1 don albd DD wmed amm TAF hoandib

tangle AG, GB,
and CL 1s equal to the squares on AG GB,
and FL equal to twice the rectangle AG, GB,
therefore CL 1s incommensurable with I'L
But, 88 CL 18 to FL, so 13 CMf to MF, fvr 1
therefore C'1f 1s iIncommensurable i length with MF [» 11]
Hxoti o are ravonal
Therefore CM, MF are rational strarght lines commensurable 1n square only,
therefore CF 13 an apotome {x 73]

1 say next that 1t 1s also s stxth apotome
¥ b v a0 oD

' . to €D,
theretore each of the rectangles £ U, ivis 18 Lyuas w un rectangle AG, GB
And, simee AG, GB are incommensurable 1 square,
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therefore the square on AC 1s meommensurable with the square on a8

But CH 15 cqual to the square on 4G,
and KL 1 equal to the square on GB,
)

1) CH s with XL
But na CH s to AL, so is CK to KM, 2B
therefore CK 18 ble with KAl fx 1}

Awl swnce the rectangle AG, GB 13 5 mean proportional between the squares
on AG, GB,
and OH s equal bo the square on AG,
AL equatl to the square on GB,
and NI equal to the rectangle 4G, GB,
therefore N1 1s also » mean proportional between CH, KL,
therefore 83 CH s to AL 8o NLto KL
And for the same reason as before the square on CMI 1s greater than the
square on MF by the square on & straaght hne incommensurable with CY ;
x
And nesther of them 18 commensurable with the rattonal strasght kme C2
set out,
therefore CF 15 a sixth apotome fxx Dett 11 6]
QED

Prorosrriow 103

A straaght line commensurable a». length with an apotome ws an apelome and the
same tn prder

Yet 4B be an apotome E

and let CD be commensurable 1n length with 48, I

1 say that CD)1s also au apotoms and the same m C__,____,?_—-——F
order with A8

For since AB 13 an apotome It BE be the annex to 1t,
therefore AL EB are ranonal strayght hines commensurable m square oalf 7

3

Let 1t be contrived that the ratio of BE to DF s the same as the raba of AB
co v 18

therefore also as one 15 to one o are all to all, {7
therefore also as the whole AE is to the whole OF, so1s AB to ch
But AB is commensurable mn length with 0D
Therefore AE 15 2lso commensurable with CF and BE with DF [X Rl
And 4E ER are ratiopal straight Unes commensurable in aquare onfve
therefore CF £ are abvo rational strarght lines commensurablem sqml'fi"”i{]
A4

to

Now stnce as AE w10 OF soss BL to DF

altermately therefore as 1F 18 to £8 5015 CF to FD p 18

And the squire un AE 1s greater than the square on BB erther by ihe ST

on a straight hiwe commensurable with AL or by the square on & straght fot
mcommensurable with st

1f then the square on 11715 greater than the square on £B by the squar® O’:

a straaght hoe commensurable with 45 the square on CF will alse be sff"fb

tchi'g-n the square on # 0 by the square on a straight hne commensurabf‘l’x‘“l i
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And, £ A 15 commensurable in length with the rational straight hine set out,

F 15 50 also, Ix 12}

if BE, then DF also, fid]

and, 1f nerther of the straight hnes A E, EB, then neither of the straight hines
CF, FD Ix 13}

But, if the square on AE 1s greater than the square on EB by the square on
s straight ine incommensurable with AE,
the square on CF will also be greater than the square on FD by the square on
a straight hne ncommensurable with CF (x 14
And, if 4F 13 commensurable in length with the rational straight hine set out,
F 15 80 slso,
if BE, then DF also, x 12}
and if netther of the straight lines AE, EB, then neither of the straight hinea
CF, FD +{x 13)
Therefore CD 13 an npotome and the same 1 order with AB QED

Provosttion 104

¢
4 stravght line commensurable with an apotome of @ medual straght line 15 an
“Pglmne of & medial strarght hine and the same 1 order

LroaT . . . .

[ 0 F For, mnce AB is an apotome of a medial straight
hne, let EB be the annex tait
Therefore AE, EB are medial straight Imes commensurable 1 square only
{x 74, 751
T,eat B - ~ —— - 1 m
" x 11}
therefore CF, FD are also medal straight lnes {X 23] commensurable m
square only, x 13
therefore CD 13 an apotome of o medial straight ine  {x 74, 75)
1 sy next that 1t 15 also the same 1n order with AB
Swee, 23 AE 15 to EB,s0o1 CF to FD,
therefore also, s the square on A K18 to the rectangle AE, EB, so1s the square
on CF to the rectangle CF, FD
But the square on AE 13 commensursble with the'squme on CF,

{herefore the rectangle AE, EB 1s also with the fe CF,
Led Iv 16, % 11}
Therefore, 1f the rectangle AE, EB 13 rational, the rectangle CF, FD will
250 be rations), x Def 4}
&ad 1f the rectangle AE, EB 1s medual, the rectangle CF, FID 1s also medial
fx 23, Por)
Therefore G 15 an apatome of a tmed:sl straight line and the same m order
with AB [x 74,75}

QED
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Prorositiov 105

A stroight Line commensurable unth @ munor straight hine 1s munor.
Let AB be s munor straight line, and CD commensurable with AH,

1 say that €D 1s also muor A 8 ¢

Let the same construrtion be made as bafore; ——e
then, since AE, EB are meommensurable 1 square, c ] ¥

{x 78]

therefore CF FD are also meommensurable w square {x 13
Now since, as AE 15 to EB, so15 CF to £D, v 12,v 16}
therefore also, as the square on AE 15 to the squarc on FB, so1s the square o1
CF to the square an FD fvr 2%
Therefare, componendo, ss the squarcs on AE, EB are to the square on EB,
s0 are the squares on CF, FD to the square on FD b

But the square on BE 1s commensurable with the square on DF,
therefore the surn of the sguares on AE, EB 15 also commensurable with the
sum of the squarus on CF, FD [v 16,3 1]

But the sum of the squares on AE, BB 1s retional, [x 1

therefore the sum of the squares on CF, FD1s alsorational [x Def 4

Again, snce, as the square on AZ 1s to the rectangle AE, EB, so 1 the

square on CF to the rectangle CF, FD,

while the square on AE 15 commensurable with the square on CF,
therefore the rectangle AE, EB 15 also ble with the rectangle CF,
FD

But the rectangle AF, EB is medial, {x 7
therefore the rectangle CF FD s slso medial,  Ix 23, Por}
therefore CF FD ate straght boes incommensurable . square which make
thedsu{n of the squares on them rational, but the rectangle contaned by them
medial
Therefore C 15 munor fx 7
QED

Prorosition 106

A strawght hine commenaurable with that whach produces with o rational arce &
medral whole 19 a strawght hne whach produces with o ratonal area o medial chale
Let AB be a straght line which produces with a rational area, 5 medial wholey
and D commensurable with AR,

1 say that €D 1z also & strasght hne which produces A—“J""E
with & rational erea 8 medial whole C__’_,L/"

For let BE be the annex to AB,
therefore AL EB are straight bines incommensurable m square which make

the sum of the squares on AL, BB medial bt the rectangle contamed by ﬁ‘im
ratianal =@

Let the same construction be made
Then v can prove, 1 manner simlar to the foregomng, that CF, FD e
the same ratio as AF ER,
the sum of the synaves on AE, £B 19 commensutable with the sum of e
squares on CF FD
and the rectangle AE EB with the rectangle CF, FD,
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50 that CF, FD are slso straight hnes incommensurable 1n square which make
the sum of the squares on CF, I'D medial, but the rectangle contained by them
rational
Therefore CD 1s & straight line which produces with a rational area a medial
whole x 77
QED

ProrostTioN 107
A straght line commensurable wilh that which produces unth a medial area a
medial whole 15 1tself also a strarght line which produceswnth ¢ medial area a medal
whole

Let AB be a straight line which produces with a medial ares a medral whole,

N B £ let CD be commensurable with AB,
—_— I say that CD 1s also a stratght line which produces
c o) F with a medial area 2 medial whole
For let BE be the annex to AB,
and let the same construction be made,

‘h -t an 1 M
th

& .

rectangle contained by them [x 78]

Now, as was proved, AF, EB are commensurable with CF, FD,
the sum of the squares on AE, EB with the sum of the squares on CF, FD,
and the rectangle AE, EB with the rectangle CF, FD,
therefore CF, FD are also straight Lnes mcommensurable m square vhich
make the sum of the squares on them medial, the rectangle contamned by them
medral, and further, the sum of the squares on them meommensurable with the
rectangle contained by them
Therefore CD 15 a straight line which produces with & medial aren a medial
whale [x 78]
e ED

ProrosiTION 108

If from a rational aree @ medial area be sublracted, the “side” of the remarming
area becomes one of two wrralional straight Iincs, ether an apotome or a minor
strawght ine
For from the rational ares BC let the medial area BD be subtracted,
1say that the*side” of the remainder EC
A 8 becomes one of two irrational straight
hines eitheranapotome or & minor straight

€

For let a rational straight hne G be
set out,

I to FG let there be applied the rectangular

[N llel GH equal to BC,

and let GA equal to DB be subtracted,

therefore the remainder EC 13 equal to LH

H K Since, then, BC 13 rational, and BD
medial,
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while BC is equal to GH, and BD to GE, !
therefors G 1s Tattons), and GK medial,
And they are apphed to the rational straght hoe FG;
e S s - v [IPRNRRREYN Tl v o0
v . . '

Now the square on HF 13 greater than the square on FK by the square bn &
straight hae either commensurable with #F or not commensurable

First, let the Square on it be greater Ly the square on s straght hue come
mensurable with it

Now the whole HF 15 commensurable 1n length with the rational straight
line F@ set out,

therefore KH 15 o first apotome s Deff m1 Y

But the “aide™ of the rectangle contawmed by o rational straight hoe anda

first, apotome 18 an 2patome tx 9
e . P - s py, R

F@ set out,

K# 15 o fourth apotome. fx Detf 1 4

But the “side” of the rectangie contmined by 4 rational straight hne ands

fourth apatowme i3 minor x.94

LR A

ProrosiTion 109

If from a medizl area a rational area be sublracted there arise two other srratonsl
strarght hines exther a firstapotome of a medial straght line or o strawght e whik
produces wrth o rational arce ¢ medial whole

For frem the medsal area BC let the rational area BD he subtzacted

1 say that the ‘wde of the remainder Ef” becomes one of tvo yreations!
straght mes esther a first apotame of o medial straight e or o straight fine
whach produces with a rational area & medial whole

For let a rational straght hne FG be st P_Ls

out,
and fet the arcas be mmilarly apphed

It follows then that FH s ratienal and
ncommensurable in length with FG,
whtle KF 1 ratwnal and commensurable sa
length with £G,

therefore FH  FR are ratienal straight Iines ¢
commensurable i square only, fx 14 P
ERL!

therefore AH 13 an npotome and FA the annex toit
Now the equsrc on IF 15 greater than the square on 'K etther by the sy
on astraght ine commensurable with JIF or by the squarcona glra ght ioe
incommensurabtde with it
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If then the square on JIF 1s greater than the square on FX by the square on
8 straght hme commensurable with HF,
while the anne< FK 13 commensurable i length with the rational straight e
FG set out,
KH 1s n second apotome [x Deff mr 2]
But #G1s rational,
50 that the “side” of LH, that 1s, of LC, 1s a first apotome of 3 medial straight
line x 921
But, if the square on HF 13 greater than the square on FK by the square on
& strmight Iine mcommensurable with HF,
while the annex FK 1s commensurable i length with the rational straight hine
FG set out,

KH 1s a fifth apotome, [X Deff m 35)

so that the “side” of EC 19 a straight ine which produces with a rational area o

medial whole [x 93]
QED

Prorosrriov 110

If from a medial area there be sublracted a medal area tncommensurable wtk the

1ehole, the tuo remawneng rrrational straight lines arise, evther @ second apotome of

e ;‘nelz'ml strarght line or a straight hine whick produces with @ medial area a medial

whol

For, as in the foregong figures, let there be subtracted from the medial aren

BC the medzal area BD 1ncommensurable wath the whole,

Fxm I say that the “mde’ of EC 1s one of
two 1rrational straight lines, exther a sec-
ond apotome of 2 medial straight hine or
a straight line which produces with a
medral area a medial whole

For, since each of the rectangles BC,
BD 15 medial,

and BC 15 incommensurable with BD,

1t follows that each of the straight lines

6 L FH, FK will be rational and mcommen-

surable 1n length with FG x 22

And, since BC 15 incommensurable with BD,

that 1s, GH with GK,

B E

S
=
o

HF 1s also incommensurable with FX, Ivr 1, x 11}
therefore FH, FK are rational stratght hines commensurable 10 square only,
therefore AH s an apotome {x 73]

1f then the square on FH 1s greater than the square on FX by the square on
& straight hine commensurable with FH,
whule neither of the straight imes FH, FK 1s commensurable 1n length with the
Tational straight hine FG set out,

KH 1s a third apotome [x Deff 11 3]

But AL 15 rational
and the rectangle contained by a rational straight hine and a third apotome 13 .~
urational, ~

’
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2nd the “aide” of 1t 15 srrational, and 13 called 2 second apotarae of » medul
strauight hne, x 83}
o that the “‘side™ of LE, that s, of BC, 1s s second apotome of a medw] straght
1
e FEZ e cian thon tho emegre on FK by the square on
ensurable 1n Jength wth FG,
. {x Deff m 8]
But the “side™ of the rectangle contawed by a ratronal etraight line and a
sixth apotome 1s o straight line which produces swith a medial area a 1;1 por
whole x
Therefore the “side” of LH that s, of EC, 1s o strasght line which produces
with a medhal area & medial whole QED

Prorosrrioy 111

The apatome 15 not the same uxth the binomnal strarght hine
Let AB be an apotome,
1 say that AR 15 not the same with the hwnomal
straight hoe A ?
For if posuble, Iet 1t be so, o 6 € 12
Jet o rational straight hine DC be set out, and to CD
let there be applied the rectangle CE equal to the
squate on AB and preducing DE as breadth
Then, smce 48 15 an apotome,
DE s a fitst apotome x o7t
Let £F be the annex ta s,
therefore DF, FE are rational straight mes commen
surzble 1 square only,

N BT

: . . iC set out
{x Deff 10 1
Agam, since AB 15 binomual, @)
therefore DL 13 a first binomial strayght hoe ix
Let it be divided wito 1ts terms at G
and let D@ Le the greater term, X
therefore DG GE are rational straight lincs commensurable m square O y’hl
the square on DG 1y greater than the square on GE by the square on 2 shrasg
lime commensrable with DG, and the greater term DG 13 commensurable
A . Let w4 32 a ome fxpci!u}'x
% 12
with DG, i 18
But DF
ut f 33 1
Therefore GF F I ave ratsonal straight haes commensusable i square °n?;{
therefore £(r 13 an apotome ix
But 1t 1s also rationad
whteh 35 smposatble



ELEMENTS X 295
Therefore the npotome 15 not the same with the brnomial straight Line
QED
The apotome and the trrational straight lines following tf are newther the same unth
the medal straight line nor with one another

For the square on a medial straight hne, if appled to a rational straight hne,
produces as breadth & straight line rational and incommensurable m length

with that to which 1t 15 applied, [x 22]
while the square on an apotorme, if applied to a rational stratght hne, produces
23 breadth a first apotome, x 97]
the square on a first apotome of 2 medial straight line, 3f applied to a rational
straight line, produces as breadth a second apotome, [x 98]
the square on a second apotome of a medial straight line, of apphed to a ra-
tional straight hne, produces as breadth a third apotome, Ix 99]
the square on a minor straight line, 1f applied to a rational straight line, pro~
duces as breadth a fourth apotome, [x 100]

the square on the strmght hine wlich produces with 2 rational area a medial
whole, if applied to a rational straght Jine, produces as breadth a fifth apo-
tome, [x 101]
aud the square on the strarght line which produces with s medial area a medtal
whole, 1if apblied to a rational strarght Line, produces as breadth a sixth apo-
tome {x 102}
fmce then the said breadths differ from the first and from one another, from
the first because 1t 15 rational, and from one another snce they are not the
same In order,
1t ;‘s clear that the irrational straight Iines themselses also differ from one an-
other
And, since the apotome has been proved not to be the same as the binomial
Straight line, fx 111]
but, if applied to a rational straight kne, the straight lines following the apo-
tome produce, as breadths, each according to 1ts own order, apatomes, and
those following the binomial strarght line themselves also, according to their
order, produce the bmomials as breadths,
T followng the
thirteen 1rra-

Medial,

Binomual,

Furst bimedual,

Second bimedial,

Major,

“Side ’ of a rational plus a medhal ares,
“Side ’ of the sum of two medial areas,
Apotome,

First apotome of a medial straight line,
Second apotome of & medsal straight line,
Minor,

Producing with a rational area s medial whole,
Producing with a medial area 2 medial whole
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Prorosition 117

The square on g rationn?
as breadth an
banopal and. w30 arsaing il
have the same s une
Tet Abea ant hne
let BC be a bimomual and let DC be its greater term
Iet the rectangle BC EF be equal to the squarc on 4,

A

13 [3 ¥ [

1 say that EF 1s an apotorse the terms of which are commensurable with <D
neor. ™" wii} have the same order % BC
ual to the square on 4

! wl to the rectangle BD G
therefore_os CB 13 10 BD so1s G to IF tvr 1
‘But CB 13 greater than BD
therefore (15 also greater than EF v 1o vl

Let EH be equat to G
therefure 88 CB 1s to BD so1s HE to EF
therefore scparando as CD 1sto BD sos HF to FE  [v 1
1&%t be contrtved that as HF s to FE so1s FA to AE
therefore also the whols A 18 to the whole AF as FA 1sto KE
for us ane of the ante edents 1 to one of the consequents so are all the ante
cedents to all the consequents v 14
But as FR is to KE w013 CD to DB v
therefore also as R 1s to AF so1s CD to DB nd}
But the square un 0D 1s commens rable with the sqnare on DF tx 26
therefore the square on AA 18 also commensurable with the square 2?;1 le‘ "
v
B Vo A smotie
tv Def 9
so that H& 1§ abo commensurable w length with EA i 19
Now smee the gquare on L ¢ {1l to the tectangle EH BD
hile the =0 tare an 4 15 ratiopal
P therefore the rectangle EH BD 15 also rational
Ard o oem L e
' 20

able

Swmee then 15 (D 1s to DB so1s F to AF
while CD DB ase straight hines commensurable 1 square only 1l
therefore FA A5 are also commengurable 1 square only =
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But K 1s rational;
therefore FR 15 also rational
v e

L SR . NI N

. '
lubulunenselavie Wit i
ra o on Pt

x 14
And, 1f CD1s commensurable m length with the rational strasght hine set ont,
s0 alsos FK, 11y
if BD 1 30 commensurable,
5o also1s KE, . . {x 12§

v .
i o . 1

the square on FK 1 slso greater than the square on KE by the square bn a
straight bue yncommensurable with FX x 4]
And, if €D 13 commensurable with the rational straught hne set cut,
%0 also s FK,
if BD 13 so commensurable,
Cee v en SdonEE

st - . ) . . '
ke terms CD, DB of the bmomal sirasght hine and n the same ratio and 1t
has the same order us BC IED

Prorosimion 113

The square on a vatronal strawght line, of apphed to ar apotome _produces as breadth
the bunamal strarght hone the ferms of which sre commensurable wnth the terms of
the apotome ard wn the same ralso, and further, the bincmual so arising has the same
order a2 the apotome
Let 4 be a Totional straght ine and BD an apotome, and let the rectangle
BD KH veequal to the square on 4, 50 that the square on
DY the rational straight line 4 vwhen apphed to the apotome
BD produces KN a5 breadth,

N G 1 say that AH 15 n binoral strasght line the terms of
£ which nre commensurable with the terms of BD and in the
£ game ratso, and further, KH has the same order as 3D

Yor let DC be the annex to BD,
therefore BC, CD are ratiomsl straight hmes commensu.
L rable m sgnare only {x 731
B Let the rectangle BC, G be also equal to the square

a4
But the square on 4 15 rational,
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therefore the rectangle B{J, Gis 5‘5,0 mt,i;:!’m!

with BC t %)
M, KH,
oG DLW

therefore A H 15 also greater than & v 15, v H]
[ [PEPN
with BC
therefore, contertendo, a8 BC s to CD, so13 AH to HE v 18, Pr}

Yet 1t be contnved that, as KH 15 to HE, sois HF to FE,
therefore also the remamnder K7 15 to FH as KH 15 to HE, thatss, 88 m{vwll:l
c¢D

P JUNRUR F SR
[
v 1)
5o that also as the first 15 to the third, 80 18 the squre on the frst to the
square on the sccond, v Def 9

therefore also, as KF 15 to FE, so 19 the square on KF to the squate ox i
But the square on KF 15 commensurable with the square on ¥H,
for KF, FH are cammensurable 1n square,
therefore KF 1s also commensurable i length with FZ, = 8
so that KF 13 also commensurable in length with KE 18
But KB 15 rational and commensuratle 1w length with BC,
therefore KF 13 also ranonal and cammensurable o length with B0 ¥ i
And, since, as BC 15 to UD, so 15 KF to FH,
alternately, as BC 18 to KF, so 15 DC to FH v
But BC 15 commensurable with A7,
therefore FJ 19 also commenstrshle w length with €0 [ m
But BC, LD are rational strmght hines commensurable 1 equare DD’Y:!
therefore KF, F are also rational straight Jines (x Def 3] commensurable B
square only,

therefore A 15 bipomal ix 353)
¥ now the square on b’({ 1s greater than the square on CD by the square
. B
qeent
TR}
sed oty

. 50 AKO IS AL, .

if €D 15 commensurable 1n length with the rational stratght hine set ol

80 also 18 FH,
on AN

' 4 o

ond
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strolight hne incommensurable with KF i< 14
And, f BC 13 commens'aable with the ratsonal straight lne set out,
50 also 13 KF,
if CD 13 50 commeensurable,
so also s I'H,
but 1 nesther of the strmght hines BC, CD,
then nesther of the strught hnes KF, T'H.
Therefore KH 15 u binonyal straight hae, the terms of which K7, FH are
commensurable with the terms BC, OD of the apotome and w the same ratio,
and farther, KH has the same order as BD QED

Prorosirioy 114

If an aren be contarned by an apatome and the binonual strarght bne the terms of
which are commensurable with the lerms of the apotome and wn the same ratiy, the
“aude” of the area s ratiwnal
Forlet an avea, the rectangle 48, CD, be contmned by the apotome A B and
the binomeal gtraight kne €D,

A 2 F and fet CE be the greater term of the lagter,
fet the terms O, ED of the binomal straight
¢ L3 9 e be e ble with the terms AF, FR of

s the apotome and 1w the same mtio,

T—— and let the “mde of the restangle AB, CDbe G,

H I say that G 1s rational
" v » For let a rational stemght ne H be et out,
and 1o CD et there be apphed a rectangle equal
to the aquare on H and producing AT, as breadth,

Therefore hL 18 an apotome
Letusterms be AM AIL commensurable with the terms CE D of the b
nomal straight, Iine and m the saws ratio Ix 113}

But CE, ED are also commensurable with 4F FB and m the same ratio,
therefore, as AF 13 to FB, sos KM to 31,
‘Therefore, alternately, 23 4F 15 to KM, 5015 BF to LM,
therefore also the remarnder A B s to the remainder AL as AR 1sto KM [y 19

Bt AF 13 commensurable with K2, {x 12}

therefare AB 1s alto commenstrable with AL x 1

And as AR 1s ta KL, 501 the rectangle CD, AB to the rectangle €D, KL,

v

therefore the rectangle OB, 4 B 15 also commensurable with the rectangle CU

Ag , . [a gy}
. A " v

But, the squsre on H 1s ratronal
therefore the sytiare on €18 also rational,
therefore G 15 rational
Anditis the mde of the tectangle CD, 48
Therefore etc
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Porisa. And it 14 made mamfest to us by this alsa that st 13 possible for 8
rational area to be contamned by irrational straight hoes or

Prorostrioy 115

From a medial straght Iine there arise wrrational strawght lines infimle tn number,
and none of them 73 the same a3 any of the precedmg

Let A be g medial straight hoe,

I say thay from A there anse urational
strasght hoes wfirute 1 number, and none A
of them 1s the same asany of the 1 B

Let o rational straight hine B be set out, &
and let the square on C he equal to the
rectangle B, 4, 2

therefore £ 1s wrrattonal, [x Def 4)
for that which 1s cortaimed by an wrrational and » ratwonal straght hoe s i
rational {deduction from x 2]

And 1t 15 not the sare with any of the preceding,
for the square on none of the preceding if applied to a rational straight bne
praduces as breadth & medial straight line

Agasn, let the square on D be equal to the rectangle B, €

»
therefore the square on D 1s wrational {deduction from x 20
Therefore D 1s wrrational, Ix Def 4
and 1t 19 not the same with any of the nreea I =~ ¢ °
preceding of an=t *
St .
the rmeo ’ =

and non  ° T peding QED
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DEFINITIONS

1 A sohid 15 that which has length, breadth, and depth
2 An extremuty of a sohd 1s a surface
3 A straight hine 15 ot right angles Lo u plane, when 1t mekes nght angles with
all the straight lies which meet 1t and are 1 the plane
4 A plane s at right angles {o o planz when the straight hines drawn 1n one of
the planes, at nght angles to the common section of the planes are at nght
angles 3o the rematnmg plane
5 The wchination of ¢ straight bine to a plane 19, assuming o perpendicular
drawn from the extrematy of the stratght hne which 1s elevated above the plane
to the plane, and a straght hoe joned from the pont thus avsing to the ex-
tretauty of the straight hne which 1s m the plane, the angle contaned by the
elrght ine so drawn and the strarght hoe standmg up
6 The inchnation of a plane to @ plane 19 the acute angle contawed by the
siraght knes drawn at right angles to the eomnon section at the same poiat,
©ne s each of the planes
7 A plane 13 said to be sumilarly anclined to » plane as another 1s to another
when the said angles of the mchnations are equal to one another
8 Parallel planes are those whuck do not meet
. 3 Stmlar solud fignres are those contauned by sumilar planes equal m multi-
ude
10 Equal and sumalar solid figures ave those contamed by simlar planes
equal o multitude and 1n magmtude
11 A sold angle 19 the mchnation constituted by more than two bnes which
1meet one another and are not m the same surface towards ol the hines
Otberwise A solid angle 15 that which 1s contmned by more than two plane
angles which ace not 1 the same plane and are constructed to une powt
12 A pyramud 15 » sobid figure, contamed by plaves, which 15 constructed
from one plane te one pomt
13 A presm g a sold figure contamed by plates two of which namely those
wiluch ave oppostte are equal, strufar and paralief, whtie the rest are paraffeio-
£rams

14 When thed of & 2] fixed the semucirele s car-
nad round and restored agamn to the same position from whuch it began to be
moved the Bgure so comprehended 1s a sphere

15 The aris of the sphere 1s the strmght hne whech rTemang fixed and about
®hich the semieirele 18 tun

16 The contre of the sphere is the same as that of the semarele

17 A dameter of the sphere 3 any strmght line drawn through the centre and

301
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termmated in hoth directions by the surface of the sphere
18 When one mde of those nbout the right angle 1n o nght angled tnaogle
remawing fixed the trangle is carred round and restored again }o‘thn ame

loss obtuse-angled and if greater acute-angled

10 The ans of the cone 13 the straight hine which remans fived and abowt
which the tnangle 15 turned

20 Aud the base 1s the arcle described by the straght line which s carned
round

21 When one sde of these about the rght sogle i a rectangular parailelo-
gram fixed the Nelogram 15 carned round and restored agunto
the same posttion from whieh 1t began to be moved the fgure so comprehead
od 1s o cylinder

22 The azes of the eyhinder is the straght hoe which remamns fixed and about
which the paralielogram 15 turned

23 And the bases are the cireles desertbed by the two sides opposite to oo
mnother whick are carned round

24 Sumilar cones and cyltnders nre those 1 whuch the axes and the dimetess
of the bases are proportional

25 A cube s 2 sold figure contamed by six egual aguares

26 An oclahedron 1s o sohid figure contamed by cight equal and cqmmm]
trangles

27 An wosohedron 18 5 sohd fpure contmned by twenty equal znd eqat
lateral tnangles

23 A dodecahedrom 15 o solid Sigure contamed by twelve equal equilaters!
and equznguiar pentagons

BOOK X1 PROFPOSITIONS
ProrostTion 1

A port of o strarght hine cannat be an the plane of reference and ¢ part m ¢ plant
more elevated f

Lot of possble let « part A58 of the straught hme ABC be in the plae of re
erence and a part BC in o {lane more olevated

There will then be in the plane of reference some
straght line continuous with AB ia a straight hne

Let 1t be BD
therefore AB1sn of the two straght
fines ABC 18D
which 1s imposstble s much as of we desenbe a circle
with centre B and distince AB the dinmeters wil cut
off unefual erreumfernees of the etrele

Therefore & part of a straight bine cannot be m the
plane of reference and 4 part in a plane more clevated es?
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Prorosrrion 2

If two strasght Tines et one another, they are 1n one plane, and erery triangle 1y in
ane plane
Fuor let the two straight hnes 4B, O cut one suother 2t the pomt B,
1 say that AB, OD sre 1n one plane and every tmangle 1s i one plane
For let pomts F, G be taken at random on EC, EB,
let CB, PG be jomed,
and let FH, GK b'e d;:lxxn 2eroSs,

3 o npart 2lso of one of the straight lines I'C, EB will
be 1 the plane of reference, and a part i another
But, 1f the part FOBG of the tnangle ECBbewn
the plane of reference, and the reat 1z another,
g part also of both the strmght hnes LG, EB will
n be tn the plane of reference and a part 1n another
which was proved absurd fxz 1}
Therefore the tnangle £0B 15 i one plane
& 3 v - 8 L Fa vy
and, 1 whatever
B, CD aha fx1 13
Therefore the straight lnes 4B, €D are in one plane,
and every triangle 18 1n one plane QED

Prorvosrrioy 3

If two planes cut one another thesr common seetvon 18 @ strasght hine
For let the two planes A8, BC cut one another,
and let the lme DB be ther common section,
s s s

Fiile .
which 18 absurd

Therefove DER, DFR sre not strasght lines

Sumiatly we ean prove that neither will there be

< any other straight fme jowed from D to B except DB
the comraun secton of the planes AB, BC

Therefore ete QED

Prorosition 4

Tf a strarght ine be set up at rght angles to tuo strarght lines whioh cut one another,
at therr common puint of section, 1t wnll lse be ok rght angles to the plane through



304 EUCLID

For let o straight hine EF be set up at nght angles to the twe straghs hoed
AB, CD which cut one another at the pont £ from Z,

I say that IF 15 also at nght angles to the
plane through 48, CI

For let AE EBR CE ED be cut off equal to
one another
2nd let any straght bne GEH be drawn across
through £ at random

let AD CB be joined,

and further ket P4 P& FD FC FH FB be
jorned from the pownt F taken at random <on
EF>

Now mince the two strasght hines AF ED are equal to the tno straght hoes
CE, BB, and contun equal angles ird

thercfore the base AP 15 equal to the base CB,
and the tniangle AED will be equal to the tmangle CEB, 4
s0 that the angle DAE 15 also equal to the sngle EBC

But the angle AEG s also equal to the angle BEH ]
therefore AGE BEH sre two tnangles which have two angles equal to ¥n0
sngles respectis ely and one side equal to ong side namely that ndjacent to the
equal angles that 1s to say AL to EB
therefore they will also have the remaming sdes equal to the remawing {s‘!dﬁl

Therefore GF s equal to EH and AG to BH
And simce AZ s equal to EB
while FE 1s common and at nght angles
therefore the basc FA 15 equal to the base /'8 e
¥or the same reason
PC 15 also equal to FD
And since AD 15 equal to OB
and F4 1 also equat to £B
the two sides FA, 4D are equal to the two sides #B BC respectively
ar? 'L ol A Lacad

ther ud
And smce a
and further F4 also equal to FB
the tho wdes FA AQ are cqual to the tno sides FB BH
And the angle FAG vas proved equal to the angle FBH P
thevefore the base F( 13 eepal to the base FH B
Naw sinee agan GF was proved equal to BH
and EF w common
the tno sides GE EF are equal to the two sides HE EF,
and the base #G 1s equal to the base FH
therefore the angle GPF 1 equal to the angle HEF
Therefore exch of the angles CEF HEF# 13 nght
Thercfore ['E s at night angles to G} drawn at randem through E the
Sumlarly e can prove that 74 will also make nght angles with all
strayght nes which meet 1t and are in the plane of reference 18
But & straght hne 18 at nght angles to & plane when 1t makes nght 908

a8l
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with all the straight lines which meet 1t and are 1n that same plane, [xr Def 3]
& e . 8 i P

Therefore etc QED

ProrositiOoN 5

If a straight hine be set up ot right angles lo three straight Lines which meet one an-

olher, ot therr common pont of section, the three strarght lines are wn one plane

For let a strarght line 4B be set up at nght angles to the three strarght kneg
BC, BD, BE, at therr point of meeting at B,

A

- e N

elevated

let the plane through AB, BC be produced,
1t will thus make, as common section 1n the plane of
reference, o straight line {x1 3]

Let 1t make BF

Therefore the three straight lines A B, BC, BF are 1n one plane, namely that
dmﬁm through 4B, BC 1

o in .

.at .« . o

theref 14]

{

‘Thug AB will also rake nght angles with all the straight lines wlich meet 1t
and are m the plane of reference fxt Def 3]

But BF wloch 1s m the plane of Teference meets 1t,

therefore the angle ABF 13 nght
But, by bypothesis the angle ABC 1s also right,
therefore the angle ABF 1s equal to the angle ABC
And they are 1n one plane
which 15 impossible
Therefore the straight hne BC 1s not i a more elevated plane,
therefore the three straight lines BC, BD, BE ar¢ 1n one plane

Therefore, if a straight line be set up at nght angles to three straight hnes,

2t their pomt of mesting, the three straight lnes are m one plane @ & B

Prorosrrion 6
i lug strawght Lines be at right angles to the same plane the strawght lines will be
Parallel

For let the $wo straight Imes AB, CD be at nght angles to the plane of ref-
erence,
1 say that AB 1s parallel to CD
Tor let them meet the plane of reference at the pounts B, D,
iet the strasght hne BD be jomed
let DE be drawn, in the plane of reference, at night angles to BD,
let DE be made equal to AB,
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and let BE, AE, AD be jomed
Now, stnce AB 18 at nght angles to the plane of reference 1t will also make
nght angles with all the straight lines which meet 1t and are m the plane of ref

erence Ixr Def 3]
But each of the strmght lnes BD, BE1s m the
plage of reference and meets 45, (2 AR
therefore each of the angles ABD, ABE 1s nght ‘
For the same reason
each of the angles CDB, CDE 15 also night ”‘
And, since AB 1s equal to DE,

and BD 1s common v/

the two sides AB, BD are equal to the two mides
E,

s
and they nclude right angles,
therefore the base 4D 1s equal to the base BE nd
And, stnce AB 1s equal to DE,
while 4D 1s also equal to BE,
the two sides AB, BE are equal to the two sides ED, D4,
and AE 18 therr common base,
therefore the angle ABE 15 equal to the angle £D4 nd
But the angle ABE 15 right,
therefore the angle EDA 13 also night,
therefore ED 15 at nght angles to DA
But 1t 13 also at nght angles to each of the straight lines BD, DC, ‘
therefore ED 13 set up at night angles to the three straight Lnes BD, DA e
their point of meeting,

therefore the three straight lines BD, D4, DC are i one plane L]
But, 12 whatever plane DB, D4 are 1n that plane 1z AB also 1
for every triangle 1s 1z one plane, [st
R ] LN 1 one plape
And eat ) -
Therefore etc QE?

ProrosiTioN 7
If tuo strawght Lines be parallel and pornts be taken af random on cach of them e
strarght line yorning the pornts 18 1n the same plane wath the parallel strarght mes
Let AB, CD be two paralle] straight lines
and let ponts E, F be taken at random on them
yespectively, 5

Ton shot shapbe olét P e o] A

a2 more elevated plane as EGF & F
and let a plane be drawn through LGF, xt 3
1t will then make, as section in the plane of reference, a straight fme [
Yet 1t make 1t as EF,
therefore the two straight lines EGF, EF wll enclose an 8163
which 15 1mposaible
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Therefore the straight hine jotned from E to Fis notin a plane more elevated,
therefore the straight line jomned from E to ¥ 1s 1n the plane through the par-
allel straight lines AB, CD

Therefore ete QED

Prorosrriov 8

If two straaght lines be parallel, and one of them be at rght angles {o any plane, the
remaining one will also be at right angles to the same plane
Let AB, CD be two paralle] strazght hines,
and let one of them, AB, be at nght angles to
the plane of reference,
I say that the remaiming one, €D, will also be at
nght angles to the same plane
Tor let AB, UD meet the plane of reference at
\ the ponts B, D,
and let BD be jomned,
therefore AB, CD, BD are n one plane  [x1 7]
E Let DE be drawn, 1n the plane of reference, at
nght angles to BD,
let DE be made equal to AB,
and let BE, AE, AD be joined
Now, since AB 13 at nght angles to the plane of reference,
therefore AB 13 also at right angles to all the straight ltnes which meet 1t and
are m the plane of reference, [xr Def 3]
thercfore each of the angles ABD, ABE 1s nght
And sinee the strarght hine BD has fallen on the parallels AB, €D,
therefore the angles ABD, CDB are equal to two nght angles [r 29]
But the angle ABD 1s right,
therefore the angle CDB 15 also nght,
therefore CD 1s at nght angles to BD
And mnee AB s equal to DE,
and BD 1s common,
the two sides AB, BD are equal to the two sides ED, DB,
and the angle ABD 1s equal to the angle EDB,
for each 1s nght,
therefore the base AD 13 equal to the base BE
And, since AB 15 equal to DE,
and BE to AD,
the two sides AB, BE are equal to the two sides ED DA respectively,
and A 1s therr common base,
therefore the angle ABE 1s equal to the angle EDA
But the angle 4 BE 1s nght,
therefore the angle EDA 15 also nght,
therefore ED 1s at nght angles to AD
But 1t 15 also at nght angles to DB,
therefore ED 13 also at night angles to the plane through BD, DA [xr 4]
Therefore ZD will also make nght angles with all the straight lines which
tmeet 1t and are 1n the plane through BD, DA
But DC 13 n the plane through BD, DA, mnasmuch as AB, BD are i the

A C
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rough BD, DA i
Flane throug and DC s atso in the plane in which 4 B, BD are
Therefore £D 15 at nght angles to DC, .
so that CD s also at nght angles to DE
But CD is elso at nght angles to BD. X
Therefore CD 15 set up ot nght angles to the two straight hnes DE, DB
which cut ene another, from the point. of section nt D;
. A . :

.9

RS ., x4

Therefore ete QED

Prorostrion &
Strawght Hnes which are parallel to the same strpight hne and are not m the some
plane with £ are also parallel o one arother 5
Forlet each of the strarght ines 4B, CD be parallel to EF, not being in the
same plane wath it
1 say thot AB 1s parallel 10 CD -
For let a powmt 7 be taken at random on

and from 1t let there be drawn GH, in the
plane through EF, AB, at nght angles to §
EF, and GX m the plane through FE, CD
agan at right angles to EF
Now, since EF 13 at, nght angles to each of
the straight hnes GH, GK, Pl
therefore BF 15 also at right angles to the plane through GH, GK [xt
And EF 15 passile! to AB; g
therefore 4B 13 also at night angles to the plane through HG, GK X
For the same reason .
€D 15 ako at nght angles to the plane through H&, GK; "
therefore cach of the strmght hnes AB, CD 19 at right angles to the plas
through H@G, GK okt
But, 5f two straight nes be ag night angles to the same plane, the stralJ;]
Isnes are parafle], fxt
therefore 45 13 patallel to CD qe?®

Prorosimioy 10
If tuo straight bimes meeting one another Be parallel ts two styarpht hines mectng %
anather nat w the same plane, they wnll eontmn equal angles ke
Fur let the two straighst nes A4 B, BC meotiug ono another be paraliel 1o
tro straght lines DE, EF meeting one 2nother, net in the same plane,
¥ say that the angla ABC 13 cqual to the angle DEF. o
For let BA, BC, ED, IF be cut off equal to one another, and let A2
BE, AC, DF be jonnd
Now, since BA 1s equal and paratlel to £D,
therefare A0 13 slso equal and paratlel to BE
For the same reason

C# 1 also equal and parallel to BE.

o
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Therefore each of the strawght nes AD, CF 15 equal and parallel to BE
But straight lines whuch are parallel
v to the same straight hine and are not
‘ the same plane with 1t are parallel to
‘ one another, Ixt 9]
therefore AD1g parallel and equal to CF
‘ And AC, DF joun them,

T——— therefore AC 15 also equal and parallel
" to DI fr 43}
Now, sunce the two sides AB, BC are

equal to the two sides DE, EF,

and the base AC 1s equal to the base DF,

therefore the angle ABC 1s equal to the angle DEF Ir 8t
Therefore ete QED

ProrosiTiov 11

From o guen elevated pont to draw a straight line perpendicular to g grven plane
Let A be the given elevated pomt and the plave of reference the given plane,
thusat s required £0 draw from the pomt 4 a straght line perpendicular to the
plane of reference
a Let any straght Line BC be drawn at random
the plane of reference
k and Jet AD be dravn from the pont 4
perpendicular to BC Ir 12}
’ If then AD 1s also perpendicular to the plane of
‘ . reference that which was enjomed will have been
done
But if not let DE be drawn from the pont D at
night angles to BC and in the plane of reference [r 11}

let AF be drawn from A perpendicular to DE [r t21
and Yet GH be drawn through the pownt F parallel fo BC f1 31}
et ! "4, DE

the fxs 4

K
bt 1f two straight lines be parallel and ove of them be at right angles to any
plane the remaming ane will also he at nght angles to the same plane, [x1 8}
thetefore GH 1s also at right angles to the plane through ED DA

Z'hereiare GH 15 also at nght angles to all the strarght lines which meet 1t
an i fx1 Def 3}

P s0 that F4 1s also at right angles to GH

the
H
on N
through them {xr 4

therefare #4 1s at right angles to the plave through ED, GH
But the plane through ED GH 15 the plane of reference,
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therefore AF 1s at nght angles to the plane of reference
Thetefore from the given elevated pomt 4 the straight bne AF has been
dravwn perpendicular to the plane of reference QEF

Prorosrriov 12

To set up a strazght line ol right angles lo a guen plane from o guen pont il
Let the plane of reference be the given plane,
and 4 the pomnt w1, .
thus 1t 13 required to set up from the pomt A  straght By 4
fine nt nght angles to the plane of reference
Let any elevated pomt B be concerved
from B let BC be drawn perpendiculir to

the plane of reference, =1
and through the pomnt A let 4D be drawn
paraliel ta BC fr 3y

Then smte AD CB are iwo paralle] straght hoes
white one of them BC 18 at nght angles to the plane of reference
therefore the remaiping one AD 15 also at nght angles 1o the plane of [fgfgl
ente

Therefare AD has been set up at nght angles to the given plane from e
pomt 4 mat QEP

ProrosrrioN 13

From the same pownt two straght hines cannol be set up of reght angles 0 the same
plane on the sane side b

For 1f posstble from the same pownt 4 let the two stymght Jmes 45, A0be
set up at right angles to the plane of reference and
on the same sade

and let a plone be drawn through BA AC

1t will then make as sechion throngh A m the plane
of reference 2 straght hine i<z 33

Lot 1t make DAL,

therefore the straight lines AB AC,
DAE are 1n one plane

And since C4 15 ot vght angles to the plane of et
reference st wall also make rnght angles with afl the stesight hnes \vhxchmf o
1t and are in the plane of reference fxt De

But DAE meets tt and 15 1w the plane of reference

therefure the angle CAE 1s right
For the same reason

the angle BAE s also nght
Therefore the angle CAK 15 equal Lo the angle BAE
And they are iz ane plane

which 19 mpossible
Therefore ete qE?P

Prorosrriov 14

Planes to whick the same stratght line 19 ol right angles 111} be parallel

¥,
For lat any straght hne AB be nt nght sngles to cach of the planes o E
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I say that the planes are parallel
For, if not, they will meet when produced
Let them meet,
they will then make, 23 common section,
a straight Iine {xr 3]
Let them make GH,
let a pont K be taken at random on GH,
and let AK, BK be jorned
Now, since AB 1s at night angles to
the plane EF,
therefore A B 15 also at nght angles to BK whach 1s a straight line 1n the plane
EF produced, {<t Def 3)
therefore the angle ABK 1s nght
For the same reason

the angle BAK 13 also nght
Thus 1n the tnangle ABK, the two angles ABK, BAK are equal to tvo
nght angles

which 1s impossible 1 17]
Therefore the planes CD, EF will not meet when produced,
therefore the planes CD, EF are parallel [x1 Def 8]
aH'l;herefore planes to which the same straight line 15 at right angles are par-
< QED

ProrosrTiov 15

If tuo strawght lines meeting one another be parallel fo two strarght Lines meeting
one another not bewng n the same plane, the plancs through them are parallel
For let the two straight lines AB, BC meeting one another be parallel to the
two straight lines DE EF meeting one another,
not bemg in the same plane, I say that the
¢ planes produced through AB, BC and DE, EF
will not meet one another
For let BG be drawn from the point B per-
pendieular to the plane through DE, EF [xx 11],
E and let 1t meet the plane at the pont G,
through G let GH be drawn parallel to £D, and
] Gh parallel to EF 1 31]
Now smee BGs at right angles to the plane
through DE EF
therefore 1t will also mahe nght angles with all the straight lines which meet 1t
2nd are 1 the plane through DE, EF [xt Def 3}
gut each of the straight lines GH, GR meets 1t and 13 1 the plane through

B8

EY

o
H K F

therefore each of the angles BGH, BGA 1s night
And, since BA 15 parallel to GH, fxr 9]
therefore the angles GBA, BGH are equal to two nght angles [r 29}
But the angle BGH 15 nght, t
therefore the angle GBA 1s also nght,
therefore GB 18 at right angles to BA
For the same reason
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LI .
plane through B4, BC. g
But planes to which the same straight line is at nght angles are p.arnllel,‘ ,
[ar

therefore the plane through 48, BC 13 paratlel to the plane through DE,EF
Therefore, 3f two strmght hnes meeting one another be paraliet to tvy

seraght lines meeting one another, not i the snme plane, the planes throgh

them are parallel QED

ProrosiTioN 16

If two porallel planes be cut by any plare, thewr common sections gre paralld
For let the two parallel planes 4B, CD be cut by the plane EFGH,
and let EF, GH be their cornmon seetions,
I say that EF 1s parallel to GH

For i not EF, GH will, when produced, meet either s the direction of F, B
orof E G

‘ll»gt them be produced, 231 the direction of F, H, and let them, first, meet
a

Non, stnee EFA. 131 the plane 45, q
therefore all the pomts on FFX are alwo 1n the plane 4B (¥
But A 15 one of the points on the strasght e BFK,
therefore K 18 m the plane 4B
For the same reason
K 15 also sn the plane €D,
therefore the planes 48, CD will meet when proditced

But they do nat mect beeauss they are by hypothesis, paraliel,
therefare the strayght hanes LF, GH will not meet when produced 10 thedret
twonof F H 3

Suntlarly we can prove that nather will the straight hnes rE, 6# L
when produced in the dection of £ ¢

But strasght fines which do not meet 1 cither direction are P““’Xémf |

‘Therefore £F 15 parallel to GH
Therefore ete es?
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ProrosrTion 17

If two strasght lines be cut by parallel planes, they will be cut an the same ratios
For let the two straght lines A B, CD be cut by the parallel planes GH, KL,
JN at the pomts 4, E, Band C, I', D,
I say that, as the straight line AE 1s to
EB so1s CF to I'D
For let AC, BD, AD be joined,
let AD meet the plane KL at the pomnt O,
and let EO, OF be jomned 1
Now, since the two parallel planes KL,
MN are cut by the plane EBDO,
their commonsections O BD are parallel
[xx 16}
For the same reason since the two
parallel plapes GH AL nre cut by the
plane AOFC,
their sections AC, OF are parallel
14

And smee the straight Iine EO has been drawn parallel to BD, one of the
8ides of the triangle ABD,

therefore proportionally, as AE 18 to EB, so1s AO to 0D [v1 2]

Agam sice the straight line OF has been drawn parallel to AC, one of the
aides of the tnangle ADC

proportionally, as A0 1s to OD, so 18 CF to FD [d]
But 1t was also proved that as A0 1s to 0D, s01s AE to EB,

therefore also as AE 1s to EB, so18 CF to FD v 11
Therefore ete QED

Prorostrron 18

If astrawght tine te at right angles to any plane, all the planes through 1t wll also
be at Tight angles to the same plane
For let any straight lme AB be at right angles to the plane of reference,
I say that all the planes through AB are also
[} at nght angles to the plane of reference
For let the plane DE be drawn through AB,
let CE be the common section of the plane DE
and the plane of reference,
let a pomnt F be taken at random on CE,
£ 2nd from F let FG be drawn 1 the plane DE
at right angles to CE fr 11}
Now, stmee 4 B1s at nght angles to the plane
of reference, 4B 15 also at nght angles to all the strarght lines which meet 1t
2nd are 1n the plane of reference, [xr Def 3]
so that 1t 18 also at nght angles to CE,
therefore the angle ABF 13 nght
But the angle GFB 15 also nght,
therefore AR 1s parallel to FG [r 28]
But AB 1s at nght angles to the plane of reference,
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thercfore @ 15 albo ut tight angles to the plane of refereace  {w §

Wow ~ plane 1s at right angles to o plane when the straight limes drawn 1
one of the planes at night sngles to the common seetton of the planes s at
night angles to the remamung plane {xt Def 4}

And FG draw nin one of the planes DE st nght angles to CE, the comman
section of the planes was proved to be at night angles to the plane of reference
therefore the plane DE 18 1t might angles to the plane of reference

Simularly also 1t can be proved that all the planes through 45 are 8t nght
angles to the plane of reference

Therefore etc QED

ProrosrrioN 19

If two planes whick cut one another be al right angles to any plane {hesr common
section will also be at right angles to the same plane

Tor let the two plates 4B BC be at nght angles to the plase of referente

nnd let BD be thewr commeon section,

1 say that BD s at nght angles to the plane of
reference

For suppose 1t 1s not and from the pant D let
DL be deawn in the plane 4 Bat nght angles to the
straight hkne 4D and DF in the plane BC at ngit
angles to CD

N\ow sihee the plane 48 15 at nght angles to
the plane of reference
and DE has been drawn m the plane 4B ot nght

angles to AD their common seetion,

therefore DE 18 at nght angles to the plane of yeference {1 Def 4}

Simutarly we can prove that

DF 13 akso at nght angles to the plane of reference

Therefore from the same pomt D tw o straight haes have been st upat nght

angles to the plane of reference on the same side
wineh 15 smpossible [« 1

Therefure no strarght hine except the common seetion DB of the planes 15
BC ean be set up from the powt D at right angles to the plane of reference

Therefore ete ex?

;)

A <

ProrosiTioN 20

1f a sold angle be contaned by threc plane angles any tun fahen together 1679
menner are greater than the remaining one ¢

For let the sohd angle at 4 be contamed by the three plane angles 54
CAD DAB o

1 533y that any tnoof the angles BAC ( AD
DAB talen together n any mapner are
greater than the remauning one

If pow the angles BAC (AD DAB are
equal 10 one another 1t 1s mamfest that any
tw o re greater than the remamng one

But, 1f not let BAC be greater £be
and on the straght hoe AH and at the paint A on it let the angle BA

3
§ t
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constructed, in the plane through B4, AC, equal to the angle DAB,
let AE be made equal to AD
and let BEC, drawn across through the pomt E, cut the strmght lines AB, AC
at the points B, C,
let DB, DC be joined
Now, since DA 15 equal to AE,
and 4B 15 common
tno sides are equal to two sides,
and the angle DAB 1s equal to the angle BAE,
therefore the base DB 15 cqual to the base BE 4
And since the two sides BD, DC are greater than BC, r 20}
2nd of these DB was proved equal to BE,
therefore the remainder DC 1s greater than the remamder EC
Now, since DA 1s equal to AL,
and AC 13 common,
and the base DC 1s greater than the base EC,
therefore the angle DAC 1s greater than the angle EAC 1 25)
But the angle DAB was made equal to the angle BAE,
therefore the angles DAB, DAC are greater than the angle BAC
Sumlarly we can prove that the remaining angles also taken together two
and two, are greater than the remaining one
Therefore ete QLD

ProrostTioN 21

Any solid angle 2s contarned by plane angles less than four right angles
Let the angle at A be a sohd angle contamed by the plane angles BAC,
CAD, DAB,
Tsay that the angles BAC, CAD, DAB are less
than four right angles J4
Forlet points B, C, D be taken at random on the
straight lines 4B, AC, 4D respectively,
and let BC, CD, DB be 1ommed o
Now, smee the sohd angle at B1s contamed by
the three plane angles CBA, ABD, CBD
20y two are greater than the remaiung one, Py

[xx 20
therefore the angles CBA, ABD are greater than the angle CBD
“For the same reason

o L '

%o nght angles

And since the three angles of each of the tnangles ABC, ACD, ADB are
equal to tno rght angles
therefore the mine angles of the three tnangles the angles CBA 40R R44
ACD, CDA, CAD, ADB, DBA, BAD are equal to six nght an
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gether in 4ny manner, aye £reater than the Temainmg one, namely

i 208les DEF! GHE graggon than 1
20d, further tha .o ' il BT b
N L wudl,

o arly Db, G b
Isaytbahhsn"r""" ‘ " g

DF, GK, that 18 L v <lvy 1, e are greatt
than the remain

H
AAC DA 1

Now, if the angles 450, DEF, GHE gy 2qual to one another, it mﬂ’“:“{'
that, 4C, Dr or ng equal alsg, 3y 18 possible tp construet g triangle out o
straight hipes equal to 4 C, DF, grr

But, if not, let them be Unequal,
and on the straighy lie HE, ang 2t the pojpt H on
i, ot the angly KHL by constructed equay to the H
angle AB¢ A
Iet HE be Made equa} 1o one of the stratght hipeg 48,
BC, D, EF, GH, HE,

and let KL, QL ve Jotned

Now, since the two sides 4.8, pe aTe equal to ghe

th0 sideg KH, HEL,
and the angle at 3 jg equal to ¢he angle Ky,
therefore the base A¢ 14 equal to the hase KL
4And, singe the angles ABC, Gy &7 greater thap the angle DEF,
while the angle 4 BC 15 equal tg the angle KN,
therefore 1he angle Gy, \ 8reater than the angle DEF.
And, since the 450 suesGH, MY, pro €qual to the two sides DL, EF,

G K
[
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- ooy * "an the angle DEF,
than the hase DF, fr29

PREIA S

Lueretore WA, AL are much greater than DF
But KL 13 equal to AC;

therefore AC, GK are greater than the remong straght hne DF
Sumilarly we ean prove that

P

.

4C, DF, GK QB

ProposrTion 23

To construct & solid angle out of three plane angles two of whnch, taken togriher 1
ary manncr, are greater than the remainang one thus the three angles must be less
than four right angles

Let the angles A BC, DEF, GHK be the three pven plane sngles, and let two
of these, taken together any maonner, be greater than the remaunng one,
while, further, the three are less than four npht angles,

Ahus 1 13 required 1o constract o sobid augle out of angles equal to the angles
ABC, DEF, GHE i ¢

8
A < [y f G (3
Let AB, BC, DE, EF, GH, HA be cut off equal to one another,
and let AC, DF, GK be joined,

" Tet 1ts centre be taken and let it be o,
let LO, M0, NO be jowmed,
1 say that AB 15 greater than LO

:zg‘i:? lé\[e\fefore possible to construct & tnangle out of straight hines equal to 4C,
s
Y¥or f not AR 1s exther equal to L0, or less
Furst, let 1t be equal

[x1 22)
L.y
-
(\/]‘.
¢ Then smee AB 13 equal to LO,

Let LMN be so constructed thet AC 15 equal to
LM, DF to MN, and further, GK to NL,
let the arele LAfN be descrbed about; the tnangle

MN,
while AR 15 equal to BC, and OL to OV,
the two sides AB, BC are equal to the two sides LO, OM respeetively;
and by hypothesss, the base AC 13 equal to the base Lf,
therefore the angle ABC 18 equal to the angle LOAS 8l
For the same reason
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the angle DEF 13 also equal to the angle AION,
and further the angle GHK to the angle NOL,
therefore the three angles A BC, DEF, GHK are equal to the three angles LOY
MON, NOL
But the three angles LOM, MON, NOL are equal to four nght angles,
therefore the angles ABC, DEF, GKH are equal to four right angles
But they are also, by hypothests, less than four nght angles
which 13 absurd
Therefore AB is not equal to LO
T say next that neither 1s AB less than LO
For, 1if possible, let 1t be so,
and let OP be made equal to AB, snd 0Q equal to BC,
and Jet PQ be joned
Then, since AB 1s equal to BC,
OP 15 2150 equal to OQ,
so that the rematnder LP 13 equal to Q3

Therefore LA 1s parallel to PQ, g
and LMO 15 equiangular wath PQO, {17
therefore, as OL 1s to L3I, so 1s OP to PQ, P14l
and alternately, as LO 1s to OP, so 1s LM to PQ. v 1l
But LO 15 greater than OP,

therefore L2 1s also grester than PQ
But LM was made equa) to AC,
therefore AC 15 also greater than PQ /
Since, then, the two sides AR, BC are equal to the two sides PO, 08,
and the base AC 1s greater than the base P@,
therefore the angle ABC 1s greater than the angle POQ n#
Simtlarly we can prove that
i 3 nen s

P v oaeny,

Thercfore t “ han the three
angles LOJM, MON, NOL ht
Blut, by hypothesss, the angles ABC, DEF, GHE are less than four I8

angles,
thercfore the angles LOM, MON, NOL are much less than four nght engles
But they are also equal to four nght angles
which 1s absurd
Therefore AB is not less than LO
And 1t was proved that neither 131t equal,
therefore AB 13 greater than LO £ the
L]ct lt,h&r{ OR be set up from the pomnt O at nght angles to the [ﬂa“el:' 1
circle LY, f
and Jet the square on OR be equal to that area by which the square 08 AB!;
greater than the square on LO, [Lem?
let RL, RM, RN be yawmed
Then since R0 13 at nght angles to the plane of the arcle LMY, A0
therefore RO 15 also at nght angles to each of the straight lmes LO, MO,
And, smnce LO 15 equal to 0V,
while OR 13 common and at night angles,
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therefure the base £L is equal to the base RALL {1 4]
For the same reason
RN 15 also equal to sach of the strught hnes RL, RA;
Herefore the Mhman abon ~Lé 1o DY DAL DR arn an o) ba ans annther
" which
therefore the square an A5 1s equal to the squares on L0, OR
But the square on LR 18 equat to the squares on L0, OR, for the angle LOR
s right, fx 473

R . PR nr

But ¢

. . i
18 equal to cach of the sTroEnY NuLs Ly WAL, sy
404 since the two mdes LB RM are equal to the two sides 4B, B,
and the hase LAL 18 by hypothesis equal to the base AC,
therefore the angle LB 1s cqual to the angle ABC 5 8
For the same reason
the angle M RN 1s also equal to the angle DEF,
and the angle LEN to the angle GHE
Theget Yoae Bemar wmar
tothe t
sttucte, .

Lewss
Byt . an L N R T
the s , .-

and tnto the sermerrele ABC let A¢ o fitted equal to the
X straght hne LG, not being greats r than the diameter 15,
) {iv 13

< let. CB be jomed
Sigre 1 a1 pi .
Th ' .«
He . ' .
CB
But AC 15 equal to LO
Tcll;mfom the square on AB 15 greater then the squan on LOby thee
I then we cut off OR equal to BC, the square en A8 will be grestsms e
quare on LO by the square on O -
Prorosrrion 23
7 a s0lid be contorned by parallel planes, the oppostle planes 31 2 or o,
= e
varallelogramenae
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Tor let the sohd CDHQ be contaaned by the paratlel planes 4C, GF, 4H
DF, BF, AL,
1 g3y that the epposte planes i 1t are
equal and paralielogrammie 8 L
For, aince the two parallel planes BE, CE
are eut by the plane AC,
thetr common sectons are parallel  [as 16] A
Therefore AB 15 paralle! to DE e
Again sinee the two parallel planes BF,
AE are cut by the plane 4C,
thetr common sectsons are puallel  [x1 16) by
Therefore BC 1s porallel to 4D
But 4B was alse proved parallel to BC,
theref Cisap
Suntlarly we ean prove that each of the planes DF, PG, GB, BF, AE 53
‘paralielogram
Iet AR DF be jomed
Then sunce AL 1s parallel to DC and BH to CF,
the two straght lies AB, BH which meet one anether are paraiiel to the tso
strught hoes DC €7 winch meet one another, not 1n the same plane,
therefore they will contain equal angles, e
therefore the sngle A BH 15 equal to the angle DCF
And snce the two sides AB, BH are equal to the two sides DG, OF, ,[l @

TR

and the angle ABH 15 equal to the augle DCT,
theretore the base AH 15 egual to the base DF, 4
and the trangle A8H 15 equal to the tnangle DCF (X!
And the parallelngram BG 3. double of the tnongle ABH, and the parslil ;’
gram CE dauble of the trangle DCF, fr 8
therefore the paralielogram BG 15 equal to the paralielogram CE
Sintarly we can prove that
AC 15 also equat 1o GF,
and 4K Lo BF

Therefore ete QE?

FrorosiTION 25

It o parallelepipedal solid be cut by  plane which 15 parallel to the opposilt plowh
then a3 the base 19 to the bace so well the aold be fo the solad

Tur tet the parallelepipedal solkd ARCD be cut by the plase PG obich 35
parallel to the oppowte plwmes R4 DH , Vgl

Trat that a the base 4FFV s to the base BHCF, sots the sobd A5F
the sohd EGLH

Forlet AH be produced n cach direction, Z.
fet any mumber of strasght hines whatever, AKX KL, be made equat 10 AL

and any number wWhatever HAL, MN, cyust to B} i

and let the paraliclogams I P BV 1W, 118 and the <ohds L, K&, Y0
be completeg

‘Then, since the straght bnes LK A A, AE aro equsl to one anoth™®

the parallelograms £ P AT, 17 are alsg equal to one agatber
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KO, KB, AG are equal to one another, o
and further, LX, K@, AR are equal to one another, for they are opposite
[xx 24}

For the same reason !
the parallelograms EC, HW, MS are also equal to one another,
— HG, HI, IN are equal to-one another,
and further, DH M Y, N T nre equal to one another
Tharafamn = e enl - - equal to three planes

to one auother
Yor the same reason
the three solids ED, DM, MT are also equal to one another

"Therefore, whatever multiple the base LF 1s of the base AF, the same multi-
Ple also 15 the solid LU of the sobd AU

For the same reason,
whatever multiple the base NF 1s of the base FI, the same multaple also1s the
solid NU of the sokd HU

llx‘»;d 1f the base LF 15 equal to the base NF, the solid LU 1s also equal to the
sokd NT/,
f the base LF exceeds the base NP the solid LU also exceeds the sohd A U,

and, if one falls short the other falls short

Therefore there bemg four magmtudes, the two bases AF, FI, and the tno
solids AU, UH,
equimultiples havc been taken of the base AF and the sohd AU, namels the
base LF and the solid LU,
and equimultiples of the b:ne HF and the solid HU, namely the base NF and
the solid NU
and 1t has been proved that 1f the base LF exceeds the base FN, the sohd LU
also exceeds the sohd NU,

if the bases are equal, the solids are equal,
and if the base falls short, the sohd falls short,

Therefore, as the base AF 1s to the base FH, 50 13 the solid AU to the

sold UH {v Def §]
QED

ProrosiTION 26

On a guen straight line, and of a gren point on 11, {o construct a sohd angle equal
0 a given solid angle
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Y oant et so1a Ity ‘

For let o pownt F be taken
at random on D'F, H
let FG be drawn from F per-
pendieulsr ta the plane
through £D, DC, and let 18
meet the planeat G, {x1 11}
tet D@ be jomed, L 3
let there be constructed on
the straght hme AR and at 8
the powt 4 on 1t the angle
BAL equal to the angle
EDC, and the angle BAK £ A
equal te the angle EDG,
Tt @)
let AK be made equal to DG,
let K H be set up £rom the pownt K at night angles to the plane through BE;’IAXIE

AN

let A H be made equal to GF,
and let HA be jomed,
1 say that the sobd angle at 4, contawmed by the sngles BAL, BAH, HAL
15 equal to the solid angle at I contmned by the angles £DC, EDF, FDC
For let 4B, DI be cut off equal to one another
and let HB, KB, FE, GE be jomed
Then since #G 18 at nght angles to the plane of reference, 1t will also mﬂk{e
right angles with all the strarght hines which meet, 1t and aren the plane of ¢
erence, {xr De! 3
therefore each of the angles FGD, FGE 13 ught
For the same reason
each of the angles HK4 HKB 13 also nght .
And smee the two stdes hA, AB are equal t0 the tno uides GD DE yespRe
tvely,
and they contamn equal angles P}
therefore the base AB 1s equal to the base GE i
But KH 13 alo equal to GF,
and they contan nght angles, Pl
therefore HA 1w alse equat to ' ‘Q
Again wince the two sides 4K, RH are equal fo the two ades DG, G
and they contain right sngles, Pl
therefore the base A4 13 equal to the base £D fr
But 4B 13 also equal to DE,
therefore the two sides #4, AB are equal to the two sides DF, DE
And the base 2B 18 equal to the base FE, . 8
thereFore the angle BAH 18 equal 1o the angle EDF f
For the same reason
the angle #AL 1s alsy equal to the angle FDC
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And the angle BAL 1s also equal to the angle EDC
Therefore on the straxght hne A B, and at the point A onit, 2. solid angle has
been constructed equal to the given sohd angle at D QEF
- Prorostrioy 27
On a given straght line o deseribe o paraliclepypedal solid stmslar and sumilarly
sutuated to a qiven paralleleprpedal solid

For on the straight hine
D AB and at the pomnt 4 on
1t let the sohd angle, con-
i L taned by the angles BAH,
H HAK, KAB, be construeted
equal to the solid angle at
C, so that the angle BAH1s
3 E A B equal to the angle ECF, the
angle BAK equal to the

angle ECG, and the angle KAH to the angle GCF,

and let 1t be contrived that,
as EC 13 to CG, so 18 BA to AK,

and, as GC 1s to CF, so 158 K4 to AH [vr 12]
Therefore alwo, ex aequal,
as EC1s to OF, so 18 BA to AH v 22]

Let the parallelogram HB and the solid AL be completed
Now since, as EC 15 to CG, so1s BA to AK,
and the sides about the equal angles ECG, BAK are thus proportional,
therefore the parallelogram GE 1s simular to the parallelogram KB
For the same reason
:hel}a;mllelogram KH s also stmilar to the parallelogram GF, and further, FE
o

therefore three parallelograms of the sohd CD are stmilar to three parallelo-
grams of the sohd AL

But the former three are both equal and similar to the three opposite par
allelograms,
and the latter three are both equal and similar to the threc opposite parallelo-
Brams,
therefore the whole sohd CD 1s stmilar to the whole sohd AL [x1 Def 9]

Therefore on the given straight line A B there has been described AL sumlar
and sumlarly situsted to the gven paralleleppedal said CD QEBF

ProrosiTion 28

Ij a parallcleprpedal solid be cul by a plane through the diagonals of the opposite
planes, the sohd unll be brsecied by the plane

Torlet the parallelepipedal soltd A B be cut by the plane CDEF through the
dingonals CF, DE of opposite planes,

1 say that the solid AB will be bisected by the plane CDEF
For, since the tnangle CGF 1s equal to the tnangle CFB, [r 341
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v and ADE to DEH, \
while the parallelogram Cd is alco equal to the parallelo- B £

gram EB, for they are opposite, and GE to CH,

therefore the prism contamed by the two tnapgles H

CGF, ADE and the three parallelograma GE, AC, CE
3T Ak

isalioequaltot” . Ao o ddamalay &
CFB, DEH and .
for they are cont v A
tude and m magmtude {x1 Def 10}

Hence the whale sohd 48 1s bisceted by the plane CDEF. QED

Prorostion 29
Parellelepipedal soluds which are on the same base and of the same hewht, andn
which the extrematies of the sides which stand up are on the same straght lies, o7¢
equal to one another
N ng;]t CM, CN be parallelepipedal solids on the same base AR and of the sum?
eight,

and let the extremities of thewr sudes whith E H X
stand up, namely 4G, AF, LM, LN, CD,
CE, BH, BK, be on the same straight hnes ¥ i
FN, DK,

1 say that the sohd C3 1 equal to the
sohl CN

For, sinee each of the figures CH, CR1sa
paralielogram, CB 1s equal to each of the

straight hines DH, EK, {134 by 1
hence DH 1s also equal to EE
Let EH be subtracted from each,
e . - B
B : f ' 1r 8.4
. Lo . e o]

For the same reason
the tnangle 4 PG 1 alse equal to the tnangle MLN .

But the parallelogram CF 19 equal to the parslielogram B, and CGto BN,
for they are opposite,
therefore the prism contamed by the two tnangles APG, DOE and the three
parallelograms AD DG, CG 1s equal to the prnsm contamned by the tno trr
angles MLY, HBR and the three parallclograms BAZ, HN, BN )

Let there be added to each the solid of which the paralielogram AB s the
base and GLHA! s opposite,

the whole parallel fal solid €M 19 equal to the nhale paralicler
pspedal sohd CNV
Therefore ete QEP

Prorositrow 30
Paralleleprpedal sohds which are on the same base and of the same height; ond ‘:
1chich the extremuties of the sudes which stand up are not on the same strarght haete
are equal lo one another



“
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N Let CM, CN be parallelepipedal solids on the same base AB #nd of the same
erght,

and let the extremmties of thewr sides
which stand up, namely AF, AG, L2,
LN, CD, CE, BH, BK, not be on the
same straight lines,

I say that the soltdd CAf 1s equal to the
sohd CN

For Jet NK, DH be produced and
noeet one another at R,
and further, let FAf, GE be produced to

R

H
Q

_let A0, LP, CQ, BR be joined

ties of their sides which stand up, namely AF, AO, LM, LP, CD, CQ, BH, BR,
are on the same straight hnes FP, DR fxz 29]
But the solid CP, of wiuch the parallelogram ACBL 13 the base, and OQRP
its opposite, 1s equal to the solid CN, of which the parallelogram ACBL s the
base and GEKN 1ts opposite,
Facil - G 'L DY L3 fihian can ke ot and thaave

Therefore ete QED
B

ProrosITION 31
Parallelepipedal solids whack are on equal bases and of the same hewghl are equal
to one angther

Alf"e},' %le Pparalleleptpedal solids 4 E, CF, of the same height, be on equal bases

3
I say that the solid A K 1 equal to the sohd CF

Furst, let the sydes which stand up, HK, BE, AG, LM, PQ, DF, €O, RS, be
a4 nght angles to the bases AB, CD,



h
326 EUCLID
let the strmght lime BT be produced in a straight lne with CR,
ou the strayght hne BT, and at the powt R on it, Jet the angle TRU be con-
structed equsl to the angle ALB, i)
et RT be made equal to AL, snd RU equal to LB,
and let the base R and the solid XU be completed
Now, stoce the two sides TR, BU are equal to the two sides 4L, LB,
2nd they contain equal angles,

therefore the parallelogram RV 1z equal and stmilar to the paralldlogram HL

Since agmn 4L 15 equal to BT, and L3 to RS,

and they contam nght angles,

therefore the parallelogram RX is equal and siatlar to the pavatlelogram AN

Tor the same reason

LE 13 alvo equal and sumlar to SU,

therefore three potallelograms of the solid AE are equal and smular to three
paralielograms of the sohd XU

But the former three arc equal and smilar to the three upposite, and the
latter three to the three opposite, xt 28
therefore the whole paralieleptpedal sohd AE s equal to the whole parallele
prpedal sobd XU, fxr Def 1}

Let DR, WU be drawn through and meet one another at ¥,

e oy 2 - - lel to DY,
i 1 apleted
Then the solid X7, of which the paraifelogeam RX 13 the base ond Yentsop-
‘ ' T allelogram RX 13 the base and

t me herght and the extremibies
ot T, T, Se, 8d, Xe AV, 8
U4 Teaw bn nu b ey BILS 06, €4 fa 29

But the sohd X7 1s equal to AR,
therefore the sohd XY 13 also equal to the sokd 4E .
And, swce the paralielogram RUTT 13 equal to the paraliclogram ¥ 7,
for they are on the same base £7 and mn the same parallels RT, 3, {1 3%
whle RO T 1s equal to CD, stace i, 35 also equal to 4B,
therefore the parallelogram Y7 13 also equal to CD
But DT 15 snother porallelogram,
therefore a3 the base CD 15 to DT, so1s YT to DT w7
And since the paraltelepipedal soid C7 has been cut by the plane RF wiich
18 parallel to opposite planes
as the ‘base TT 15 to the base DT, 50 18 the sohd CF to the soud B T &
For the same reasen,
simce the parallelepipedat sohid Y7 has been cut by the plane X which 18 9%
allel to opposite planes

a8 the base ¥T wtothet ™ 1 pa%
But as the base €D
therofore also ns the sc {to Bl

RA!

Thercfore cach of the solids CF Y'X has to R the same retio,

therefore the solid CF 15 equal to the sohd YX. W
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But ¥X wag nwn o3 - T4 47
Next, let the ¢ .. -+ og,DF, RS, uotbe

at nght angles t
1 say agan that the sohd AE s egual to the sohd CF

M M o

L\\ 9 ]X

Forfrom the pomts X, E, G, M, Q, F, N, Slet KO, ET, GU, MV, QW, FX,
NY, 8T be drawn perpendicular to the plane of reference, 2nd let them meet
the plane at the pomnts O, T, U, V, W, X, ¥, I,

and let OT, OU, UV, TV, WX, WY, Y1, IX be jomed
Then. the sokd KV 18 equal to (,he sold Q1,

far they are o tha e~ same height, and their sides
which stand {First pard of this Prop }
But the sol
and QF to CF,
for they are on the same base and of the same height, while the extremities of
their sides which stand up are not on the same straight lines Ixt 30]
Therefore the sohd AE 1s also equal to the sobd CF
Therefore ete @ ED

ProrositioN 32
Paralleleprpedal solsds whach are of the same hetght are toone another as thewr bases
et AB, CD be paralielepspedal sohds of the same height,
Tsay tha,t the parallelepipedal sohds 4 B, CD are to one another as their bases,
ﬁmt 13, that, as the base AE 1s to the base CF, 5013 the sohid AB to the sohd

ey,

For let FH equal to AE be apphed to FG, i1 45]
and, on FH asbace and with the same ‘herrht ag that of €D, let the paraltele-
Pinad

fo . quat wa LS AL, £ 4 and of the same height [xr 311
And since the parallelepipedal solid CK 13 cut by the plane DG which 13 ad
Paralle] to opposite planes, 7

d
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fet the straight hine RT be produced 1n 8 straght ohd DA
on the straight hne RT and at the powt R on it let” b 23
structed equal to the angle ALB, . ‘_,;’:Vg
Jet BT be made equal to AL and. =&
and let the base R;ll and thee & & 4 AB to the solid
Now sinee the two sides TR RU ar 7" ”"7’
and they cg"_’;.‘ = LR

therefore the paraflelogram BF & ;0
Since sgun 42 s equal to ~ &
ar

r 4 the triphieate ratw of ther
thercfore the parallelos. = o~
For the same n;ﬂ/ T 45, i
£ esponding to CF,
therefore the ~ P D the ratio tapheate of that which
parallelo a8
By
gt
.

For let EA EL EB be produced in & straght line with AE GE HE 2
let ER be made equal to CF EL eiquat to £ and further EM equal toF
and let the parallelogram AL and the sohid AP be completed
Now ince the two aides A% EL are eqial to the two sdes CF FV )
while the angle A EL 13 also equal to the angle CFN 1nasmuch as the Bﬂx'i; e
zci gG s also equal to the angle CF V because of the stmfanty of the solids 4

therefore the parallelogram AL ss equal <and smilar> to the potallelogrs®
[#4:)

For the same reason
the paralielogram A ¥ 1s alco equat and simtlas to CR,
avd further FP to DF three
therefore three parallelograms of the sohd AP are equal and mmilar t0
parallelogeams of the solid (D
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But the former three paraflelograms are equat and stmilar to their opposites,

and the latter three to their opposites, x1 24]
therefore the whole sobd KP 15 equal dod stnular to the whole sold CD
) [xt Def 10}

with the same height as that
¥

Then since owing to the simlanty of the solids AB, CD,
as AE 13 to OF, s0 1s EG to FN, and EH to FR,
while CF 15 equal to EK, FN to EL, and FR to EM,
therefore, as AE 1s to EX, s01s GF to EL, and HE to EAM.
But, a3 AE 15 to EX, 5018 AG to the parallclogram GK,
__ 8sGE13to EL, s01s GK to KL,
! and, as HE 18 to LM, =0 1s QF to K31, vx 1]
ﬁxﬁ}efore nlso, ag Ithe paraltelogram AG 18 to GK, s013 GK to KL, and QF to

But, as AGQ1s to GK, 8013 the sohd AB to the solid EO,
a3 GK 1s to KL, 50 13 the solid OF to the sohd QL,
and, as QF 13 to K3, so1s the solid QL to the sohd KP, [x1 32}
thimfote f_dso, as the sohd AB 1s 10 EO, 5018 EQ to QL, and QL to KP .
A FHCIEN H PR A DO
'
,
EQ
But, 23 AB 13 to EO, 5013 the parallelogram AG to GK, and the straight hine
AEto EK w1 1},
li'el\xzce the sobd 4B has also to KP the ratio tnphcate of that which AE has to

But the sohd KP 15 equal to the sohd €D, .
zherefcre ete eED

second masmuch as the first has to the fourth the ratio tuplicate of that which
1t has to the second

Prorosrrion 34

In equal parallelepipedal solids the bases are reciprocaily proporfimal lo the
hewghts, and those paralleleprpedal solsds 1n whtch the bases are reciprocally pro-
Portional o the heights are equal

Let 4B, CD be equal paraliclepipedal sohds,

T say that in the parallelepipedal sobds AB, CD the bases are reciprocally
Proportional to the heights
thatys as the base EX 13 to the base N0, 5018 the height of the solid CD to the
beight of the sold AB

First, let the sides which stand up, namely AG, LF, LB, HK, CM, NO, PD,
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QR, be at nght angles to thewr bases,
1 say that, 2s the base EH 1s to the base N@, sa1s C3 to 4G
If row the base EH 1s cqual to the base NQ,
while the solid AB 15 also equal to the sold CD,
CAM will also be equat to AG

For parallelepipedal solids of the same height sre to one another a8 the

bases, fxr 33
and as the base TH 15 to NQ, so will C3f be to 4G,

and 3t 15 mamfest that 1n the parallelepipedal solds AB, CD the bases are re-
ciprocally proportional to the hesghts

Next, let the base EH not be equal to the base NQ,

but let EH be greater

Now the solid A B 13 equal to the sohd €D,
therefore CA s nlso greater than AG
Let then CT be made equal to 4G,
and let the parallelepipedal sohd ¥'C be completed on N'Q as base and with €T
as height
Nowu, since the soid AB 15 equal to the sohd (D,
and CV 13 outarde them .
while equals have to the same the same ratio, {7
therefore as the sohd 4B 15 to the sohd OV, so1s the solid €D to the sohd 4]
But a9 the sohd AB 15 to the sohd CV, so1s the base EH to the base NQ
for the sohds 4B, CV are of equal height, {x1 8%
and 23 the sold CD 18 to the sobd CV, so 19 the base AIQ to the base TQ
Ixy 25} and CM to CT [v1 13,
therefore also as the base EH 13 to the base NQ so 18 MC to CT
But CT 13 equal to 4G,
therefore also s the base EH 13 to the base NQ, so 18 MC to AG
Therefore in the parallelepipedal solids AB, CD the bascs are reesproesty
proportional to the heights
Agan in the parallclepipedal selids 48, CD let the bases be recyprocally
proportional 1o the huights that 15, as the base EH 13 to the base NQ, solet the
height of the sohd €D be to the height of the sohd 4B,
1 say that the sohd 4B 1s equal to the sohd CD
Let the sides which stand up be again at nght angles to the bases
Now, if the base £H 15 equal to the base A Q,
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and as the base EH 1s to the base NQ, s01s the hetght of the solid CD to the
herght of the sohd 4B,
therefore the height of the solid €D 1s also equal to the height of the sohid AB

But paralleleppedal solids on equal bases and of the same height are equal
to one another, fx1 31]
therefore the solid 4B 13 equal to the sohd CD
o e PR

the solid
4B, |
that 15, C3f 15 greater than AG
Let CT be agam made equal to AG,
and let the soiid CV be similarly completed
Since as the base FH 1s to the base NQ, so1s MC to AG,
while AG 1s equal to CT,
ther:* v mrr o a4 arn ATy
But astt A
=7
and as CM 1s to CT, 5013 the base M@ to the base QT' [vr 11
and the solid €D to the sohd CV [x1 25]
Therefore also as the solid AB 1s to the solid CV, 80 15 the solid CD to the

sold CV,
therefore each of the sohds 4B, CD has to CV the same ratio !
Therefore the solid AB 15 equal to the solid CD v 9]
Nosw let the sides which stand up FE, BL, GA, HK, ON, DP, 3IC, RQ not
be at right angles to their bases
let perpendiculars be drawn from the ponts F, G, B, K, O, M, D, R to the
planes through EH, NQ,
and let them meet the planesat§ 7, U, V, W, X, Y, a,
and let the solids FV Oa be completed

Teay that m this ease too if the solids AB, CD are equal_the bases are re-
cip

N‘.

K ] " 0,
v
LA
VNN e
P
x(I N

while 4B 15 equal to BT,
for they are on the same base FA and of the same beight [x1 29 30]
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and the sohd €D 15 equal to DX,
for they are agan on the same base RO snd of the same herght, {id]
therefore the sohd BT 15 also equal to the sohd DX.

Therefare, 2 the base FA 15 to the base OR, 5015 the height of the sohd DY
to the herght of the solid BT {Part1}

But the base FK 15 equal to the base EH, s

and the base O to the base NQ, §

therefare, as the base EH 13 to the base NQ, s01s the height, of the sohd DX to
the height of the sobd BT ¢

But the sohds DX, BT and the sohds DC, BA have the same heights respec-
tavely ,
therefore, as the base EH 13 to the base NQ, 50 13 the height of the sohd DC to
the hewght of the sohd 4B

Thercfore 1 the el dal solids AB, CD the bases are reesprocally
proportional to the heights

Again, 1 the parallelepipedal solids AB, €D let the bases be recsprocally
proportional to the heights,
that 1s, as the base EH 13 to the base N, so let the height of the solid CD beto
the height of the sohd 4B,

1 say that the sohd AB 15 equal to the sohd CD

For, with the same construction,
since, o the base EH 15 to the base NQ, 5015 the haight of the solid CD tothe
heght of the sohd AB,

while the base EH 13 equal to the base FX,
and NQ to OR,
therefore as the ba,s‘e ,FK 13 to the base OF, so 1 the height of the sobd CDte
z “n

Hhe L alis af 4L

. )

Therefore 1 the parallelepipedal sohds BT, DX the bases are seesprocally
proportional to the beights,

therefore the sobid BT 13 equal to the sobd DX {Part1]
But BT 15 equal to B4,
for they are on the same base FK and of the same height, fxt % o
and the soltd DX 1s equal to the sold DC ixd}
Therefore the solid AB 15 also equal to the sobd CD LR
Prorositiov 35

1f there be two equal plane angles, and on thewr tertices there be 22t 4P elaoicd
straght {ines confammng equal angles unth the original strarght lines respedtl’d!/v
1f on the clevaled siraight hines ponts be token at random and pn—vmdwzhﬂ ¢
draten from them to the planes 1n whach the orsn = *

points so arising wn the planee o -
angles they will contarn, .t B
Let the avgles BAC, ¢ . wounnenl apgles, and from the

pomnts 4, D lfet the elevat . suruight hines AG, DM be set up contaimng W[’IE
the onginal strught hmes equal angles respectively, namely, the angle W
to the angle GAB and the angle MDF to the angle GAC,
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let points G, M be taken st random on AG, DM,
let GL, M N be drawn from the powts @, A1 perpendicular to the planes through
BA, AC and ED, DF, and let them meet the planes at L, N,
and let LA, ND be joned,
1 sny that the angle GAL 13 equal to the angle MDN
Let AH be made equal

to DM,
M and let HK be drawn
l‘\ through the pont H paral-
lel to GL

/ “ But GL 13 perpendicular
}“' to the plane through B4,
A€,
therefore HK 1s also per-
pendicular to the plane
through BA, AC {xr 8]
From the pomts K, N let KC, NF, KB, NE be drawn perpendicular to the
straght hines AC, DF, AB, DE,
and let HC, CB, MF, FE be jomned
Since the square on H4 15 equal to the squares on HK, K4,
and the squares on K¢, CA are equal to the square on K4, [1 47}
therefore the square on HA 1s also equal to the squares on HK, KC, CA

But the square on HC 1s equal to the squares on HK, KC, {r 471
therefore the square on HA 15 équal to the squares on HC, CA
Therefore the angle HCA 1s nght ¢ (r 48}

For the same reason
the angle DF3! 15 also nght
ghere{ore the angle ACH 15 equal to the angle DFIf

respectively [x 26}
Therefore AC 13 equal to DF
Sumiarly we can prove that AB 13 slso equal to DE
Bince then AC 13 equal to DF, and AB to DE,
the two sides CA, AB are equal to the tno sdes FD DE
But the angle CAB 15 also equal to the angle FDE,
:X:erefore the bage BC 13 equal to the base T, the tnangle to the tnangle and

Lor the same reason
the angle CBE 1s slso equat 4o the angle FEN
ESaagr S 1

an
th
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therefore they will also have the remarrung sides equal to the remamng sxdea}
[x 26]
Therefore CK 1s equal to FN.
But AC 15 also equal to DF,
therefore the two sides AC, CK are equal to the two sides DF, FN,
and they contam night angles
Therefore the base 4K 18 equal to the base DV {14
And stnce 4H 15 equal to DY,
the square on AH 15 also equal to the square on DM
But the squares on 4K, KH are equal to the square on 4H,

for the angle AKH 13 nght, o4
and the squares on DN, NJ! are equal to the square on DM
for the angle DV 1s nght, 1 47)

therefore the squares on AR, KH are equal to the squares on DN, M,
and of these the square ou AK 15 equal to the square on DV,
therefore the remaming square on KH 1s equal to the square oa N,
therefore HR 1s equal to MN

And since the two sides HA, AKX are equal to the two sides AfD, DN rev

speetnely,
and the base HA was proved equal to the base AIN,
therefore the angle HAA 1s equal to the angle MDN i

Therefore ete.

Porasy From this 1t 1s mansfest that, if there be two equal plane angles, and
1f there be set up on them elevated straight hines which are equat and contaig
equal angles with the ongmal straight hues respectively, the perpendieufars
drawn from their extremities to the planes m which are the ongnal angles ar
equal to one another qQED

Prorosition 36

If three straspht lines ba proportional ihe parallelepipedal sohd formed oul of ¢

threc 15 equal to the parallelepipedal solid on the mean which 15 equilateral but

equiangular untk the aforesard sald

. Iéet A, B, C be three straght lines m proportron, so that, os 4 1sto B, s018 B
ol,

#

M L

A
a8
<

1 s that the sohd formed out of A, B, € 13 equal to the solid on B which
quik ¥ but

15 tar with the d sohid
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Let there be set out the sohd angle at E contained by the angles DEG, GEF,

)
let each of the straight lines DE, GE, EF be made equal to B, and let the par-
llelepipedal solild EX be leted
let LA be made equal to 4,
and on the straight line LA, and at the point L on1t, let there be constructed a
solid angle equal to the solid angle at E, namely that contained by NLO, OLM,
N

»

let ZO be made equal to B, and LN equal to C
Now, since, as A 15 to B, so1s B to C,
while 4 15 equal to LA, B to each of the straight lines LO, ED, and C to LN,
therefore, as LI 1» to EF, so1s DE to LN
Thus the sides about the equal angles NL3, DEF are reciprocally propor-
tional,
a f

therefore the perpendiculars drawn from the ponts &, O to the planes through
NL, LM and DE, EF are equal to one another, [x1 35 Por]
hence the solids LH, EK are of the same height
But paratlelepipedal solids on equal bases and of the same hetght are equal
to one another, [x1 381]
therefore the sohid HL 1s equal to the sohd EK
And LH 15 the solid formed out of 4, B, C, and EK the golid on B,
therefore the parallelepipedal sohd formed out of 4, B, € 1s equal to the solid
i! 1 but

on B which 1s with the af d solid
QED
ProrosiTion 37
Tin mee tar % PR v IR T tra

‘

strarght lines wnll themselves also be proportonal
Let AB, CD, EF, GH be four straight lines 1n proportion, so that as AB1s

to CD, s0 15 EF to GH,

and let there be described on AB, CD, EF, GH the similar and simulatly situ-

N

h B H

ated paralleleprpedal sods K4, LC, ME, NG,
I say that, as KA 1s to LC, 5013 ME to NG s v
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For, since the paraliefepipedal solid K4 is similar to LC,
therefore KA has to LC the ratio tripheate of that which 4B has to €D
x

For the same reason
BIE also has to NG the ratio tnpheate of that which £F has to GH pd]
And, as AB s to CD, so is EF to GH,
Therefore also, as AK 13 to LC, so 13 ME to NG
Next, us the sohd 4K 1s to the sohd LC, so let the sold ME be to the sohd
NG,
1 say that, as the straight line AB is to CD, so1s EF to GH.

For snce, again, KA has to L the ratio tnplicate of that wiich 4B has ha
D, ixt 3
and ME also bas to NG the ratio tnpheate of that which EF has to GH, {id]
and, as K4 15 to LC, 5018 ME to NG,
therefore also, as AB 1s to €D, so 18 EF to GH.

Therefore ete QED

Prorosrrion 38

1f the sides of the opposite planes of a cube be bsected, and planes be carried through
the pownts of sectian, thie common section of the planes and the duameler of the cube
buseet one anather

For let the sides of the opposite planes CF, AH of the eube AF be bisected
at the ponts K, L, 3, N, 0, @, P, B, and through the pomts of section let the
plancs AN OR be camed,
ﬁt}: U8 be the common scesion of the planes, and D@ the dinmeter of the cube

1 say that UT s equal to T8, and DT to TG
For let DU, UE, BS, SG be joned
Then swmece DO 1s parallel to PE,
the alternate angles DOU, UPE are equal to one another [t 2]
And, sinee DO 15 equal to PE, and

OU to LP, 9 £ 5
and they contain equal angles,
therefore the base DU 1s equal to the ) Y 4
se UF, \
the tnangle DOL 15 equal to the tn-
angle PUE, i« -

and the rematning angles are equal to

the remmwvmng angles, [ 4

therefare the angle OF D 1 equal to
the angle PLE

For this reason DL E s a straght

Bine 119 Bt 1 \
For the same reason BSG 13 alon
strarght hae, ) 3

and BS 18 equal to SO
Now, aince €4 15 equal and parals
lel to DB,

while C4 15 also equal and paraliel to LG,
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therefore DB is also equal and parallel to £G. Ixs 9}
And the straght Lises DE, BG join their estrennties;
therefore DE is parallel to BG. 11 33)
Therefore the angle EDT 13 equal to the angle BGT,
for they are alternate; ]
and the angle NTTF* H
Thowet ==L . . .
an,
w} . . N .
o wuiLy dre $ha et

thererore they will also have

Therefore DT is equal to 2 b, and U7 to T8,
Therefore ete. QED.

Prorosrrron 39

I here be buo prieme e+
othera trian . .

equal

Let ABCH 'l ve tno prisms of equal heght,
tet one have the parallelogram AP as base, and the other the trangle GHE,

and let the paralielogram AF be double of the tnangle GHK,
Isay that the prism ABCDEF s equal 1o the prism GHELMN.

P

For et the solids 40, GF be completed
Stnce the paralielograrm AF 35 double of the tnangle GHE,

While the parallelogram KX 15 alvo double of the }
therefare the vn—-2
But par
fre equal « [xr 311

w wunu AU 18 equal to the salid
Aud e prism ABCDEF 15 half of the *
and ther= °~ "
therefare the pn . .
erefore ete qrop

‘. {xs 28)



BOOK TWELVE

PROPOSITIONS
ProrostrioN 1

Swmalar polygons tnscribed an ewreles ave to one anather as the squares on the dig-
meters

Let ABC, FGH be arcles,
let ABCDE, FGHEL be similar polygons msenibed sn them, and let BY, G¥
be diameters of the ctreles,

1 say that as the square on BA 13 to the square on GN, 5015 the pofygon
ABCDE to the polygon FGHRL

For let BE, AM, GL FXN be jomned

Now, sinee the polygon ABCDE 1s similar to the polygon FGHKL,

A

<

the sngle BAE 13 equal to the angle GFL,
and as B4 13 to AE 5018 GF to PL fus Def 1}
Thus BAE GFL are two tnangles w hich have one angle equal to one angle
namely the angle B.AE to the angle GFL and the sides about the equal angles
proportional,
therefore the tnangle ABE 13 eqmangular with the trangle FGL fvi 0
Therefore the angle 4 FB 19 equal to the angle LG
But the angle AEB 15 equal to the angle AMB,
for they stand on the same ewrcumference,
and the angle LG to the angle FNG,
therefare the angle A B 15 5lso equal to the angle FNG "
But the nght angle BAM s slso equal to the nght angle GFN, [0t 8
therefare the remmmning angle 13 equal to the rematmng nnglg i
"Therefore the trangle A B3 1s equinngular with the trangle FON 4
Therefore, proportionally as B s to G, so1s BA to GF v
338
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But the ratio of the syuare on B to the square on GN 1< dupheate of the
vabio of BAf to GN,
and the ratio of the polygon ABCOE to the polygon FGHKL 1« A =" {
the ratwn of BA 1o GF, 1
therefore alsp, as - . ‘
ABCDE to the

Therefore cte QED

ProrosiTion 2
Ctreles are to one another as the syuares on the duameters
Let ABCD, EFGH be cixtles, and BD, FH theyr diargeters,
Tuay that, as the circle ABCD 18 to the eirele EFGH, 5018 the square on 82
to the square on FH.
'
(3

For, sf the square on B 18 not to the square on FH wa the cisele ABCD 18 ta
the arcle BFGH,
theu, a3 the square on BI 18 to the square on FH, sp wall the crrole 4 8CD e
either to some Jess area than the wrcle EFGH, or ta a greater

First, fet 1t be in that ratio 10 4 Jess krea §

Let the square ZGH be tsenbed 10 thn meste 777
&quare s greater than #- 7
poats &, F, G, I we

Squire etreavastribed ea o From ot .
sennbed snuare,
ence the w2

Let the en N

3
amt - wxa s 2 Ly LG, GM, MH, HN, NE be jomed,

therefore ench of the tnangles K, FLG, GMH, HNE 3 nlso greater than

the half of the segment of the ¢uzle aboud i, iasmueb =~ €3 ygh the

Pomts K, L, M, N we dra taneens=+ rallelo-
grams an +he -+ . \, FLG,
Garg,

swul 113 fess than the parallefogram,
henee ewon i the ‘tnangles EKF, FLG, GMH, BNE 13 greater than the balf of
the segmient of the ciele about 1t

Thus by by & the and joinlag straight hnes,
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and by doing tus continually we shall leave some segments of the eircle which
will be less than the excess by which the ewele EF GH exceeds the nrea §

For 1t was prov ed 1n the first theorern of the tenth book that f twouncqual
magmiudes be sef out and if from the greater there be subtracted & magmtude
greater than the half and from that which 15 left o greater than the hall aadif
this be done continually there nill be left some magnitude which will be les
than the lesser magmiude set ont

Let segments be loft such as drscribed and leb the segments of the crcle
EFGH on Lk KF FPL LG GM MH HN ME be less than the excess by
which the curcle EFGH exceeds the area S

Therefore the vemmnder the polygon EAFLGIHN 1y greater than the
area §

Let there be msenbed alsa mn the eircle ABCD the polygon AOBPCGDR
sumlar to the pobygon EAFLGUHA
therefore ns the squoae on BD s to the square on I'H s0 1s the polygon
AOBPCQDR to the polygon EKFLGMHA fxu 1

Bt as the square on BD 1. to the square on FH s0 also 1s the circle ABCD
to the ares S
thereforealo asthearcle 1BCD s tothearea § sp1sthe polygon 10BPCQDR
to the polygon ERFLGVHA R}
therefore alternutely as the arcle ABCD 15 to the polygon wnscrbed it 5¢
15 the area S to the polygon EAFLGUHY v 1}

But the cizele 4BCD 1s greater than the polvgon mvenbed it

theref re the area § 15 al o greater than the polygon EAFLGWHN
But 3t 1s nleo Jess
which 13 vnposable

Therefore as the square on BD 1 ta the square on FH 50 13 not the arde
ABCD 1o any area less than the ctrcle EFGH

Simularly we can prove that nest] er1s the exrele EFGH to any area less than
the cirele 41BCD us the square on FH 1s to the square on B

Y say next that ne thert the arele A BCD to ans area greater than the errele
EFGH as the squaare on BD 15 to the square on FH

For of possible let 1t be 1n that ratio to a greater aren §

Iherefore mversely a3 the square on I'H 13 to the square on DB 50519 the
ared ™ to the ewele ABCD

But us the ares S 15 to the aircle 4BCD so 1s the arele EXGH to some a5ed
less than the arele 1BCD
thercfore ais> a3 the quare on FH 15 to the square on BD so 15 the cirele
EEGH to some aren den 1§ 1n the owdle 3B( D oo

1 hich was § roved imposetble

Therefore as the < tare wn BD 1 Lo the square on FH 50 13 not the arele
ABCD to any area grentcr than the crele LF 6N

And 1t was proved that nesther 3 i in that ratio to any area less thsn the
cirele BFGH
therefore rs the square on B2 13 to the square on FH so1s the exrcle ABCDto
the airele EFGH

‘Therefore ete QE?
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Leapis

T eay that, the area S being greater than the virele EFGH, as the area S1sto
the cucle ABCD, so1s the aircle BFGH to some aves less than the ewcle ARCD

For let 1t be contrived that, as the ares S 18 to the cucle ABGD, so s the
cirele DFGH to the area T'

I say that the avea T 13 less than the circle ABCD

For muce, as the area S 13 to the excle ABCD, 5015 the aircle EFGH to the

area T,
therefore, slternately, as the szen Srsto the circle BFGH, so1s the circle ABCD
to the area 7. {v. 16}
But the area § is greater than the arcle EFGH,
therefore the curele ASCD s alsa greater than the ares, 7
Hence, as the area S 13 to the arcle 4BECD, 50 18 the arcle EFGH to some
ares less than the aircle ABOD QED

ProrogrTion 3

Any pyramid which has & triangular base 1 durded wnlo twa pyramds equal and
simsler fo one another, sumilar ts the whole and havwng triangular bases, and wnie
two equal prasms, and the lwo prisms are greater than the kel of the whole pyromed
Let there be 2 pyramud of which the triangle 4 BC 15 the base and the pont
D the vertex,
1 say that the pyramud ABCD 18 denided mto
50 pyramids equal to une 2nother, having tri- 4
angular bases and simlar to the whole pyramad,
aud into two equal prnsms, and the two prisms
&re greater than the half of the whole pyramud
Forlet AB, BC, CA, AD, DB, DC be nsected u X
at the pomnts E, ¥, G, H, K, L, and ey HE, EG,
GH, H¥, KL, LH, KF, FG be joned
Bwee AF 15 equal to BB, and 44 to DH,
therefore £H 12 parallel to DB [v1 2}

For the same reason & ¥ B
HK 18 al=o porallel to AR
Therefore HEBK 15 & paraliclogrem,
therefore K 15 equak to BB r 34]

But EB 13 equal to B4,
therefore 42 1s also equal to HK
But AH 15 also equal to HD,
:her‘e!ox\e the two sides EA, AH ave equal to the two sides KH, HD respec-
wely,
and the aogle EAH 1s equal to the angle KHD,
therefore the base EH s equal to the base KD fr 4]
Therefore the tnangle AEH 18 equal and sumdar to the tnangle HXD
Tor the same reason
the tnangle AHG » abo equal and sumisr ta the tnangle HLD
Non, sineg two straght lnes EH, HG meeting one another are parallel to
two straght hines KD, DL miseting one anotber, 2nd are 1ot 1n the same plane,
they will contam equal angles [xt 10}
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Therefore the angle EHG 1 equal to the angle KDL
And since the two straight hnes EH, HG are equal to the tno KD DLre-
spectvely,
and the angle EHG 15 equal to the angle ADL,
therefore the base EG 1s equal to the base AL, 4
therefore the tnangle ZHG 15 equal and sular to the tnangle ADL
For the sume reason
the tniangle 4EG 1s also equal and sumular to the tnangle HAL
Therefore the pyramid of which the trangle ALG 15 the base and the pomnt
H the vertex s equal and sular to the pyramid of which the trangle HAL1s
the base and the pomt D the vertex {x1 Deof 10
And smce HA has been draven parallef to AB one of the sides of the tn
angle ADB
the trnangle ADE 1s equiangular to the tnangle DHA {r 29}
and they have their sides proportional
therefore the triangle ADB 1s sumlar to the tnangle DHA {31 Def 1§
For the =ame reason
the tnangle DBC 15 also similar to the tnangle DAL and the tnangle ADC to
the trangle DLH
Now since the two strmght hines B4 AC meeting one another are paraliel
to the two straight lines AZ7 HE meeting one another not in the same plane
they will contaw equal angles fxx 16}
Therefore the angle BAC 15 equal to the angle AHL
And as Bitsto AC sows AH to HL
therefore the tnangle ABC s siilar to the triangle HAL
Thescfore also the pyramid of which the trangle ABC s the base and the
pont I the vertex 1s sumiar to the pyramd of which the triangle HAL1s the
base and the point D the vertes
But the pyramud of which the tnangle AL 15 the base and the pomnt D the
sertex was proved sumifar to the pyramud of which the tnangle AEG 1 the
base and the pomnt I the vertex
Therefore each of the pyramuds AEGH HA LD 15 sumlar to the whole pyra
md ABCD
et sinee BF 1s equal to FC
the parallelogram FBFG 1s double of the triangle GFC
And since of there be two pnsms of equal height and ope have s paratiele-
gram as base and the other o triangle and if the parsllelogram be double of
the trangle the priums are equal [ 3%
therefore the prism contane § by the two triangles BAF EFIG and the thiee
paraticiograms BBTG FBAY ITAFG 1s equnl to the prism contmned ) o
tno tnangles GFC AT and the three paralielograms AFCL LCGH HAFC
And 1t 15 mansfest that each of the prisms pamely that i which the Pﬂ"“‘
lelogram £ BF G 1s the hase and the straight line IFA 13 15 opposite and thatiz
which the tnangle GFChs the base and the triangle HA Lits oppo ste 18 pgreat
¢r than each of the pyramuds of winch the trangles ALG H AL are the bases
and the pownts H D the vertices
masmuch as if we goun the strught lines EF FA the prism m wiuch the pafﬂ)
lelogram EBFG 13 the base and the strught tme HA 1t oppositeis greater than
the pyramid of which the trangle £BF 1s the base and the paint K the verte?
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But the pyramid of whieh the tnangle ZBF 13 the base and the pont K the
vertex 5s equal to the pyramd of which the trangle AEG Is the base and the
pomt H the vertex,

for they are contuned by equal and similzr planes

Hence al<o the prism in which the parallelogram ZBFG 15 the base and the
strayght line HX 1ts opposite 15 greater than the pyramud of which the toe- e
AEG1s the base and the pont & the vestex

But the prism i which the parallelozram ™77
e HA sts opposite 15 equal to the pn [oeaty
and the tnangle HKL its oppostte,
and the pyramd of which the toangle ... 15 the base and the point H the
verex 55 equal to the pyramed of whuch the triangle HA L 1s the base and the
pawt D the vertex

‘Therefore the smd twe pnsms are greater than the sard two pyramsds of
which the tnangles 4 £G, HKL are the bases and the points B, D the vertices

Therefore the whole pyramud, of which the tnangle ABC 1s the base and the
point D the vertex, has been divided into two pyramuds equal to one another
and into two equal prisms, and the two prisms are greater than the half of the
whole pyramid QED

Prorostrion 4

If there be tuo pyramads of the same herght whnch hate triangulnr bases and cach
of them be diveded snio twe pyramds egual to one another and simnfar to the whole,
ard wmto twe equal prisms, then, as the base of the one pyramad 15 {o the base of
the other pyramd, &0 will ail the prisms an the one pyromad be fo all the prisms,
beng coual 1 mulitude 1n the other pyramed
Let there be two pyramuds of the same height which have the tnanguler
bases ABC, DEF and vertices the ponts G, H,
and let each of them be divded mto two pyranuds equal to ooe another and
suular to the whele and mto two equal prsms, fxu 3}
1 say that, as the base ABC 18 to the base DEF, so arv all the prisms in the
%yr;_l;llld ABCG to all the pnisms, bemg squal w multitude, i the pyrsmd
i

For ance BO s equal to OC, and AL to LG,
therefore LO 13 paratlel ta 4R,
and the trangle 4 BC 13 sumlax to the tnangle LOC
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For the same renson
the tnangle DEF is also sumilar to the traagle RVF
And, since BC 15 doubte of €0, and BEF of FV,
therefore, as BC 18 to 00, so 18 EF {0 FY
And on BC, CO are described the similar and sunddarly situated rectiinesl
figures ABC, LOC,
and on EF, FV the similar and smilarly situated figares DLF, RV,
therefore, as the trangle A BC 18 to the triangle LOC, 80 1s the triangle DEF to
the tnangle RVF, o2
therefore alternately, as the triangle ABC 15 to the tnangle DEF, sosthetn-
angle LOC to the triangle RVF Iv 16}
But, as the tnangle LOC 18 to the tnangle RVF, so 15 the prsm m which the
trangle LOC 15 the base and PAN its opposite to the prism i which the tn-
angle BVF 13 the base apd STU its apposite, {Lemma following}
therefore also as the tnangle ABC 1s to the trangle DEF, so 13 the prismin
which the ttiangie LOC 15 the base and PATN 1ts opposite, to the prum 10
which the tnangle RVF 15 the base and STU yts opposite
But as the said prisms are to one ancther £0 is the prism mn which the par-
allelogram A BOL 15 the base and the straght line PM 1ts oppostie, to the prsi
1 which the piraliclogram QEVE 1 the base and the straght ime ST 1ts op-
poaite Ixz 89, of x11 3}
Therefore alse the tw a prisus, that 10 whick the parallelogram KB0L s the
base snd P3f ite oppo-ite and that n which the trangle LOC 18 the base and
PN s opposite are to the pnsmsin w hieh QFV R 15 the base and the straight
e ST 1ts opposste and 1n which the tnangle RV F 1s the base and STUtsop
postte in the same ratio fv 13
Therefore also as the base ABC 18 to the base DEF, so are the said 180
Prisms 10 the sard two prisms
And simsiarly. if the pyrawuds PMNG, STUH e divided into two presms
and two pyramels
a4 the base PN 19 to the base STU, so wiil the tno pnsmsn the Py\’“m‘d
PA NG be to the two pnsms in the pyramd STUH
DEI}FL'“ 25 the base PN 1s to the base $TL , 50 1s the base ABC to the bas
)
for the tnangles PMY STU sre equal to the tnangles LOC, RVF respccmcly
Therefose also as the base A BC 1s to the base DEF, so are the four pnsms 0
the four prisms
And simubuly also f we divide the F ds wmio two pY
and 10to two prisms then 8¢ the base ABC 1 to base the DEF, so will all the
prisms 1n the pyramid A BCG be to all the prisms  bemg equal n multitude,
the pyramd DEPH QED

d3
8

Lraua
But that as the tnangle LOC 15 to the tnangle RVF sa t3 the prsm 18
which the tnangle LO( s the busc and P Y'Y its opposite, to the pns@ n
which the tnangle £1 F 1 the base and ST s opposite, we must prove 88

follows 1t
Tor 1 the same figure lot perpendiculars be concened drawn from G, it
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the planes ABC, DEF, these are of course equal because by hypothess, the
- [

‘
from @ are cut
N x T
they will be cut mn the same ratios Ix117)
And GC 13 bisected by the plane PMN at N, ! !
therefore the perpendscular from @ to the plane ABC wil also be bisected by
the plane PMN 3
For the same reason !
Igh; I1]>erpeudmular from H to the plane DEF will slso be bisected by the plane

And the perpendiculars from G, H to the planes ABC, DEF are equal,
theref e perpendreulars from the les PMN, STU to the planes
ABC, DEF are also equal

"Therefore the prisms 1n which the tnangles LOC, RVF are bases, and PN,
STU thew opposttes are of equal hetght

Hence also the parallelepipedal sohds described from the said prisms are of

equal height and are to one another as their bases, {x1 32]
therefore their halves namely the said prisms, are to one another as the base
LOC 15 to the base RVF QED

Prorostrion 5
Pyramads whach are of the same heght and have iriangular bases are to one another
s the bases
Let there by pytamds of the same height of which the triangles ABC, DEF
are the bases and the pomnts G, H the vertices, |
Isay that as the base ABC 15 to the base DEF, g0 13 the pyramd A BCG to
the pyramud DEFH

For, 1f the pyramid ABCG 13 not to the pyramid DEFH as the base ABC 13
to the base DEF,
then asthe base ABC 1s to the base DEF so will the pyramid 4 BCG be either
t0 some solid less than the pyramid DEFH or to a greater

Let1t first, be 1 that ratio to a less solid ¥, and let the pyramud DEFH be
divided 1nto two pyramids equal to one another and sumilar to the whole and
1nto two equal prisms
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then the two prsms are greater than the half of the whole pyramd < 3
Agam, Jet the pyramids ansing from the dinision be smularly divided,
and let this be done contmually until there are loft over from the pyramid
DEFH some pyramds which are less than the excess by which the pyramud
DEFH exceeds the sohd W {x 11
Let such be left, and let them be, for the sake of argument, DQRS, STUH,
therefore the remainders, the prisms i the pyramud DEFH, are greater than
the sohd W
Let the pyramid ABCG also be dwided silarly, and a stmilar aumber of
times, with the pyramid DEFH,
therefore, as the base ABC 15 to the base DEF, so are the prisms ta the pyre~
mid ABCG to the prisms 3o the pyrasud DEFH fxn 4]
But, as the base ABC 15 to the base DEF, so also 18 the pyvanud ABCG 1o
the soltd 1,
therefore also as the pyramud ABCG 15 to the solid I7, so are the pnsms m the
pyramud ABCG to the prisms 1 the pyrammd DEFH, v 1
therefore, alternately, as the pyramud ABCG 18 to the prisms m i, s0 18 the
sohd W to the prisms 1n the pyramd DLFH fv 18
But the pyrammd ABCG 18 greater than the pnsms m 1,
therefore the solid W 18 also greater than the prisms 1n the pyramd DEFI
But 1t 1 also less
whieh 18 1mposable
Therefore the pnsm ABCE 13 not to any solid less than the gy ramid DEFE
as the base ABC 1s to the base DEF
Sunitlarly 1t can be proved that nerther 13 the pyramid DEFH 1o any sobd
less than the pyramud ABCG as the base DIF 15 to the base ABC
I say next that nerther 1s the pyramid ABCG to any solid greater thau the
pyrammd DEFH as the base ABC 18 to the base DEF
For if posstble let 1t be in that ratio to a greater sohd W,
therefore miersely as the base DEF 15 10 the base ABC, 80 13 the sohd ¥ito
the pyramd 4BCG
But, as the sokd 1 15 to the sohd ABCG, so1s the pyramd DETH tosome
sohd less than the pyramd ABCG, as was before proved,  {x11 2 Lerms}
therefore also as the base DEF 18 to the base A BC, 5o 15 the pyramid DEFH
to some soltd less than the pyramud ABCG v 1
which was proved absurd
Therefore the pyramd ABCG s not to any solid greater than the py sumud
DEFH as the base 4BC 15 to the base DEF
But 1t was proved that netther 1314 in that ratio to a less solid
Therefore as the base A BG 13 10 the base DEF, 5018 the pyramid ABC0 1
the pyramud DEFH QE?D

Prorosimion §
Pyramuds whick are of the same hewght and hate polygonal bases are to one anather
as the bases
Let there be pyramids of the same height of nhich the polygens ABCDE
FGHEL are the bases and the pomts A, N the vertices,
1 say that as the bise ABCDE 15 to the base FGHAL, s0 15 the PY”m’d
ABCDEM to the pyramd FGHALY
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Forlet AC, AD FH, FK be jomned
Since then A BCM, ACDM are two pyramids which have triangular bases
and equal height,
they are to one another as the bases, ' [x1t 5]
therefore as the base ABC
v~ ) 15 to the base ACD, s01s the
pyramid ABC1 to the pyr
amid ACDM
And, componendo as the
/ base ABCD 1s to the base
ACD, so 1s the pyramd
ABCDM to the pyramsd

o b ACDM v 18]
6 But also as the baseACD
A 15 to the base ADE so1s the

E ¥ pyrammd ACDM to the pyr

amid ADEM [x1r 51

Therefore ex aequali as the base ABCD1s to the base ADE, so1s the pyra
mud ABCD to the pyranud ADEM [v 221
O nanm Tt ant gthe

o] : : v 18]
vGH,

80 13 the pyramid FGHKLN to the pyramd FGHN

And smcee ADEM FGHN are two pyramds which have tmangular bases
and equal height,
therefore, as the base ADE 1s to the base FGH, so1s the pyramid ADEM to
the pyramid FGHN [xmx 5}

But, as the base ADE 1s to the base ABCDE, so was the pyramid ADEM to
the pyramid ABCDEM

‘Therefore also ez acquals as the base ABCDE 1s to the base FGH, 50 1s the
pyramd A BCDE to the pyramud FGHN [v 22]

But further, as the base FGH 1s to the base FGHKL so also was the pyra~
md FGHN to the pyramud FGHALN

Therefore also ex aequaly as the base ABCDE 1s to the base FTGHAL so1s
the pyramd A BCDEM to the pyramid FGHALN v 22}

QED

ProrosiTION 7

Any prism which has a trangular base 2s duided 1nto three pyramads equal to one
another which hate triangular bases

Let there be a prism 10 which the tnangle ABC 1s the base and DEF 1ts op-
posite

1 say that the pnsm A BCDEF 15 divided into three pyramids equal to one
another which have triangular bases

For let BD EC, CD be jomned
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the pomt € the vertex xu §
But the pyramd of wluch the tnangle DEB 15 the base and the pont € the
vertexis the same with the pyramud of which the .
tnangle KBC 15 the base and the pomt D the
vertex
for they are contamed by the same planes E @
‘Therefore the pyramd of which the tnangle
ABD 18 the base and the pomnt C the vertes is also
equal to the pyramed of nhich the trangle EBC s
the base and the pont D the vertex
Agan since FCBE 18 a parallelogram y
and CE 1s 1t dameter g
the tnaugle CEF 15 equal to the triangle CBE @3
Therefore also the pyrmrad of which the tnangle BCE 1s the base and the
pomt D the vertex 18 equal to the pyramd of whach the tnangle ECF 13 the
base and the pant D the vertex e 3
But the pyrarmd of which the tnangle BCE 15 the base and the pont D the
vertex was proved equal to the pyramid of which the tnangle 48D 1s the base
and the pomt U the vertex
therefore also the pyramid of which the tnangle CEF 15 the base and the pont
D the vertes 13 equal to the pyramud of w hich the trnngle A BD 15 the bsse and
the pownt € the vertex
therefore the prism ABCDEF has been divided 1nto three pyramuds equal to
one another which have trimngular bases
And smee the pyramd of which the tnangle ABD s the base and the pont
C the vertex 18 the same with the pyramid of which the tnangle CAB s the
base and the poant I? the vertex
far they sre contatned by the same planes
while the pyrammd of which the tnangle ABD 1s the base and the poiet ¢ the
vertes was proved to be a third of the prism 1n which the tnangle ABC 1 the
base and DEF 1ts appostte
therefore also the py ramud of which the tnangle.d BC 15 the base and the pont
D the sertex s a third of the prism which has the same base the trangle ABC,
and DEF 1s tts opposite
Pomismt From this it 1s mamfest that any pyramd 1s a third part of the
prism which has the ame base with 1t and equal heyght QEDP

ProrosyTioy 8

Swnilar pyramds which have frrangular bases are 1 the triplicate raho of theyt
corsesponding sudes

Let there be wimilar and sumilarly situated pyramids of which the tnangles
ABC DEF are the Yases and the ponts ¢ I the vertices

1say that the pyrimd 4 BCG has to the pyramud DEFH the matio tnplest®
of that winch BC has to EF

For let the parslielempedal sohids BQVL EHQP be comploted

Now mnce the pyramid ABCG 18 similar to the py ramd DEFH,

therefore the angle A BC 19 equal to the angle DEF,
the angle GBC to the augle HLF
and the angle ABG to the nogle DEH,
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and, as AB is to DE, so 1s BC to EF, and BG to EH
And smee, as AB 1s to DL, so 13 BC to EF, i
and the sides are proporttonal about equal angles,
f i '

o) P

E F

therefore the parallelogram BM 1s sumlar to the parallelogram EQ

For the same reason
BN 1s also similar to ER, and BK to i
th;refure the three parallelograms MB, BIx BN are slmllar to the three EQ,
, ER

But the three paralle]cgrams MB, BK, BN are equal and smmilar to their
three opposites,
and the three EQ, EO, ER are equal and simular to their three opposites

[xr 241

Therefore the sohds BGML, EHQP are contained by simlar planes equal tn
multritude

Therefore the solid BGML 1s similar to the sohd EHQP

But similar paralleleplpedal solids are 1n the triplhcate ratio of therr corres-
ponding sides [x1 33]

Therefore the sohd BGML has to the solid EHQP the ratio tnipheate of that
which the corresponding side BC has to the corresponding side EF

But, a5 the solid BGML 15 to the sohd EHQP, so 13 the pyramid ABCG to
the pyramud DEFH,
masmuch s the pyramld 182 slxth p:xrt of the sohd because the prism which I

Tals 2

Dan n o . [ O T R I S T |

g to the wholes Ivr 20)
e B

NN [EREUE BE U |
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But the pyrammd which has o triangular base s to the pyrammd which hese
t base m the tnphicate ratio of the correspondng udes,
therefore also the pyramid which bas a polygonat bse has to the pyramd
which has a stmilar base the ratio trpheate of that which the mde has to the
sude

ProrosiTion §

In equal pyramuds which hate {rianguler bases the bases are reciprocally proger
tional €6 the herghts and those pyramids vt ulhich the bases ave recyprocally propor-
twonal do the heights are equal

For let there be equal pyramids »luch have the tnangutar bases ABC, DEF
and vertices the pomts G H,

1 say that in the pyramuds A BCG DEFH the bases are reesprocally propr
tional to the heights that 1s, as the base ABC 18 to the base DLF, so1s the
hewght of the pyramid DEFH to the height of the pyramid ABCG

(WA

A
Wbk A

F

For let the paralielepipedal sohids BGML, EHQP be completed
Now, since the pyranud 4806 15 equal to the pyramid DEFH,
and the sobd BGALL 13 mix tumes the pyramid ABCG,
und the <olid EHQP six times the pyramd DEFH,
therefore the sohid BG YL 35 equal to the sahd EHQP
But 1n equal paralielepipedal solids the bases are recsprocally proportion’t
to the beights xi 34
therefore os the basc B 15 to the base EQ 50 ts the herght of the sohd EHQP
to the height of the sohd BG YL
But as the base B3 150 7 Q so1s the tnangle ABC to the tnangle (DE;‘]
1

Therefore niso as the traangle ABC 15 to the triangle DEF sots the hesght
of the golid 7 IQP to the hesght of the sold BGUL o Ig
> g};[t{thc height of the solid EIIQP 1s the same »ath the hesght of the pyrs
m? ‘(tgc hoight of the sobid BG'M L s the same with the hesght of the pyramd
ABCG
therefore, 83 the base ABC 13 to the base DEF 501 the hught of the pyramd
DFFH to the heght of the py ramud ABCG

Therefore in the py rmids A BCG PR H the hases are reciproesiV propor
tional to the hoghts
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Next 1n the pyramids ABCG, DEFH let the bases be reciprocally propor-
tional to the heights,
that 1s as the base ABC 15 to the base DEF, so let the height of the py ram:d
DEFH be to the height of the pyranud ABCG,
I say that the pyramid A BC@ 1s equal to the pyramid DIFH
For with the same construetton

PR
and the hesght of the pyramid ABCG 13 the same with the height of the paral
Lelepiped BGVL,,
therefore as the base BAS 1s to the base EQ so 1s the height of the parallele-
piped EHQP to the height of the parallelepiped BGML

But those parallelepipedal sohids 10 which the bases are rectproeally propor-
tional to the heights are cqual, [x1 34]
glgrég:re the parallelepipedal solid BGM L 18 equal to the parallelepipedal sol:id

And the pyramud 4 BCG 15 a sixth part of BGALL and the pyramid DEFH a
sixth part of the parallelepiped EHQP,
thercfore the pyramid ABCG 13 equal to the pyramud DEFH
Therefore etc QED

ProrosrTioN 10
ﬁ;llhwm 1s a thard part of the cylinder which has the same base touth 1t and equal
ght

Forlet a cone have the same base namely the circle ABCD, mith a cylmder
and equal herght,
A I say that the cone 1s a third part of the
cyhinder, that 1s that the cylinder1s triple of
the cone
For if the eyhinder 1s not triple of the cone,
the cylinder will be exther greater than tnple
or less than triple of the cone
Fust let 1t be greater than tnple,
and let the square ABCD be mscnbed 1n
the circle ABCD, v 6]
then the square ABCD 13 greater than the
half of the circle ABCD
From the squarc A BCD let there be set up
& prism of equal h‘exght with the cylinder
P
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while parallelepipedal solids whach are of the same herght are to one another 23
their bases {x1 8%
therefore also the prisi set up on the square ABCD 1s half of the prism set up
from the square aircumsenbed about the ewrcle ABCD,
fef %1 28 or X1t and 7, Por}

and the cylinder 15 less than the prism set up from the square curcumsenbed
about the arele ABCD
therefore the prism set up from the square A BCD and of equal height with the
eyhinder s greater than the half of the cylinder

Leb the circumferences AB BC €D D4 be Iisected at the ponts
F,GH

andlet AE EB BF FC CG GD DH HA be jomned,
then each of the triangles AEB BFC ('GD DHA 15 greater than the half f
that segment of the eircle ABCD which 15 about i as we proved before "
{xu

On each of the trangles AEB BFC CGD DHA let pnsms be set up of
equat height with the cyhinder
then each of the prisms 80 set up 18 greater than the half part of that segment
of the eylinder which 58 about 1t
masmuch as 1f we drav through the pownts £ F G I parallels to 4B, BG,
CD DA complete the paralielograms on 48 8C D DA, and set up from
them parallelepipedat sohds of equal hesght wath the ¢y hinder the prisms onthe
tnangles 128 BFC CGD DHA are halves of tho several solds seb up,
an 1 the segments ¢ f the ¢ linder are Jess than the paralielepipedal solidsset up,
hence alvo the prisms on the tnangles ALB BI'C CGD DHA aregreater that
the half of the segments of the c3 hnder about them

Thus bs ecting the errcumferences that are left joming straight hnes sete
ting up on each of the tnangles prisms of equal hesght with the cyhnder,

and dotng this continally

we shall leave «ome segments of the evlinder which will be less than the exes?
by which the evhinder excreds the tniple of the cone x 1
H{l{et such segments be left and let them be AE EB, BF, FC, CG, oD, DH,

therefore the remunder the prism of which the polygon A EBFCGDIL s the
bhhn an1 the heght 15 the same a~ that of the e hmder 1s greater than tnple @
the cone

But the prism of which the polygon AFBICGDH 1s the base and theheight
the same as that of the eylinder 18 tnple of the pyramd of whuch the polygos
AEB( (G 1 the base and the vertex 1y the same as that of the cot{[e Tor

e 7,

therefore also the pyramd of which the poh gon AF BFCGDH 18 the base 8%
the vertes 1s the same s that of the cone 19 greater than the cone which hasthe
arcle ABCD as ¥ e

But 1t w3 abso fess for it 1s enclosed by 1t

which v imposaible

Therefore the o4lin ey 1w not Lreater than triple of the cone

1 gay nent that nexthir 13 the ey hnder koss than triple of the cong,

For, if possible et the cvhinder B lews tha tniple of the cone,
therelore wmver-ely the cone s greater than u third part of the cyhnder
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Let the square 4 BCD be wsenbed 1 the arcle ABCD,
therefore the square ABCD 1s greater than the half of the circle ABCD

Now Iet there be set up from the square A BCD a pyrumd having the same
vertex with the cone, ¢ '
therefore the pyramud so set up 13 greater than the half part of the cone,
sceing that, as we proved before, 1if we circumsenbe a square about the circle,
the square ABCD will be half of the square circumsertbed nbout the eirele,
and 1f we set up from the squares paralleleptpedal solids of equal height with
the cone which are also called prisms the solid set up from the square ABCD
will be half of that set up from the square circumsertbed about the aircle,

for they are to one another as their bases fx1 32)

Hence also the thirds of them are i that ratio,
therefore also the pyramid of which the square ABCD 15 the base 13 half of the
Pyramud set up from the square etrcumscribed about the arcle

And the pyramd set up from the square about the circle 15 greater than the
cone

for 1t encloses 1t

Therefore the pyranud of which the square ABCD 1s the base and the vertex
13 the same with that of the cone 1s greater than the half of the cone
F Igt}the arcumferences AB, BC, CD, DA be bisected at the points E,

2 G H, o

and let AE, EB, BF, FC, CG, GD, DH, HA be jomed,
thavafoca sl ne L Fal 4 ot don R0, 0GD, DHA 15 greater than the
"D which 1s about 1t

. CGD, DHA let pyramids be set up
therefore also each of the pyramuds so set up 15, 1n the same manner, greater
than the half part of that segment of the cone which 1s about 1t

Thus by bisecting the eircumferences that are 1¢ft, Jomung straight hnes,
setting up on each of the triangleg a pyramid which has the same vertex as the
cone,

and domng this continually,
we shall leave some segments of the cone which will be less than the excess by
which the cone exceeds the third part of the eylnder x1
Dlllet};ZCh beleft and let them be the segments on AE, EB BF,I'C, CG,GD,
s HA,

therefore the der, the p d of wluch the polygon AEBFCGDI 1s
the base and the vertex the same with that of the cone, 1s greater than a third
part of the cylinder

But the pyranud of which the polygon A ERFCGDH 1s the base and the ver-
tex the same with that of the cone 1s a third part of the pnism of which the
Pﬂ}ygon AEBFCGDH 13 the base and the height 15 the same with that of the
cylinder.
therefore the prism of which the polygon AEBFCGDH 1s the base and the
height 13 the same with that of the cylinder 1s greater than the eylinder of
which the eircle ABCD 1s the base

But 1t 15 also less, for 1t 15 enclosed by 1t

which 13 tmpossible
Therefore the cylnder 1s not less than triple of the cone
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But 1t was proved that neither is 3t greater than triple,
therefare the ¢y linder 1s triple of the cone;
hence the cone 15 a third part of the eylinder.
Therefore etc QED

Prorosrrion 1t

Cones and eylnders which are of the same height are fo one another a3 therr bases
Let there be cones and ¢y linders of the same height,
fet the cireles ABCD, EFGH be ther bases, KL, A thew aves and AC, £
the diameters of ther bases,
1 say that as the ewele ABCD s to the aircle EFGH, s01s the cone ALt
the cone EN

Far, i not then as the errcle 480D 15 to the awrcle EFGH, so will the cone
AL be either to some solid less than the cone EN or to a greater

First let 1t be i that ratio to a Jess sohd O, and let the solid ¥ be equal to
that by winch the sold O 1s less than the cone £V,

therefore the cone L) 15 equal 1o the sohds 0, X
et the square £FGH be wmectibed m the cirele EFGH,
therclere the square 1s greater than the haif of the arcle
hbet there be sct up from the square LFGH a pyramid of equal betght with
the cune
therefore the py rimid so set up 1s greater than the half of the cone,

smasmuch as tf we ercumsertbe a square about the civele and set up from ita
p3 ramud of equal hesght with the cone, the msenbed py ranud 13 half of the €
cumseribed pyramad,

for they are to one anvther as ther bases e 8
I T R .
Tet the are . , RS
ar

Thesefore cach of the tnangles HPE LQF FRG GSH 13 greater than the
half of that segment of the ewcle which s about 1t

On cach of the tnangles #PL, EQF, LRG, GSI let there be sct up 3 1™
mmd of cqual height with the cone, ¢
therefore, also each of the pyramids 50 set up 13 greater than the fialf of the
segment of the cone which s gbout st t

Thus, bicecting the esreumferences which are feft jounng straight fines, ¢
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x 1
Let such be left, and let them be the segments on HP, PE, EQ, QF, FR, RG,

y O3

sim
St
DT/
while, as the «quare on AC 19 to the square on EG, 5015 the circle 4 BCD to the
circle EFGH, Ixn 2)

therefore also, as the circle ABCD 1s to the circle EFGH, so 13 the polygon
DTAUBVCW to the polygon HPEQFRGS

ID;\‘,, as the cirele ABCD 15 to the airele EFGH, 80 1s the cone AL to the
sold 0,

pont N the vertex [x1 b

Therefore also, as the cone AL 15 to the sohd 0, 50 1s the pyramd of which
the poly gon DTAUBVCIY 1s the base and the pomnt L the vertex to the pyra-
mud of which the polygon HPEQFRGS 15 the base and the point IV the vertex,

v 111
therefore, alternately, as the cone 4L 15 to the pyramid 1n it, 50 1s the sohd O
to the pyramid in the cone LN [v 16)

But the cone A 1s greater than the pyramd i 1t,
therefore the solid O 15 also greater than the pyramud 1 the cone EN

But 1t 15 aleo less

which 1s absurd

Therefore the cone AL 1 not to any sohd less than the cone EN as the arcle
ABCD 15 to the arcle EFGH

Sitnslarly we can prove that peither1s the cone EN to any solid less than the
cone AL as the aircle EFGH 15 to the eircle ABCD

I say next that neither1s the cone AL to any solid greater than the cone EN
ﬂsvt‘he circle ABCD 1s to the circle EFGH

]

But as the solid O 1s to the cone AL, so1s the cone EN to some solid less
than the cone AL,

—— s aman » T

. the
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But 1 was proved that nether 15 1t 1 this mtio to a less solid,
therefore, a5 the crele ABCD 15 to the arele EFGH, s0 1a the cone Al to the
cone EN

But as the cone 1s to the cone 0 18 the eylinder to the cyhinder,

for each 18 triple of each, sl

4 herefore alsd as the arcle ABCD 15 to the arcle EFGH, so are the cyhe
ders on them which are of equal height

Therefore eto QED

Prorosrrion 12

Srmalar cones and eylinders ave to one anather tn the triplicate ratro of the domelers
1 thewr bases

Let there be suular eones and ¢y lmders
let the aircles A BCD, EPGH bethew bases BD FH the dumeters of the basey,
and KL AIN the aes of the cones and eyhnders,

Y say that the cona of which the oirele 4 BCD 15 the bose and the powt Ltke
sertex has to the cone of which the circle £FGH 15 the base and the pownt ¥
the vertex the ratio tupheate of that which BD bas to FH

For if the cone ABCDL has not to the cone EFGHA the ratio topheste o
that whieh BD has to F'H
the cone ABCDL will have that tnpheate 1atio either to some sohid less than
the cone FFGH A or to a greater

First et w have that tniphicate ratio to o less sobd O

Lot the  uare #FGH Ix msenbed 1 the eircle EFGH o o
therrfore the syuare F6H 15 greater than the half of the acle ZFEH

“ow let there be set up o the square LFGH 4 py mimd baving the 857
sertex wath the wone
therefore the py ramid s set up 1~ greater thas the half part of the cone <

Let thecraumfcronces I F 5 G GH HE be b ected at the ponts P R

and let PP PP FQ QG GR RH Hs 5E bo joined

Therefore ¢« b of the tnangies f P FQG GRH THSL 15 nho greater 94
the hall part T that regment of the ewrele LEGH winch s about it

Now eneach 1 the trangls +IF FQG GRH, IISE lov o pyramid be <P
havinz the same vortex with the cone,
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which the cone EFGHN exceeds the sohd O [x 13

" Lefg such be left, and let them be the segments on P, PF, FQ, QG, Gk, RH,
S, SE

the

ba,

3

mmilar and simitarly situated ta the polygon EPFQGRHS,
and let there be set up on the polygon ATBUCVDW a pyramd having the
same vertex with the cone,
of the T pyramzd of wluch the polygon ATBUCVDIY
13 the base and the pomnt L the vertex let LET be one,
andof the trunglescontaming the pyranud of which the polygon EPFQGRHS
15 the base and the powmnt & the vertex let NFP be one,
and let KT, MP be joned

Now, since the cone ABCDL 1s sunlar to the cone LFGHN,
therefore as BD 1s to FH, so 35 the asis KL to the axis NV [ Def 24]

But, as BD 13 to FH, s01s BA to F,

therefore also as BK 1s to FM, so1s KL to JIN
And, slternately, as BK 18 to KL, so1s FAf to ALV v 16}

F m’d the sides are proportional about equal angles, vamely the angles BAL,
Ay

therefore the tnangle BKL 1s simular to the tnangle FUN  {vi 6]
Agaw, since, 2s BK 15 to KT, 5015 FAM to MP,
and they are about equal angles, namely the angles BKT, FMP,
wasmuch as, whatever part the angle BAT 15 of the four nght angles at the
centre K, the same part also 15 the angle FALP of the four rnight angles #t the
contre Af,

. vz 61
',
while BX 15 equal to KT, and F3{ to PAL,
therefore, as TK 13 to KL, so 18 PM to 3N,
and the mdes are proportional about equal angles, namely the angles TKZ,
PN, for they are nghc

v vk et vip (g
£ st

and, oning to the similanty of the tnangles BKT, FAP,
as KBisto BT, so 18 MF to FP,
therefore, ez aequal:, ns LB 1s to BT, so1s NF to FP v 22
Agmn, since, owing to the smulanty of the tnangles LTK, NPM,
as LT 15 to Th, s013 NP to PM,
and, owing to the sumlanty of the tnangles 788, PMF,
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as KT 1s to T'B, so 13 MP to PF,
therefore, ex aequalt, as LT 1s to 7B, so1s NP to PF. i)
But 1t was also proved that, as 78 13 to BL, sois PF to FN
Therefore, ex aequalt, as TL1s to LB, 5013 PN to NF v 2}
Thercfore w the tnangles LT'B, NPF the nides are proportional,
therefore the inangles LT, NPF are equangular, 8
hence they are also simalox fvr Def 1}
Therefore the pyramid of which the tnangle BKT 13 the base and the powt
L the vertex 18 also sumilar to the pyramud of which the tnangle FMP s the
base and the pomt N the vertex,

for they are contamned by sunslar planes equal i multitude fer Def 81
But smular pyramads whish have tnangular bases are to one another 1 the
tnphicate ratio of thewr corresponding sides [z 8

Therefore the pyramid BKTL has to the pyramud FA{PN the ratio trph-
eate of that whach BA has to P23/

Sularly, by joung straight bnes from 4, W, D, ¥, €, U to K, snd from
E, 5 H,B,G, QoM and setting up on cach of the tuangles pyramds whah
have the same vertex with the cones,

o can prote that each of the suniatly arranged pyramuds will also hae 10
each gimilarly srranged pyramd the ratio tpheate of that whick the corses-
;’z;;ldmg side Bh has to the corresponding side 173, that 18, which BD basto

And as ane of the antecedents 18 to ene of the consequents, so are all the
fenty {0 all the 3 v 1

therefore also s the pyramid BATL1s to the pyranud FATPY, so1s the 5ol
pyramud of nhich the polygon ATBUCVDI 18 the base and the powt L the
vertex to the whole pyramud of whuch the polygon EPFQGRHS1sthe baseand
the pomnt. & the vertex
henee also the pyramid of nhuch ATBUCYDW 15 the base and the pant & the
serte< has to the pyramud of whech the poly gon EPFQGRHS 1s the base and
the pomt N the vertex the ratia tripheate of that which BD has to FH

But by hypothess the cone of which the ewele ABCD 15 the base snd the
powt L the vertex has alsa 4o the solid O the ratio tnphcate of that which 8D
has to FH |
therefore as the cone of whih the earele A BCD 13 the base and the potob L 12
vertex 1 to the sohd O =018 the pyramsd of which the polygon ATBUC VoW
ss the base and L the vestex to the pyramid of which the polyzon EPFQG}?HS
1s the base and the pomt N the vertex,
therofore, alternately 3 the one of which the eircle 4 BCD 1s the bass and b
the s ertex s to the py ramid contatned i st of whieh the polygon 4 7BUCY DI
15 the bace and L the vettex g0 15 the solid O to the py ranud of which the poly
gon EPPQGRIS 1s the base and N the sertec tv 1

But the sard cone 13 greater than the pyramid b,

Fherefore the salid O ol for 1t encloses it e poly 208

ore the solid O 15 alsa greater than the d of which the poiy

EPFQGRILS 1 the base and Z\gthe vertex pyramd of whie

But st 13 also Loy

which 1y smposstble <
Thexefore the vone of which the circle 4 BCD 13 the base and L the erie
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hssnot to any solid less than the cone of which the circle EFGH 15 the base and
the pownt N the vertex the ratio trplicate of that which BD has to FI
~ . LS ar mmn BEOIIN dn ane sohd ICSS

than the

¢ . -
But, as the solid 0 15 to the cone ABCDL, so1s the cone EFGHN to some
solid less than the cone ABCDL

Therefore the cone EFGHN also has to some solid less than the cone A BCDL
the ratio tnplicate of that which FH has to BD

which was proved mmpossible

Therefore the cone ABCDL has not to any solid greater than the cone
EFGHN the ratio tnplicate of that which BD has to FH

F]}gut }\t’ was proved that netther has 1t this rati0 to a less solid than the cone

H.

Therefore the cone ABCDL has to the cone EFGHN the ratio tnpheate of
that which BD has to FH

But, as the cone 1s to the cone, 50 15 the cylinder to the cyhnder,
for the eyhinder which 1s on the same base s the cone and of equal height with
1t 18 tniple of the cone, [x11 10}
therefore the eylinder also has to the cylinder the ratio tripheate of that which
BD has to FIf

Therefore ete QED

ProrosrTion 13

If a cylinder be cut by a plane whach 1s parallel to 3ts opposite planes, then, as the
eylinder 1s to the cylinder, so wall the azes be to the azis
For let the cylinder AD be cut by the plane GH which 1s parallel to the op-
posite planes AB, CD,
and let the plane GH mect the axis at the pont K,
1 s;g;' that, as the cylinder BG s to the eylinder GD, so1s the axis EX to the
auas
For let the avis EF be produced
mn both directions to the pomts
14 R A L T i,
and let there be set out any
number whatever of axes EN,
NL equal to the axis EK,
© 3 B B D U W gnd any number whatever FO,
01! equal to FK,
and let the cyhinder PT} on the axis LA be concewved of which the creles PQ,
V1 are the bases
Let planes be earned through the ponts N, O parallel to A B, CD and to the
bases of the ¢y linder PIF,
and let them produce the circles RS, TU about the centres N, 0
Then, smce the axes LN, NE, EK are equal to one another,
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therefnens ¢t ' . w1 EEY
Bu: o mouers 8, RB, BG are also equal to one another
Since thes the axes LN, NE, EX are aqual to one another,
and the eyhmders QR, BB, BG are also equal 1o one another
and the multitude of the farmer 18 equal to the »» *
therefose, whatever mulpmle ¢+
will the eyhinder QG .
a‘?o;“ :ha s:mi’, !e’tsmg Y wwtapte the avis MK 15 of the axis K7, the
game multiple also 1s the cylinder WG of the ey hinder GD.
And, f the wus KL 1s equal to the axis K2, the evhinder QG will alo b
equal to the cybinder GW,
of the gas 15 greater thar the axs, the cylimder will also be greater than the
cyhnder,
and 1f less, less
Thus, there bemg four magnitudes, the axes KK, KF and the cyhnders BG,

the;e base been taken equimultiples of the mas EX and of the cyhadet B4,
namely the axs LK and the vyhinder @G, i
and equumuliaples of the aas KF and of the eylinder G, namely the axs &
and the cyhnder GV,
and it has been proved that, §
if the axss KL 15 1 excess of the axis KM the eyhnder QG 1s also 1 excess 0
the cylinder G¥, R
if equal, equal,
and 1f less Jess 1
Thesefore, 28 the axis EK 33 10 the axs KF, 5015 the eyhnder BG to the oy
der GD v ;)9; i
q

ProrosrroN 14

Cones and eylinders which are on equal bases are to one another a8 thew heyghls
For Yt EB, FD be cyhuders an equal bases, the aircley A8, 0D,
T say that s the cyhnder EB 13 to the eyl

ander £D, 5013 the avws GH to the avs KL
Faor let the ams XL be produced to the

pount ¥,

el LN be mad equal to the axs GH,  £(75) o EF
and lot the cylinder C3f be concened about 7
b th LN g8 ansB ‘k
Siaee then the cylinders EB, C3f are of the oM
same heght, they are to one another as therr B
bases x5 31}

But the bases nre cqual 1o one another

therefore the cylinders EB €A1 are also equal 1to

And, sinee the eslinder FAf has bern eut by the plane €D whach 15 pasall
its opposite planes v o the
therefore, as the eyhnder CM 13 to the cybnder FD, 50 13 the axis & ta o
axs KL b}
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But the eylinder C2{ iz equal to the eylinder £3,
and the axis LA to the axs GH,
therefore 2s the cylinder EB1s to the eyhinder FD, so 15 the axis GH t? the axis
AL

) )
But, as the cyimder EB 15 to the cylinder FD, 5015 the cone A BG to the cone
CDK by

. | (x1 10}
Therefore also, as the axis GH 18 to the axis KL, s0 15 the cone ABG to the
eone CDK znd the cylhinder EB to the cylinder F.D Q YE D
Prorosrrion 15 | '

In equal cones and cylinders the bases are recrprocally proportional lo the herghts,
and those cones and cylinders an which the bases are reciprocally proporlional to
the hewghts are equal

Let there be equal cones and cyhnders of which the creles ABCD, EFGH
are the bases,

let AC, EG be the diameters of the bases,
and KL, AN the axes, which are also the hetghts of the cones or cylinders, |
let the eylinders A0, EP be completed

tbl say that in the cylinders 40, LP the bases are reciprocally proportional to

e heights,
that 15, a8 the base ABCD 1s to the base EFGH, 5015 the height MN to the
height KL |

B

For the heght LK 15 either equal to the height 3N or not equal

Firat, let 1t be equal

Non the cylinder AO 13 also equal to the cylinder EP

But cones and eylinders which are of the same hesght are to one another as
thetr bases, ixm 11}
lzlerefcre the base ABCD 1s also equal to the base EFGH

T i to the base EFGH, so 1s the

o o
from the herght M let QN be cut off equal to KL,
through the pownt @ fet the cylinder EP be cut by the plane TUS paraliel to
the planes of the arcles EFGH, RP
and let the eyhinder ES be concerved erected from the circle EFGH s base and
with height NQ
Naw, since the cylader 40 is equal to the cylinder EP,
therefore as the eyhinder A0 1310 the cylinder ES, 5013 the eylinder FP+- >~
¢y hnder ES
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But as the ey liwder 40 s to the eyhnder £ 8o 1» the base 450D tathe
base FFGH,

far tha 1 {1y
and as ? to the height.
Qv ,
forthet . e nas been ot by o plane which 1 parallel to its egpos'e
planes Cxn 13

Therefore also 33 the base ABCD 1 ¢o the base EPGH, 50 13 the beght MY
ta the height QN by

But the haight @ 15 equal to the height AL,
therefore o5 the base ABCD i¢ to the bese EFGH so 15 the height 1\ tothe
hesght AL

Therefore 1n the cylinders AO EP the bases are sevsprocally proportional to
the heghts

ext 1 the eyhinders 40 EP let the bases be reeiproeally proportional to
the heigbis
that1s o the base ABCD ss to the base EFGH solet the hetght Y\ betothe
height BZ,

1 say thst the eyhnder 40 1s equal to the eylinder P

Yor with the same construction
Stnce 83 the base ABCD 1s to the base E'GH 50 1 the haght WY tothe
heght AL

while the herght AL 15 equal to the height QY

therifore a5 the base ABCI 18 to the base EFGH so 15 the he ght 1V tothe
height @V

Tt s the base ABCD 15 to the buse EFGH 5015 the ¢y hinder 40 to b
crimder ES

for they are of the same height {u 1
nad os the height MM 55 to @) <o 1s the cy hader £P to the el nde;xism
therefare gs the <y hnder A0 15 to the ey hnder ES 551 the ey linder £P o1l
cylinder ES 1

‘Therefore the eylinder A0 1s equal to the ¢y linder £P 59
\nd the same s true for the cones sl QE®

Prorosimion 16

Guren b cureles ebout the same cenbee 1o tnserede in the greater curtle an cqtlf

Tateral polygon with an even nureber of sides whech dogs nal Gouch the lesser B¢

st ABCD EFGH be the tvo gnen oirdes
about the same centre A

thus it 15 requured to msecbe 1 the greater

arcle ABCD an equisteral polygon with an L
eren number of sides whuch does not touch the
cxcle EFGH

For let the straight hne BAD be drown 9
through the centre A
and from the po nt 6 let GA be drawn at nght
angles to the straght hne BD and carned
through to &,
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therefore AC touches the circle EFGH [t 16, Por ]
Then, bisecting the eircumference BAD, isecting the half of 1t, and domng
this continually, we shall leave a circumference less than AD x1]

Let such be left, and let 1t be LD,

from L let LM be drawn perpendicular to BD and carned through to N,
and let LD, DN be jomned,
therefore LD 1s equal to DY [rr 3,1 4]
Now, since LA 1s parallel to AC,
and AC touches the circle EFGH,
therefore LN does not touch the circle EFGH,
therefore LD, DN are far from touching the aircle EFGH

If then we fit into the crrcle ABCD straight lines equal to the straight hine
LD and placed continuously, there will be inscribed 1z the circle ABCD an
equilateral polygon with an even number of sides which does not touch the
lesser cirele EFGH QEF

ProrosiTiov 17 \

Gueen tuo spheres about the same centre, ta tnscribe wn the greater sphere @ poly-
hedral sold whach does not touch the lesser sphere at ats surface

Let two spheres be concerved about the same centre A,
thus 1t 1s required to mseribe in the greater sphere o polyhedral solid which
does not touch the lesser sphere at 1ts surface

Let the spheres be cut by any plane through the centre,
then the sections will be eircles,
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snasmuch as the sphere was produced by the diamet fised and the
semueircle besng carned round 1¢, N x1 Def 1}
hence in whatey¢r pontion we concerve the seomarele to be, 4he plane carned
through tt will produce & cirele on the cirewmberence of the sphere

And 1 1s manifest that thas cirele 1s the greatest possible,
snasmuch as the drimeter of the sphere which 15 of eourse the diameter both of
the sermerrele and of the circle 19 greater than alt the straight hoes drawz
agross 1 the circle or the sphere

Let then BCDE be the circle in the preater sphere,

and FGH the crrele in the lesser sphere,
let, tno dhameters in them BD CE be drawn ot night angles to ons another,
then given the twe circles BCDE, FGH about the same centre, ot there be
wmseribed 10 the greater circle BCDE an equilateral poby gon with an even num
ber of mdes which does not touch the lesser eirele FGH
let Bh AL LAI ME be s sides in the quadrant BE,
let A 4 be joned and carned through to N

Tet A0 be seb up from the paint A st nght angles to the plane of the aude
BCDE apd let it meet the surfate of the sphere ot O
and through 10 and each of the straght lines BD AN let planes be exrmed
the};(\‘\ 1lt then male greatest circles on the surface of the sphere for the reason
atat

Let them make suwch

and sn them let BOD A0V be the semerroles on BD KN

Now mnce (1 1s at nght angles to the plane of the arcle BCDE,
therefore all the planes through 04 are also at right angles to the plane of the
ewrcle BCDE x 18
hence the semucireles BOD A0V are also at nght angles to the plane of the
eirele BCDE

And since the semmewreles BED BOD RON are equal

for thiy are on the cquat diameters BD AN
therefore the quadrants BZ B0 R0 axe also equal to one another

Therefore there are as many straight lines 1 the quadrants 80 A0 equal 10
the strawght hines BA AL LM AE as there are sdes of the polygon i the
quadrant BE
(ot them b soserbed and ot them be BP FQ QR KO and AS, s7 1V

let 82 TQ { R be joned
and from P S let perpesdiculars be drawn d) the plane of the arele Bic‘pf‘;)
X
these il fall on BD AV the comomon ections of the planes f
wa.much o the planes o BOD KOY ase also at nght angles to the plare @
the errele B DF fof xi Def 4
Let them 5 Nall and let them be Py ST
aniiet 1 be youned £
Now unec 0 the equal semmetreles BOD AGN equal straght lines B
have been cut off
an { the perpendienfars P B have been drava
th e P4 equal to 83 and BY to AW [t ¥
But the wholc 213 alvo equa) to the shole A 3

126l
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therefore the remainder VA 1s also equal to the remmnder W4,
therefore, as BV 1s to VA, so1s KW to WA;
therefore WV 13 parallel to KB [+1 2]
And, since each of the straight hines PV, SW 1s af right angles to the plane
of the aircle BCDE, v
therefore PV 1s parallel to STV {x1 6]

But 1t was also proved equal to 1t§
therefore WV, SP are also equal and parallel {x 331

And, sinee WV 13 parallel to SP,
while TV 13 parallel to KB,
therefore SP 1s also parallel to KB [xt 9]
And BP, K8 join their extremities;
therefore the quadnlateral KBPS 15 1n one plane,

nasmuch as, 1f two straight lines be parallel, and powts be taken at random
on each of them, the straight hine jowning the points 1s in the same plane mith
the parallels [x1 71

For the same reason

each of the quadnlaterals SPQT, TQRU 15 also in one plane ¢ 3
51:7; the tnangle URO 18 ?154‘) n one pL:xge " fxt 2]

P R i

Vertex f

And, 1f we make the same construction 1n the ease of each of the sides KL,
LM, ME 851 the case of BK, and further, in the case of the remaming three
&Uadmnts,

on which the cirele FGH 18
Let AX be drawn from the powt A perpendicular to the plane of the quadn-

latera] K BPS, and let 1t meet the plane at the pomnt X, [x1 11]

let XB, XK be jomed

e - i

And, since AR 15 equal to 4K,
the square on AB 15 also equal to the square on AK
And the squares on AX, XB are equal to the square on AB,
Pt P e ‘o
11

"
Let the square on AX be subtracted from each,
therefore the remamder the square on BX, 18 equal to the remander, tha
Square on XK,
therefore BX 13 equal to XK
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Sumlarly we esn prove that the straght Hnes joined from X to P, § are
equal to each of the straight Lines BA, XK '

Therefore the circle desenbed with centre X and distance one of the straight
hnes XB, XK will pass through P, S also,

and KBPS will be & quadniatera] 1n a eiccle
Now, since KB 15 greater than 1 v,
white B V15 equal to SP,
therefore KR 13 greater than SP
But KB 1s equal to cach of the strught fines K8, BP, !
therefore ench of the straght bnes K8, BP 1s grenter then SP.
And, since KBPS1s g, quadrilateral in o eixcle,
and KB BP, KS are equal, and PS less,
and BX 15 the radws of the ewcle,

therefore the square on KB 15 greater than double of the square on BY.

Let K2 be drawn from K perpendicular to BV

Then, since B 15 less than double of DZ,
and, a8 BD 15 t0 DZ, 50 19 the rectangle DB, BZ ta the rectangle DZ, 28,
if a square be desenbed upon BZ and the Hel, on ZD be completed,
then the rectangle DB BZ 15 also less than double of the rectangle DZ, ZB

And, of £D be Jowed,

the rectangle DA, BZ 15 equal to the square on BE,
and the rectangle DZ, ZB eomal to the square on KZ, {ur 31, vi Sand Por}
therefore the square on KB 15 less than double of the square on K27
But the square on KB 1 greater than double of the sguare on BY,
therefore the square on K% 18 greater than the square on BY
And since B4 13 equal to K4,
the square on B4 15 equal to the square on 4 K
And the squares on BX, X4 are equal to the square on BA,

therefore the remander, the square on Z4, 1s less than the square oo X4
Therefore A 15 greater than A2,
therefore 4 X 1s much greater than 46

Therefore gnen tuo spheres about the same centre, a polyhedral sold bas
been msertbed 1 the greater sphere whueh does not tonch the Jesser sphere 2t
ts surface gEL’F

Portaat But il in another sphere also 2 polyhedral sold be 1nseribed sml3f
to the sohd m the sphere BCDE,
the poly hedral solid i the sphere BCDE has ta the pols hedral sold 12 ﬂ‘;,
other ~phere the ratio taplieats of that which the diameter of the sphere BCDE
bas to the diameter of the other sphere 4

For, the sohds being divided wnto ther psyramids simular in multitude 8%
arrangersent the pyramuds will be smutar

But smrdar pyramds are 1o one another i the triplicate ratio of thew 8
responding stdes fxue 8, for
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fharafam 4la o 3 £oL L 2 " Venns e
pe
tt
m
has to the radius of the other sphere
Sumilarly * v v . . .
each similar
cate of that

And, s one of the antecedents is to one of the consequents, so are all the

tecedents to all the ts, [v 12)
hence the whole polyhedral sohd i the sphere about 4 as centre bas to the
whole polyhedral solid 1n the other sphere the ratio tniplicate of that which AB
has to the radius of the other sphere, that 1s, of that which the diameter BD
has to the dinmeter of the other sphere QED

ProposiioN 18
Spheres are to one another w the irphcate ratio of thewr respective drameters
Let the spheres ABC, DEF be conceved,
and let BC, EF be thewr diameters,
Trawrthat st 1 amea ia v mon

wh
F

which BC has to EF,
then the sphere A BC will have exther to some less sphere than the sphere DEF,
or to a greater, the ratio triphicate of that which BC has to EF

First, let 1t have that ratio to a less sphere GHK,

A D
[ C E i3
L
M| N
Tanmerr L 3%t s manten wath GHE,
tedral solid which does

[xir 17]
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and let there also ba mnseribed m the sphere ABC a polyhedral solid simtfer o
the polyhedral solid 1n the sphere DEF,
therefore the polyhedral solid mm ABC has to the polyhedral sohd :n DEF the
ratio tnpheate of that whieh BC has to EF fxix 17 Por}

But the sphere ABC also has to the sphere GHK the ratio tripheate of that
which BC has to EF,
therefore as the sphere ABC 1s to the sphere GHEK, 80 18 the polyhedrat eold
1n the spbere A BC to the polyhedral sohd 1 the sphere DEF,
and, alternately as the sphere 4 BC is to the polyhedron 1n st, s01s the sphere
GHA to the polyhedral solid tn the sphere DEF i

But the sphere 4 BC 1s greater than the polyhedronmat,
therefore the sphere GHA 15 also greater than the polybedron m the sphere
DEr

But 1t 15 also less,

for 28 13 enclosed by 3t

Therefore the sphere 4B has not to a less sphere than the sphere DEF the
rat1o tripheate of that which the diameter BC has to BF

Similarly we can prove that pewther has the sphere DEF to aless sphere than
the sphere ABC the ratio triphieate of that which IF has to BC

¥ say next that nesther hus the sphere A BC to any greater sphere than the
sphere DEF the matio tnpheate of that which BC has to EF

For if possible let it have that mtio to o greater LAN,
therefore inversely, the sphere LAIN has to the sphere ABC the ratio triph-
cate of that which the diameter EF has to the dumeter 8¢

But inesmuch as LA N 18 greater than DEF
therefore as the sphere LT 1s to the sphere ABC so1s the sphere DEF to
soree less sphere than the sphere ABC ns was before proved  [xn 2 Lemms}

Therefore the sphero DEF abso has to some less sphere than the sphere ABC
the ratio triphicate of that which EF has to BC

which nas proved impessible

Therefore the sphere A BC has not to any sphere greater than the sphere
DEF the ratto tripheate of that which B has to EF

But 1t nas proved that netther has it that ratis to o less sphere

Therefore the sphere ABC has to the sphere DEF the ratio tripheate of that
which BC hus to &£F Qs
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BOOK THIRTLEN

PROPOSITIONS
Prorosrrion 1

If a strarght bine be cut wn extreme and mean ratio, the square on the greater seg-
ment added Lo the half of the whole s five tumes the square on the half
Forlet the straight line A B be cut 1n extreme and mean ratio at the pomnt c,
—_— and let AC be the greater segment,
let the straght e AD be produced mn & straight line with CA4,
and let AD be made half of AB,
1 say that the square on CD 1s five times the
square on AD
I For let the squares AE, DF be described on
’ AB, DC,
and let the figure in DF be drawn,
s let FC be carmed through to ¢
Now, since 4B has been cut i extreme and
c 8 mean ratwo at C,
therefore the rectangle AB BC1s equal to the
square on AC [v1 Def 3, v1 17]
And CE 15 the rectangle AB BC and FH
the square on AC,
therefore CE 13 equal to I'H
And since BA 1s double of AD,
£ while BA 1s equal to K4, and AD to AH,
therefore AA 1s also double of AH
But, as KA 1s to 4H, 5013 CK to CH, v 1}
therefore CK 1s double of CH
But LH, HC are also double of CH
Therefore KC 15 equal to LH, HC
But CF was also proved equal to HF,
therefore the whole square AE 1s equal to the gnomon MNO
And, since BA 1s double of 4D,
the square on BA 15 quadruple of the square on AD,
that 1s, AE 15 quadruple of DH

L £

Peam

. o

And DF 13 the square on DC, and AP the square on DA,
therefore the square on CD 1s five times the square on DA
Therefore ete QED
369
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ProrosiTiov 2
I the square on a straight lie be piwe times the square on a segment of o, then,
when the doudle of the saut segment 13 cuf in extreme and mean roho, the greates
segment 15 the remaining part of the ortginal strarght line
For let the square on the sirnight line 4B be five tumes the square on 1be
segment AC of i,
and let €D be double of AC, B
1say that, when CD 13 cut i extreme and mean
ratio, the geeater segment 18 CB
Let the squares 4F, CG be desenibed on 45,
CD respectively, ~t Y
tet the figure 1n 4F be drawn, Mo
and let BE be drawn through
Now, sinee the square on B4 1s five times the
square an, AC, -
AF 33 five times AH E
Therefore the gnomon MNO 13 quadruple of
AH

i
J

H
-

And, since DC 15 double of CA,
therefore the square on DC 15 quadruple of the
square on CA, that 1, CG s quadruple of AH
But the gnomon 3[NO was also proved quad- T ¢
ruple of AH,

therefore the gnomoen MNQ 13 equal to CG
And, sinee DC s double of CA,
while DC 15 equal to CA, and AC to CH, .
therefore KB 1 also double of BH 8
But LH, HB arc also double of HEB,
therefore KB s equat to LH, HB
But the whole gnomon A{NO was also proved equal to the whole ¢6,
therefore the remamder HF 13 equal to BG
Aud BG 1s the reetangle (D, DB
for CD u equal to DG,
and JF 15 the square on CB,
therefore the rectangle €D, DB 1 equal to the squire on CB
Therefore as DC 1 t0 CB so 1w CB to BD
But D( s greater than CB,
therefore € B w al=o greater than BD cB
Therefare when the strasght line 0D 15 cut 1 extreme and mean Bbo
15 the greater wegment
Therefore etc gE®

Lesxa
That the double of AC 1s greater than BC 1s to be proved thus
If not tet BL bhe if possible, double of CA
Therefore the <quare on B w quadtugple of the square an €4,
therefore the squares on B, CA are five times the squace on 04 7y
Bat, by hypothiesis the square on BA 1 nlso five tunes the square onte
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therefore the square on BA 1s equal to the squares on BC, CA*
which 15 impossible {1 4]
Therefore CB 1s not double of AC
Stmilarly we ean prave that neither 1s a straight line less than CB double of
f
for the absurdity 1s much greater.
Therefore the double of AC 1s greater than CB QED

ProrosiTioN 3

If a straight line be cut 1n extreme and mean ratio, the square on the lesser segment
added to the half of the greater segment 15 five fumes the square on the half of the
greater segment
Forlet any straight line A B be cut 1n extreme and mean ratio at the pomt C,
let AC be the greater segment,
and let AC be bisected at D,
I say that the square on BD 18 five times the
square on DC
For let the square AE be described on AB,
n and let the figure be drawn double
y Since AC 15 double of DC,
therefore the square on AC 13 quadruple of
M " the square on DC,
K F that 1s, RS 1s quadruple of FG
And, since the rectangle AB, BC 13 equal
to the square on AC,
L and CE 1s the rectangle AB, BC,
therefore CE 1s equal to RS
But RS 1s quadruple of F@, .
therefore CE 1s also quadruple of FG
Agawn, stce AD 15 equal to DC,
HK 13 also equal to KF
Hence the square GF 1s also equal to the square HL
Therefore GK 13 equal to KL, that 1s MN to NE,
hence MF 1s slso equal to FE
But MF 15 equal to CG,
therefore CG 1s also equal to FE
Let CN be added to each,
therefore the gnomon OP@Q 1s equal to CE
But C:.E was proved quadruple of GF,

4

Loy

v oea - rg

And DN s the square on DB, and GI" the square on DC
Therefore the square on DB 1s five times the square on DC QED
ProrosiTiov 4

If a strasght ine be cut 1n extreme and mean rato the square or the whole and the
3quare on the lesser segment logether are triple of the square on the greater segment
Let AB be o straght bine,
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let, it he cut in extreme and mean ratio at C, and let AC be thegreatersegment,
1 say that the squares on 48, BC are tnple of the

square on CA A
For let the square ADEB be desertbed on AB, !
and let the figure be drawn U
Since, then, A B has been cub m extreme and mean  H| i
ratio 2t ©, W

and AC 15 the grester segment,
therefore the rectangle A8, BC 13 equal to the square
on AC {vi Def 3,31 17}
And AK 33 the rectangle 4B, BC, and HG the square
an AC,

therefore AK 13 equal to HG

And, since AF 18 equal to FE,
et CK be added to each,
therefore the whole AK 15 equal to the whole CE,
therefore AK, CE are double of AK
But AK, CF are the gnomon LA N and the square CX,
therefore the gnomon L3N and the square CK are double of AK
But further 4R vas also proved equal to HG,
th;refore the gnomon LMN and the squares CK, HG arc triple of the squr®

g

And the gnamaon LAX aad the squaves CK, HE are the whale square AE
and CK, which are the squares on AB, BC,
while #G 1s the square on AC
“Therefore the squares on AB, BC are tnple of the square on AC ﬂ
oE

ProrosiTION 5

1] a strawghtline be cut wn extreme and mean ratig and there be added o118 55 ot
Lane equal 10 the greater segment the whole straaght lins hos been cut 1 exireme 8%
mean ratio, and the originol sirarght hine 25 the greater segment ¢
For let the strmgbt hme AB be cut 1n extreme and mean ratio at the posmt &
It AC be the greater segment, and let AD
be equsl to AC
1 say that the straight bne DB has been cut
m extreme and mean ratto at 4 and the on-
gnal straight line A B 13 the greater segment
Faor let the square AZ be desenbed on AB,
and let the figure be drawn
Swee 48 hag been cut m extreme and
mean ratio at C,
therefore the rectangle 4R, BC 13 equal to
the square on 1 fvi Def 3 vi 1
And CE s the rectangle AZ BC and CH the square on 4C3

therefore CE 15 equal to HC
But HE s equal to CE,
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and DH 1s equal to HC,
therefore DH is also equal to HE.
Therefore the whole DX 15 equal to the whole AE,
And DK 15 the rectangle BD, DA,
for AD 1s equal to DL,
and AE 1s the square on AB,
therefore the rectangle BD, DA 15 equal to the square on AB

Therefore, as DB 15 to BA, 8015 BA to AD v 11
Aund DB 13 greater than B4 ;
therefore BA 1s also greater than AD v 14}
Therefore DB has been cut in extreme and mean ratia at 4, and AB 18 the
greater segment s 1 t QED

1
- - Prorosrriov 6

t
If a rational stratght line be cut 1n extreme and mean yaho, each of the segments 13
the wrational strasght line called apotome
Let AB be a rationa) straight line,
let 1t be cut m extreme and mean ratio at C,
[rabaatt s

For
Since, then the straight line AB has been cut m extreme and mean ratio,
and to the greater segment AC 15 added 4D which 1s half of AB,
therefore the square on CD 1s five times the square on DA [xur 1]
Therefore the square on CD has to the square on DA the rat10 which a num-
ber has to a number,
therefore the square on €D 1s commensurable with the square on DA [x 6]
But the square on DA 1s mational,
for DA 1s rational, being half of AB which 15 rational,
therefore the square on €D 1s also rational, [x Def 4]
therefore CD 1s also rationsl
And, since the square on CD has not, to the square on DA the ratio which a
square number has to a square number,

thercfore CD 18 incommensurable n length with DA | x 9
therefore CD, DA are rational straight lines commensurable 1 square only,
therefore AC 18 an apotome [x 73]

Agam, since AB has been cut in extreme and mean ratio,
3,v1 17]
Istraight

line 4B, produces BC as breadth
But the square on an apotome, i apphed to & rational straight line, produces
as breadth a first apotome, x 97)
therefore CB 1s a first apotome
And CA was also proved to be an apotome [
Therefore etc QED
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Prorostrion 7

If three angles of on equilateral pentagon, taken either order or ot 1 order, be
equal, the pentogon 1wl be equiangular
Yor in the equlateral pentagon ABCDE les, first, three angles tahen i ot
der, those at 4, B, C, be equal 10 one another, A
1 say that the pentagen ABCDE 1w equangular
For let AC, BE, FD be jowned
Now, stnes the two sides CB, BA are equal to the
two sides BA, AF respectinely,
and the angle CBA 15 equal to the angle BAE,
therefore the base AC 1s equal to the base BE,
the tnangle 4 BC 1s equal to the tnzngle ABE,
and the remamning angles will be equal to the remaming %
angles, namely those which the equal sides subtend, {1 4}
ihatis the angle BCA tothe angle BEA, and the angle ABE to the angle (A,
hence the side AF 1s also equal to the side BF il
But the whole AC was also proved equal to the whole BF,
thersfore the remainder FC 13 250 equst to Yoy remmndes FE
But €D 1s also equal to DE
Therefore the two mdes FC, CD are equal to the two sides FE, ED,
and the base FD 13 commeon to them,
therefore the angle FCD 1s equal to the angle FED [
But the sngle BCA was also proved equal to the angle A8,
therefore the whole angle BCD 13 also equal to the whale angle AED
But, by hypothess, the angle BCD 1s equal to the angles at 4, B,
therefore the angle ABD 15 also equal to the angles at 4, 8
Suntlarly we can prove that the angle CDE 15 also equal to the anglesa A

» &y

B i3

therefore the pentagon ABRCDE 18 equiangular b
Noxt let the given equal angles not be angles taken m order, but let the
nngles at the points A, C I} be equal,
I 52y that in this case too the pentagon 4 BCDE 1 equanguler
For let BD be jomed
Then since the two sides BA AE are cqual to the two sides EC, ¢D,
and they contain equat angles
therefore the base BE 13 equal to the base BD,
the tnangle ABE 15 equal to the tnngle BCD,
and the remaning angles will be equal to the remummng angles, P
namely those which the equal sides subtend, i
therefore the angle AEB 15 equal to the angle CDB
But the angle BED 1z aleo equal 1o the angle BDE,
swce the side HE 13 also equat to the side BD
Thercfore the whole angle 4 £D 1s equal to the nhole angle CRE
But the nngle ¢ DE s by hypothests equal to the angles at 4,C,
therefore the angle AED 15 also equal to the angles 8t 4,
For the same reason
the angle ABC 15 alb-o equal to the angles at 4, 6, P
Therefore the puntagun ABUDE 15 equiangular

]

QE?
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Prorosriov 8
If m an equilateral and equiangular pentagon strarght lines sublend two angles
taken 1n order, they cut one another wn extreme and mean rotio, and thewr greater
segmenls are equal to the side of the penlagon
For 1n the equifateral and equitngular pentagon ABCDE let the straight
lines AC, BE, cutting one another at the pownt 77,
subtend two angles taken in order, the angles at

A

A B,
I say that each of them has been eut i extreme
- AR

the pentagon ABCDE {v 14)
Then, since the tvo straight nes EA, AR are
0 T equal to the two AB, BC,

nely,
4

™ . P LIPR SRR Ay 3 4

wgle BAH 1 32

he errcumference CB,
frsr 28 vr 39)
”

.- v oan

therefore, as BE 1s to EH, s01s EH to HB
And BE 1s greater than BH B
therefore £H 13 also greater than #8 v 14]
. Therefore BE has been eut m e'd;rclne and mean ratio st H and the greater
S hd 1 £ aLa manbaman
1d mean ratio
QED

ProrosIrioN 9

If the s1de of the hezagon and that of the decagon wnseribed 1 the same circle be ad-
@ed together, the whole strarght ;e has been cuf an extreme and mean ratio, and 18
greater segment 15 the stde of the hexagon
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Tet ABC be p aircle,
of the figures msenbed 1 the ewele ABC lot BC be the mde of & decagon, CD
1hat of o hexsgon,
and let them be m a straight hne,
1 sy that thewhole straight lne BDhas beenzat
in extreme and mean ratio, and CD 1s1fs greater
segment
For let the centre of the arcle, the pont £, be
taken, B A
et EB, LC, ED be jomed,
and let BE be esrned through to 4
Smee BC 15 the nde of an eqmilateral decagon,
therefore the etrcurmderence ACB 1s five times the
circurnference BC,
therefore the eircumference AC1s quadruple of CB
But as the cireumference 4C 1 to OB, 5o 15 o
the angle 4EC to the angle CEB, {vr 331
therefore the angle 4 EC 13 quadruple of the angle CEB
And since the angle ERC 1 equal to the angle ECB, 3
therefore the angle 4 £C 18 double of the angle ECB &
And sinee the straght hine EC s equal to €D,
for each of them 1s equal to the side of the hevagon msenbed m the cucies Ayfffr
{n 15,
the angle CED 15 also equal to the angle CDE, {3
therefore the angle ECB 1s double of the angle BDC f1 22
But the angle AEC was proved double of the angle £CB,
therefore the angle 4 £C 13 quadruple of the angle EDC
But the angle AEC was slso proved guadruple of the angle BEC,
therefore the angle EDC 13 cqual to the angle BEC
But the angle £BD 15 common to the twe tnangles BEC and BED,
therefore the remaining angle BED 15 also equal to the remumng angle gcsf,’,i
therefore the trangle EBD 1s equiangular with the tmangle EBC
Fherefore proporuonally, as 2B 13 to BE, so 13 EB to BC  dl
But E'B 13 equal to (D
Therefore us BD 15 to DC, so1s DC to CB
And BD 1 greater than DC,
therefore DO 18 aleo greater than CB d
Therefore the straght hne BD has been et m extreme and mean ratio 27
DU is 1ts greater segment P

Prorosirion 10
1If an equilatera! pentagomn be tnseribed 1n o errele the square on the sude of the et d
aygon 13 equal Lo the squares on the side of the hexagon and on that of the dect
gon snseribed 1n the came erele
Let ABLDF be s arcle £
and It the cquidnteral pentagon 4 BCDI be iseribed w the eircle ABCDM
T say that the quare on the side of the pentagon ABCDE 15 equal 1ot
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squares on the side of the hexagon and on that of the decagon inseribed in the
arcle ABCDE

For let the centre of the circle, the pomnt F, be taken,
let AF be joined and carmed through to the pomt G,
let FB be joined,
let FH be drawn from F perpendicular to AB and be carried through to K,
let AK, KB be joned,
let FL be again drawn from F perpendicular to AK, and be carned through to
f
and let KN be jomed
[ Since the crrcumference ABCG 13 equal
to the circumference AEDG,

\! and 1n them ABC 1s equal to AED,
therefore the remainder, the circumference
C@, 1s equal to the remamnder GD

But €D belongs to a pentagon,
therefore CG belongs to a decagon
And, simnce FA 15 equal to FB,
and FH 1s perpendcular,
therefore the angle AFK 1s also equal to

@
™

the angle KFB [x 5,1 26]
Hence the crcumference AK 1s also
¢ D equal to KB, [z 26]

therefore the circumference AB 1s double
of the circumference BK,
therefore the straight line AK 15 a side of & decagon
For the same reason
AK 18 also double of KM
Now, stnce the errcumference 4B 1s double of the crrcumference BEK,
while the circumference CD 1s equal to the circumference AB,
therefore the circumference CD 15 also double of the circumference BK
But the circumference CD 1 also double of CG,
therefore the circumference CG 1s equal to the circumference BK
But BK 15 double of KA, since KA 15 so also,
therefore €@ 1s also double of K3l
But, further, the crrcumference CB 15 also double of the circumference BK,
for the circumference CB 1s equal to BA
Therefon‘e the whole eircumference GB 1s 2lso double of BA,

1he g
therefore the rectangle 4B, BN 1s equal to the square on BF [vr 17}
Again, since AL 15 equal to LK,
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white LN 15 common and at right angles,
therefore the base LA 15 equal to the base AN; L]
therefore the angle LEN 1s also equal to the angle LAN
But the angle LAN 15 equal to the angle KBN;
therefore the angle LEN 1s also equal to the angle BN
And the angle at 4 15 common to the tno triangles AKB and AKN
Thercfore the remaming angle AKX B 15 equal to the remaming angle KN :;‘2],

t
therefore the tnangle KBA 15 equangular with the tnangle K_NA
Therefore, proportionally, as the strught bne B4 15 to AKX, so1e K4 tc.I Al‘: i
1
therefore the rectangle BA, AN 1s equal to the square on AK. URd
But the rectangle AB, BN was also proved equal {0 the square on BF,
therefore the rectangle 4 B, BN together with the rectangle B4, 4N, thun
the square on B4 11 2}, 15 equal to the square on BF together with the squar®
on 4K .
And BA 15 o &1de of the pentagon, B of the bexagon frv 15, Por ), and 4K
of the decagon
Therefore ete QED

Propogiion 11

If 1 a cirdle which has sts duameter rational an equilateral pentagon be wnsaribed
the side of the pentagon s the wrrattonal strayght hing called manor i

For n the circle A BODE whick has its diameter rational Jet the equilater®
pentagon ABCDE be insenbed,

1y that the side of the pentagon 1s the wrzational straight hne ealled minot

For let the centre of the arcle, the pomt F, be taken,
let AF, FB be jouned and carned

hrough to the pawts, @, H,

et AC be yained,
and let FK be made a fourth
part of AF

Now AF 15 rattonal,

therefore FA 1s also rattonal 8

But BF 15 also rational
therefore thewhale B 1sratronal

And, since the crcumference
ACG 15 equal to the arcumfer-

ence ADG,
and m them 4 8C 15 equal to
A

therefore the remunder CO 13
equal to the remamnder GD
And, af we join 4D, we conclude that the angles at L are nght,
and €018 double of CL
Tor the same reason
the angles at M are abo nght,
and AC 18 double of CM
Since then the angle A LC is equal to the angle 43F,
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and the angle LAC 15 common to the two trnangles ACL and AMP,
thetefore the remmmmg angle ACL 1s equal to the remamnng angle A7 4,
i1 32
theref{ore the tnangle ACL 1s equangular with the trangle AMF,
therefore, propartionally, as LC 1 to CA, s01s MFto FA
And the doubles of the antecedents may be taken,
therefore, as the double of LC 1s to €4, 5013 the double of MF {0 FA
But, as the double of MF 15 to FA, so is MF to the balf of FA,
therefore also, as the double of L€ 15 to C4, g0 18 MF to the half of FA
And the halves of the consequents may be taken;
therefore, as the double of LC 18 to the half of £4, s018 MF tothe fourth of P4,
And DC s double of LC, CM 13 half of 04, and FXK o fourth part of FA,
therefore, a3 DC 13 ta C2, so s MF to FE
Componendo also, as the sum of DC, CAL 18 to C3{, s01s A to XF, (v 18]
therefore also, as the square on the sum of D¢, CM 15 to the square on CAZ, so
15 the square on MK to the square on KF
And stnee, when the straight line subtending two sdes of the pentagon, as
AC, 18 eut 1 extrere and mean ratio, the greater segment 13 equal to the side

of the pentagon, that 1s, to DC, fxan B
while the square on the greater segment added to the half of the whole 1s five
times the square on the half of the whole, {xm 1

and CI 13 balf of the whole AC,
therefore the square on DC, O3 taken as one straight hine 18 five times the
square on CAf
Butat was proved that ns the square on DC, € taken as one strmght bnes
to the square on CAf, 5o 15 the square on MA to the square oo KF,
therefore the square on 37K 13 five tunes the square on KF
But the square on AF is rational,
for the diameter 1s rational,
therefore the square on MK 15 also ratwonal,
therefore MA 13 rational
And swee BF 13 guadruple of FX,
therefore BK 15 five tumes K¥,
therefore the square on BA 1s taenty-five times the square on KF
But the square on MK 13 five times the square on AF,
therefore the square on BA 1s five times the square on 4.1,
therefore the square on BK has not to the square on K31 the ratio which a
square number has £0 a square number,
h K 1s ble 1n length with R3S {x 9]
And each of them 1s rational
erefore FK, A AT are rational strargh fines commensurable w <quare onfy
But, 1f from a rational straight Une there be subtracted 2 rational straight
me which 1s commensurable with the whole 1n squate oaly, the remamder 13
irrational, vawely an apotome,
therefore A/ B 13 an apotome and AZA the annex foit. ix 73]
1 say next that ALB 1s also a fourth apotome
Ley the square on N be equal to that by which the square on BXK 15 greater
than the square an KI,
therefare the square an B 13 greater than the square on KM by the square on N.
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Ang, stnce KF 18 commensurable with F8,

p do glso, KB s ble with FB x 15
But BF 15 commensurable with BH,
thercfore BR 1s also ble with BH {13

And, simee the square on BK is five times the square on K37,
therefore the square on BE has ta the square on XM the ratio which 5hastol

Therefare, convertende, the square on BK bas to the square on ¥ the ratio
wihich 5 has to 4 [v 19, Por 3, and this 1s not the ratio which & square number
has to a sguare number;

therefore BK 33 ble with N ®q

therefore the square on BK 1s greater than the square on KA1 by the square on
& straght hine mcommensurable with BXK

Sinee then the square on the whole BK 15 greater thon the square on thean-
nex KB! by the square on & straght line wncommensurable with BX,
and the whole B& 15 commensurable with the rational steaight hne, BH, set
out,

therefore ALB 15 a fourth apotome x Deff w4
But the rectangle contained by a 15tional straight ime and a fourth apotome
18 srrational,
and tts square root 1s rrrational, and s ealled minor [x 81}
But the square on AB 13 equal to the rectangle HB, BAf,
because when AH 1 jomed, the tnangle A BH 15 equiangular with the triangle
ABM, and, as HB 1s to B4, so1s AB to BY
Therefore the side AB of the pentagon 1s the rrrational straght hoe ealed
mmor QED

Prorositiov 12
I an equilateral triangle be inscribed 1n @ cirele, the square on the side of thelnt
angle 15 triple of the square on the radius of the circle
Let ABC be & cirele,
and let the equiateral tnangle 4 BC be mserbed int,
I say that the square on ane side of the tnangle
ABC 13 triple of the square on the rads of the crrele
For let the centre D of the cucle ABC be taken,
et AD be jorned and carned through to E,
sud let BE be joined
Then smcee the tnangle ABC 1s equilateral,
thercfore the aircumierence BEC 1s a third pard of i
the eircumference of the aircle ABC o ‘
Therefore the carcumfercare BE 1 a sixth part, of \
the eircumference of the ewele,
therefore the straaght bne BE belongs to a hexagon, }
therefore 1t 13 equal to the radius DE 157
And sinee AE 15 double of DE
gxg‘ square on AE 1 quadruple of the square on ED, that 15, of the squar® o8

But the square on AE 13 equal to the squares op 4B, BE, {1 347 4l
therefore the squares on AB, BE are quadruple of the square o BE
Therefore, separando, the square on 4B 13 inple of the square o8 BE
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But BE 13 equal to DL,
therefore the square on A B 1s triple of the square on DE
Therefore the square on the side of the triangle 1s triple of the square on the
radms QED

ProrosiTioN 13

To construct a pyramad, to comprehend 1t in a guen sphere, and to prove that the
square on the dwameler of the sphere 15 one and a half times the square on the side of
the pyramid
Let the diameter AB of the given sphere be set out,
and let 1t be cut at the pomt C so that AC 1s double of CB,
let the semicircle ADB be desertbed on 4B,
let CD be drawn from the pont C at nght angles to 4B,
and let DA be joined,
let the cirele EFG which has 1its radwus equal to DC be set out,
let the equilateral trniangle EFG be mseribed 1n the circle EFG, [v 2]
Jet the centre of the eircle, the pont H, be taken, [rr 1)
let CH, HF, HG be jomed,
from the powt H let HK be set up at nght angles to the plane of the circle
FG, [xr 12]
let HK equal to the straight ine AC be cut off from HK,
and let KE, KF, KG be jommed

D
@ |
X
A < B
G

Now, since KH 1s at nght angles to the plane of the eircle EFG,
therefore 1t will also make right angles with all the straight lines which meet 1t
ang are i the plane of the aircle EFG {x1 Def 3]
P e

and they contain nght angles,
therefore the base DA 1s equal to the base KE [t 4
For the same resson
each of the straight lines KF, KG 15 also equal to D4,
therefore the three straught hnes KE, KF, KG are equal to one another
And, since AC 13 double of CB,

therefore 4B 15 triple of BC /

/"
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But, as 4B 1s to BC, 5015 the square on AD to the square on DC, as mil be
proved afterwards
Therefore the square on AD 1s tniple of the square on DC
But the square on FE 1s also triple of the square on EH, [xur 12
and DC 1s equal to EH,
therefore DA 1s also equal to EF
But DA was proved equal to each of the straight lines KE, KF, KG,
therefore each of the straight hnes EF, FG, GE 1s also equal to each of the
straight lines RE, KF, KG,
therefore the four tnangles EFG, KEF, KFG, KEG are equilateral
Therefore a pyramud has been constructed out of four equilateral triangles
the tnangle EFG being 1ts base and the pomnt K 1ts vertex
It 1s next required to comprehend 1t 1 the given sphere and to prove that
the square on the diameter of the sphere 1s one and a half times the square on
the side of the pyramd
For let the straight hne HL be produced in a straight line with KH,
and let HL be made equal to CB
Now, since, as AC 15 to CD, so 15 CD to CB, [vt 8 Por)
while AC 13 equl to KH, CD to HL, snd CB to HL,
therefore, as KH 15 to HE, so1s EH to HL,
therefore the rectangle K#, HL 1s equal to the square on EH vt 17]
And each of the angles KHE, EHL 1s nght,
therefore the semicircle described on KL will pass through % also
[ef vt & 1 31}
1f then, KL remawmng fixed, the sermeirele be carmed round and restored to
the same posttion from which 1t began to be moved, 1t will also pass through
the pomts F, G,
since, 1f FL, LG be joined the angles at F, @ similarly become nght angles,
and the pyramud will be comprehended 1n the given sphere
For k L, the diameter of the sphere, 1s equal to the dinmeter AB of the given
sphere, mmasmuch as KH was made equal to AC, and HL to CB
1 say next that the square on the dizmeter of the sphere 15 one and a hslf
times the square on the side of the pyramd
For, since AC 1s double of CB,
therefore AB 1s tnple of BC,
and contertendo BA 1s one and a half times AC
But as BA 13 to AC, 50 1s the square on BA to the square on AD
Therefore the square on BA 13 also one and o half times the square o8 AD
And BA 1s the diameter of the given sphere, and AD 1s cqual to the aide of
the pyramd
Therefore the square on the diameter of the sphere 15 one and o half times
the square on the side of the pyramid QE?

Lesya
1t 15 to be proved that, ns AB1s to BC, 50 18 the square on AD to the squar
on DC
For let the figure of the semicircle be set out,

let DB be joined,
let the square EC be desenibed on AC,
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- . “ i Tl

. !
b therefore the rectangle B4, AC 1s equal to

the square on 4D {v1 171
And sinee, as A B 1s to BC, so s EB to BF,
[vr 11
and EB 1s the rectangle B4, AC, for E4 15
A C 5 equal to AC,

and BF 1s the rectangle AC, CB,
therefore, as AB 15 to BC, s0 15 the rectangle
BA, AC to the rectangle AC, CB
And the rectangle BA, AC 1s equsl to the
square on AD, and the rectangle AC, CB to
the square on DC,
E for the perpendicular DC 15 a mean propor-
tiopal between the segments AC, CB of the
base, because the angle ADB 1s nght vt 8, Por]
Therefore, a5 AB 15 to BC, s0 1s the square on AD to the square on DC.
QED

PropostTioN 14

To construct an octahedron and hend 1 wn @ sphere, as in the preceding case,
end to prove that the square on the dmmetcr of the sphere 13 double of the square on
the side of the octahedron
Let the diameter AB of the given sphere be set out,
and let 1t be bisected at C,
let the semicircle ADB be deseribed on AB,
let CD be drawn from € st nght angles to 4B,
let DB be joined,
Iet the square EFGH, hzwmg each of 1ts stdes equal to DB, be set out,
let HF, EG be joined,
from the point K let the straight Ime KL be set up at nght angles to the plane
of the square EFGH [x1 12), and let 1t be carned through to the other side of
the plane, as K2f,
from the straght fines KL, KM let KL, KM be respectuvely cut off equal to
one of the straight lines EK, FK, GK, HK,
L and let LE, LF, LG, LH,
ME, MF, MG, MH be
1omed.
Then, since XE 13 equal
to KH,
¥ and the angle EKH 1s nght,
therefore the square on #IE
A M E] 15 double of the squarc on
ERK {x 47]
%mn, smee LK 13 equal

and the apgle LAE 19 nght,
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therefore the square on EL 13 double of the square on EK. [}
But the square on HE was also proved double of the square on EK;
therefare the square on LE 13 equal to the square on EH,
therefore LE 13 equal to EH
For the same reason
LH 15 also equal to HE,
therefore the tnangle LEH 1s equilateral
Salarly we can prove that each of the remmmng trangles of which the
sides of the square EFGH are the bases, and the powmts L, Jf the vertices, 18
eqinlateral,
therefore an octahedron has been constructed whichis eontuned by eight eque
lateral tnangles
Tt 15 next required to comprehend it 1n the given sphere, and to prove thst
the square on the diameter of the sphere 1s double of the square on the side of
the octahedron
For, since the three straight lines LK, KM, KE are equal to one another,
therefore the semeircle desenbed on L3 wail also pass through £
And for the same reason,
i, LY remmning fixed the semierrcle be carrted round and restored to the
same position from which 1t began to be maved,
1t Wil also pass throngh the points F, G, H,
and the octabedron will have been comprehended i & sphere
1 say next that 1t 13 slso comprehended i the given sphere
For, since LK 13 equal to M,
while KE 15 common,
and they contan nght angles,
therefore the base LE 1s equal to the base EA ]
And, sipce the angle LEM 13 nght, for 1t 15 1n a semyerrcle, {or 34
therefore the square on L3 1 double of the square on LE [t 47}
Aga, sinee AC 13 equat to OB,
AR 13 double of BC
But as AB 15 to BC, 5015 the square on 4B to the square on BD,
therefore the squsre on A B 15 double of the square on B
But the square on LM was nleo proved double of the square on LE
‘;;111.}! the squate on DB 1s equal to the square on LE, for EXf was made equal
to
Therefore the square on 4B 1s also equal to the square on LM,
therefore AB s equal to LY
And AB 13 the diameter of the grven sphere,
therefore LV 18 equnl to the dimeter of the guven sphere
Therefore the hedron has been hended m the g en spheres and
1t has been demanstrated at the same time that the square on the dameter o
the sphere 13 double of the square on the sde of the octahedron Q@ E D

Prorosrriov 15

To construct a cube and comprehend 1 in a sphere {ike the pyramd, and o P'“h":
that the square on the diameter of the sphere 13 Iraple of the square on the tide of b
e

out
Let the diameter A8 of the given ephere be set out,
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and let at be eut at € o that AC 1s double of CB;
let the semmaircle ADB be desenbed on AB,
et CD be drawn from C at nght angles to AR,
and let DB be joed,
let the square EFGH having 1ts side equal to DB be set out,
from E, F, G, H let EK, FL, GM, HN be drawn at night angles to the plane of
the square EFGH,
from EK, FL, GM, HN let EK, FL, G\, HN respectively be cut off equal to
one of the straight hnes ET, FG, GH, HE,
and let KL, LA, MN, NK be jomed;
therefore the cube FN has been constructed which 1s contamed by su equal
squares.
It 1s then required to com-
prehenditin the given sphere,

U] £ Y and to prove that the square
K 4“” on the diameter of the sphere
‘ 15 trple of the square on the
‘ stde of the cube
[y < B AN For let KG, EG be jomed

St Then, since the angle KEG
t " 18 right, because KI1s also at
nght angles to the plane LG
and of course to the straight hime EG also, [x1 Def 8}
therefore the sem MR * e
Again, since G»

hence also, 11 we Jomn kA, &b Will be at night angles to #4
and for this reason agun the semicircle deseribed on GK will also pass
through F
Strmularly 1t will also pais through the remaimng angular points of the cube
= - - b Vo Th aa 4 - as

1 say next that 1t 1s also comprehended 1n the given sphere
For, since GF 1s equal to FE,
and the angle at F 13 night,
therefore the square on EG 13 double of the square on EF.
But EF 1s equal to EK;
therefore the square on EG 15 double of the square on EK,
hence the squares on GE, EK, that 1s the square on GK {1 47), 15 triple of the
square on EX
And since A8 s triple of BC,
while, as AB 1s to BC, s01s the square on AB to the square on BD
therefore the square on AB 1s triple of the square on BD
But the square on GK was al>0 proved tnple of the square on KE
And KF wss made equsal to DB,
therefore K@ 13 also equal to 4B
And 4B 1s the diameter of the given sphere,
therefore K@ 1s also equal to the diameter of the miven sphere
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Therefore the cube has been comprehended m the given sphere, and it bas
been demonstrated at the same time that the square on the dizmeter of the
sphere 15 triple of the square on the side of the cube qQEp

Prorostriow 16

To construct an reosahedron and comprehend +t wn & sphere, Uike the aforesad
figures, and {o prove that the side of the wosahedron 15 the wrrational straught line
called menor
Let the dameter AB of the gven sphere be set out
and let 5t be cut at € so that AC 1s quadruple of CB,
Jet. the sermcirele 4 DB be desenbed on 4B,
lot the straight hine CD be drasin from € at nght angles to AB,
and let DR be jouned,

let the curcle EFGHA be set out and let its radms be equal to DB,
let the equpfatera) and t GHA be bed 1 the eirete
EFGHA
let toho aircumferences EF, FG, GH, HK, RE be bisceted at the ponts Ly i,
A P

and let LY MN, NO, OP, PL, LP be jomned
Therefore the pentagon LNOP 15 akso equilateral,

1 the st b
| and the strugh h'xzc ’EI"boIongs ton decngo’{xn N ]IT‘,
3

N

o P e

joined
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Now, since ench of the strayght hines EQ, KU 1s at nght angles to the same
plane,

therefore EQ 15 parallel to KU {x1 o]

But 1t 15 also equal to1t,

R B - " 1 parallel straight

3%

But BK belongs to an equilateral pentagon,
therefore QU also belongs to the equilateral pentagon snsenbed w the arcle

GHE

For the same reason
each of the strmight lines QR, RS, ST, TU also belongs to the equilateral pen-
tagon 1nscribed m the cirele E’FGHI\

therefore the nem.agon QRSTU 13 equilateral
And, since QF belongs to a hexagon,
and EP to a decagon,
and the angle QEP 1s nght,

eircle {xur 10)
For the same reason
PU 33 also a side of o pentagon
But QU also belongs to a Pentagon,
therefore the tnangle QPU 15 equilateral
For the same reason
each of the tniangles QLR, RMS, SNT, TOU 1s also equilateral
And, simce each of the stroight hines QL, QP was proyed to belong to a pen~
tagon,
and LP also belongs to a pentagon,
therefore the tnangle QLP 1s equilateral
Far the same reason
each of the tnangles LRM, MSN, N0 OUP 15 also equlatersl
Let the centre of the cirele EF GHR, the potnt V be taken,
from V1se 77% 0 v w ot
reooo t lines
‘ be Jomed
Now swwee oack of the streight hines VI, QF 15 at cght anghes to the plane
of the circle,

therefare VI 1s parallel to QE Ixr 8}
But they are also equal,
therefore £V, @1} are also equal and parallet x 33]

But Ef belongs to a hewgon,
therefore Q11 also belongs to a hexagon
Aud, snce QI * Lo
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therefore GZ belongs to o pentagon frur 16
Yor the same reason
UZ also belongs to » pentagon,
masmuch as, if we jon VE, WU, they wil be equal and opposite, and VK,
bemg 2 radius, belongs to a hexagon, v 15, For}
therefore WU also belongs to a hexagon
But WZ belongs to a decagon,
and the angle UTVZ 15 nght,
therefore UZ belongs to & pentagon fxm 101
But QU also helongs to & pentagon,
therefore the tnangle QUZ 1s equilateral
For the same reason
cach of the remaining triangles of which the straight hnes QR, RS, ST, TU sre
the bases and the point Z the vertex, 1s also equilateral
Again, since VL belongs to & hexagon,
and VA to s decagon,
and the angle LV X 13 nght,
therefore LX belongs to s pentagon fxr 16}
For the same reason,
1f we youn MV, which belongs to & hexagon,
M X 15 also mierzed to belong to & pertagon
But L3 also belongs to 8 pentagon,
therefore the tnangle LM X 15 equilateral
Sumlarly 1% can be proied that each of the remaming tniangles of nhich MN,
0O OP PL are the bases, ard the pomt X the vertex, 13 also equilatesal
Therefore an 1cosshedron has been constructed which 1s contmmned by tnenty
equilateral tnangles
1t 13 next required to comprehend 1t i the given sphere and to prove that
the side of the icosahedron 15 the wrational straight hne ealled menor
For since VI belongs to & hexagon,
and 1 Z ta a decagon
therefore VZ has been cut 1 extreme and mean ratta at ¥,
and V1 151ty greater segment, pan 8
therefore as ZV 15 to VIV so1s VIV to W2
But ¥V 15 equal to VE and WZ to VX,
thersfore as ZVsto VE, s 13 EV to VX
And the angles ZVE, EVX are nght,
therefore 1f we join the straight Yine EZ, the angle XEZ will be nght becau®
of the wmilanty of the tnangles XEZ, VEZ
For the same reason
since a3 ZVisto VIV so1s VIV to W2,
and £V 18 equal to X, and VIV to 11 Q,
therefore as A s to W Q, 5013 Q0 o TH 2
And for this reason again,
if we yorn X, the angle at @ wilf be nght, {1 8
therefore the semicirele desenibed on XZ will also pass through @ {1t a1l
Andf, X7 remaming fived the comserele be carned round snd ostared 10
the same position from which 1t began to be moved it will also pass through
and the remaiung angular points of the weowahedron,
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and the 1cosahedron will have been comprehended 1n a sphere
1 say next that 1t 15 also comprehended 1n the given sphere
For let VIV be bisected at A’
Then, since the straight ine VZ has been cut 1n extreme and mean ratio at
s
and ZTV 1s 1ts lesser segment,
therefore the square on ZI added to the half of the greater segment, that 1s
WA’,1s five times the square on the half of the greater segment, [xmx 3]
therefore the square on ZA’ 1s five times the square on A’V
And ZX 15 double of ZA’, and VW double of A’W,
therefore the square on ZX 1s five times the square on BV
And, since AC 15 quadruple of CB,
therefore AB 1 five times BC 3
But, as AB1s to BC, 50 1s the square on AB to the square on BD,
[vi 8, v Def 9]
therefore the square on AB 13 five times the square on BD
But the square on ZX was also proved to be five times the square on VW
And DB 15 equal to VI,
for each of them 1s equal to the radius of the eircle EFGHA }
therefore AB 1s also equal to 3.2
And AB 15 the diameter of the given sphere,
therefore A Z 1s also equal to the diameter of the given sphere
Therefore the 1cosahedron has been comprehended 1n the given sphere
T say next that the side of the 1cosahedron 1s the irrational straight line
called munor
For, smce the dizmeter of the sphere 1s rationsl, {
and the square on 1t 1s five times the square on the radius of the circle EFGHK,
therefore the radwus of the circle EFGHK 1s also rational,
hence 1ts diameter 15°also rational

But ifan lateral be bed m a errcle which has ity diameter
rational, the side of the pentagon 1s the 1rrational straight line called minor
[xax 11]

And the side of the pentagon EFGHE 15 the sidé of the 1cosahedron
Therefore the side of the 1cosahedron 15 the irrational straight Iine called
Tunor

Porsu From this 1t 15 manifest that the square on the diameter of the
w1 " .

onbarn « & 4 on b -

same cirele QED

Prorosition 17

To construct a dodecahedron and comprehend 1t wn @ sphere, ke the aforesard
Jigures, and to prove that the sude of the dodecahedron ts the wrrational straxght Iine
called apotome

Let ABCD, CBLF, two planes of the aforesard cube 2t rght angles to one
another, be set out,
let the mdes AB, BC, CD, DA, EF, EB, FC be bisected at G, H, K, L, M, N, O
Tespectively,
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let OK, HL, MH, NO be joined
let the straght hines NP, PO, HQ be cut in extreme and mean ratio at the
points B, S, T respectively,
and let RP, PS, TQ be their greater segments,
from the pomnts B, S, T let RU, 8V, T'T¥ be set up at night angles to the planes
of the cube townards the outside of the cube,
Iet them be made equal to RP, PS, TQ,
and let UB, BW, W C, CV, VU be jomed »
1 say that the pentagon UBWCV

15 equilateral, and 15 one plane, and 15

further equuangular E [} £
For let RB, SB, VB be yowed 7’
Then, since the straght lime NP has ~_// ¢

been cut in extreme and mean rabio E

at B,
and RP 1 the greater segment, 5]
therefore the squares on PN, NR are
triple of the square on RP [xor 4] k
But PN 13 equal to N B, and PR to

RU,
therefore the squares on BN, NE are
tnple of the square on RU o
But the squate on BR1s equal to the
squares on BN, NR, {t 47}
therefore the square on BR 15 triple of
the square on RU,
hence the squares on BR, RU are quad-
ruple of the square on RU. t
But the square on BU 13 equal 1o the squarea on BR, RU,
therefore the square an BU 15 quadruple of the square on BU,
therefore BU 13 double of RU
But VU 1s also doudle of UR,
nasmuch 23 SR 15 also double of PR, that 1s, of RU,
therefore BU 15 equal to UV
Simularly 1t ean be proved that each of the straght hnes BW, WG, v
also equal to each of the straigbt hines BU, UV
Therefore the pentagon BUVCH 1s equilateral
1 say next that it 1s abso tm one plene .
Far let PX be drawn fro— P = - 1 I e
and tosards the outside of *

1say .
For, sinee HQ has been cut 1n extreme and mean ratio at 7, ond @4 83189
greater segment,
R rn o e
But HQ - 7, PX,
And HP s parallel to T, '
far each of them 14 at nght angles to the planc 8D, fudl
and TII 13 parallel to PX,
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for each of them 1s ut, nght angles to the plane BF [dl

T ' ] "1 1 {50 sides proportional to
1 ' ! I corresponding sides are

the remaimng straght hnes will be 1n a straight line, [vr 32]
therefore A H 15 1 a straight line with HW
But every straight hine 1s m one plane, [x1 1]

therefore the pentagon UBW CV 1s in one plane
T say next that 1t 1s also equangular
For smnce the straight ine NP has been cut n extreme and mean ratio at
R, and PR 1s the greater segment

while PR 1s equal to PS,
therefore N'S has also been cut 1n extreme and mean ratio at P,
and NP 1s the greater segment, [xr 5]

therefore the squares on NS, SP are tnple of the square on NP [xmr 4]
But NP 15 equal to ¥B, and PS to 8
therefore the squares on NS, SV are triple of the square on M B,
hence the squares on VS, SN, NB are quadruple of the square on NB
But the square on SB 1s equal to the squares on SN, NB,
therefore the squares on BS SV, that s, the square on BV—for the angle 1 SB
1s nght—s quadruple of the square on ¥B,
therefore VB 1s double of BN
But BC s also double of BN,
therefore BV 1s equal to BC
And since the two sides BU, UV are equal to the two sides B, B C,
and the base BY 18 equal to the base BC,
therefore the angle BUV 1s equal to the angle BH C [1 8]
Simularly we can prove that the angle UVC 1s also equal to the angle BT C,
therefore the three angles BWC, BUV, UVC are equal to one another
But 1f in ar equilateral pentagon three angles are equal to one another the

pentagon will be equiangular, [xmr 7]
herefore the BUVCWH 18 1
And 1t was also proved equilateral,
therefore the BUVCW 15 al and lar and 1t1s on

one side BC of the cube
Therefore if we make the same construction 1n the ease of each of the twelve
sides of the cube
a sold figure will have been constructed which 1s contamed by twelve equ-
lateral a‘r‘xd eqmangglar peumgc;n: :md \\h:ch 15 called a dodecahedron
Y AR PR B

et

theretore £'4 meets the diameter of the cube, and they bisect one another,
for this ks been proved 1n the last theorem but one of the eleventh book
X1 38]
Let them cut at Z, t !
therefore Z 13 the centre of the sphere which comprehends the cube,
and ZP 1s half of the side of the cube
Let UZ be joined



202 EUCLID

Now, since the straight hine N8 has been cut in extreme and meen ratio
at P,

and NP 13 its greater segment,

therefore the squares on NS, SP are triple of the square on NP, x4}

But NS 1s equal to XZ,

masmuch as NP 1s also equal to PZ, and XP to PS
But further, PS 13 also equal to XU,
since i 1s also equal to RP,
therefare the squares on ZX, XU are tnple of the square on NP
But the square on UZ 1s equal to the squares on ZX, XU;
therefore the square on UZ 1s triple of the square on NP

But the square on the radius of the sphere shich comprehends the cube s
also trnple of the square on the half of the side of the eube,
for 1t has previously been shown how to construct a cube and comprehend st
a sphere, and to prove that the square on the dinmeter of the sphere s tnple of
the square on the side of the cube {xim 13}

But, f whole 1s so related to whole, so 1s half to half also;

and NP 1s haif of the side of the cube;

therefare UZ 1s equal to the radws of the sphere wich comprehends the cube

And Z 1s the centre of the sphere which comprehends the cube;

therefore the pomnt U 1s on the surface of the sphere

Sumilarly we can prove that each of the angles of the dodeeab
dron 13 alvo on the surface of the sphere,
herefore the dodecahed: has been hended m the gven sphere

1 say next that the mde of the dodecahedron 13 the 1wrational strasght Iine
called apotome

Torsince when NP has been cut in extreme and mean ratio, RP 1s the great~
er segment,
and, when PO has been cut m extreme and mean ratio, S 1s the greater seg~
ment,
therefore when the whole N 015 cut m extreme and mean ratio, RS is the grest-
er segment,

{Ihus since as VP s to PR so s PR to RN,

the same 18 true of the doubles also,
for parts have the same ratio as thesr equimultiples, v 1
therefore as A0 s to RS, s0 15 BS to the sum of N, S¢
But MO 18 greater than £S,
thercfore RS s alse greater than the sum of NR, S0,
therefore A0 has been cut in extreme and mean ratio,
and RS 1s 1ts grester segment |

But RS s equalto LV,
therefore when V1s cut in extreme and mean ratio, IV 1sthe greater segment.

And since the diameter of the sphere 1s rational,

and the square on 1t 13 tnple of the square on the side of the cube,
therefore AQ beng a side of the cube, 15 rational

{But1f 2 ratronal hne be cut tn extreme and mean ratio, each of the segments
is snrrational apotome }

Therefore L 1, bewng a side of the dodecshedron, 19 an wwratsonal a;;t"':‘m“
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Porisy From this it is mantfest that, when the mde of the cube 1s cut i ex-
treme snd mean ratio, the greater segment 1s the yde of the dodecahedron
QED
Prorogirion 18

To sel out the sides of the fire figures and lo compare them wnth one another
Let 4B, the diameter of the given sphere, be set out,
and let 1t be cut at Csothat AC s equal to ¢
CB, and at D so that AD 1s double of DB,
fet the semucircle AEB be deseribed on 4 B,
from C, D Yet CE, DF be drawn at night
angles to 4B,
and let AF, FB, EB be jomed
Then, since AD 1s double of DB, E__¢
therefore AB 1s triple of BD M
Conzertendo, therefore, BA 1s one and a
half tmes AD
But, as BA 15 to AD, so 1s the square on
1_34 to dhe square on AF, 3 Dol 5 ar f
or the tnangle AFB 1s equangular wit
the tnangle AFD, A K ¢ ot 8
therefore the square on BA 15 one and s half timeg the square on AF
But the square on the drameter of the sphere 1s alsp one and a half times the
square on the side of the pyramid [ximr 13]
And AB s the dameter of the sphere,
therefore AF 15 equal to the side of the pyramud
Agam, smce AD 15 double of DB,
therefore AB 1s tnple of 3D
But, as AB 13 to BD, so0 15 the square on AB to the square on BF,
fvr 8, v Def 8)
therefore the square on A8 1s tniple of the square on BF
But the square on the diameter of the sphere 1s also trple of the square on
the side of the cube {xmr 15]
And AB is the dtameter of the sphere,
therefore BF 15 the side of the cube
And since AC 13 equal to CB,
therefore AB 1s double of BC
But as 4B s to BC, 5o 1s the square on AB t6 the square on BE,
therefore the square on AB 15 double of the square on BE
But the square on the diameter of the sphere 13 also double of the square on
the side of the octahedron Q14
And AB 1s the dameter of the given sphere,
therefore BE 15 the side of the petahedron
gﬂt, et AG be drawn from the pomt A at right angles to the straight line
)

let AG be made equal to 45,
let GC be joned,
and from H let HE be drawn perpendrcular to AB
‘Then, since GA is double of AC,
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for GA 1s equal to 4B,
and, a3 G4 18 to AC, so 13 HK to KC,
therefore HX 15 also double of KO
Therefore the square on HK 1s guadruple of the square on KC,
therefore the squares on HK, KC, that 1s, the square on HC, 1 five tumes the
square on KC
But HC 1z equal to €B,
therefore the square on BC 1s five times the square on OX
And, swmee 4B 1s double of CB,
and, m them, 4D 15 double of D8,
therefore the remamder BD 1s double of the remawder DO
Therefore BC 15 tuple of OO,
therefore the square on BC 15 mne times the square on O
But the square on B 1s five tumes the square on CK,
therefore the square on CK 13 greater than the square on €D,
therefore CK 1s greater then CI
Let CL be made equal to CK,
from L let LA be drawn at nght angles to 458,
and Jet M B be joined
Now, since the square on BC 1s five tumes the square en CK,
and AB s double of BC, and K1 double of CK,
therefore the square on A8 1s five times the square on KL
But the square on the hameter of the sphere 1s also five times the square on
the radius of the arcle from shich the icosahedson has been desenbed
fxm 16, Par}
And AB 1s the diameter of the sphere,
therefore AL 15 the radws of the cirele from which the reosahedron has been
desertbed,
therefore KL s a side of the hexagon in the sasd eircle frv 15 Por}
And since the diameter of the sphere 13 made up of the side of the hevagon
and two of the sides of the decagon tnsenbed 1 the same arrcle,
(xuy 16, Por}
and AR 1s the diwmeter of the sphere,
winle K1 1s o side of the hevagon,
and 4h 15 equal to LB,
therefore each of the strmght ines AR, LB 15 o side of the decagon nsenbed
1 the awele from wiheh the wosthedron has been desenbed
And smmee LB belongs te & decagon, and WL te 2 bevagon,
for ML s equal to KL, since 1815 also equal to K, being the same di-tance
from the centre, and each of the strasght kines HA, AL ss doubls of KC,
therefare (53 belongs to a pentagen et 10]
But the side of the pentagon ts the side of the seosabedron, fxns 19
therefore MB belongs to the wcosabedron
Now, sinee FB 13 2 side of the cube,
let 1t be eut in extreme and menn ratio at N,
and let NB be the greater segment,
thevefare % B9 a side of the dodecabedron  [x3s 1% I‘nrl}
And, since the square on the diameter of the sphere was proved tobe one nn“
2 half timea the square on the side AF of the pyramid, double of the square o
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the mde BE of the octahedron and tnple of the side FB of the cube,
therefore of parts of which the square on the diameter of the sphere contams
s1x, the square on the side of the pyramid contains four, the square on the side
of the octahedron three, and the square on the side of the cube two

Therefore the square on the side of the pyrarmud 15 four-thirds of the square
on the side of the octahedron, and double of the square on the side of the cube,
and the square on the side of the octahedron 15 one and a half times the square
on the side of the cube

The saxd sdes, therefore, of the three figures, I mean the pyramd, the octa
hedron and the cube, are to one another mn rational ratios

But the remaiming two, I mean the side of the rcosahedron and the side of
the dodecahedron, are not 1n rational ratios either to one another or to the
aforesaid sides,
for they are irrational, the one betng minor [x111 16] and the other an apotome
[xir 17}

That the side M B of the 1cosahedron 1s greater than the side N'B of the do-
decahedron we can prove thus

v- ' nmn N i triangle FAB, [v1 8]

" to BA [vr 4]

as the first 15 to the third, so 18 the square on the first to the square on the
second, [v Def 9, vI 20, Por}
therefore, as DB s to BA, 5015 the square on DB to the square on BF,

gsrefore nversely, as AB 1s to BD, so 1s the square on FB to the square on

But 4B 15 triple of BD,
therefore the square on FB 1s triple of the square on BD
But the square on AD 1s also quadruple of the square on DB,
for AD 1s double of DB,
therefore the square on AD 18 greater than the square on FB,
therefore AD 1s greater than FB,
therefore AL 1s by far greater than FB
And when AL 15 cut 1n extreme and mean ratio,
KL s the greater segment,
masmuch as LK belongs to 2 hexagon and KA to a decagon, [x1mt 9]
and, when I'B 15 cut 1n extreme and mean ratio, NB 1s the greater segment,
therefore KL 1s greater than NB
But KL 1s equal to LM,
Lhere[orc L2 1s greater than NB
Therefore M B, which 1s a side of the 1cosahedron, 1s by far greater than NB
“hich 13 3 side of the dodecahedron QED

1 say next that no ather ﬁgure, bestdes the saui fite figures, can be constructed
which 1s by 1 and ¢q figures equal to one another

For 2 sold angle cnnnot be constructed with two triangles, or indeed planes

With three tnangles the angle of the pyramid 13 constructed, with four the
angle of the octahedron and with five the angle of the lcosnhedron,
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but a sohd angle cannot be formed by six equilateral and equiangular tnangles
placed together at one pomt,
for, the angle of the equilateral tmangle being twwo-thirds of a nght angle, the
s1x will be equal to four right angles
which 1s 1mpossible, for any solid angle 1s contamed by angles less than four
night angles Ixz 21}

For the same reason, neither can a sohd angle be constructed by more than
six plane angles

By three squares the angle of the cube 1 contained, but by four 1t 15 yapos-
sible for o sohd angle to be contained,

for they will again be four nght angles

By three equiateral and equiangular pentagons the angle of the dodeca~
hedron 19 contained,
but by four such 1t 13 smpossible for any solid angle to be contaned,
for, the angle of the equilateral pentagon bemg a nght angle and = fifth, the
four angles will be greater than four nght angles

which 18 impossible

Nesther agam will & sohd angle be contamed by other polygonal figures by

reason of the same absurdity

Therelore et QED
Lestata
But that the angle of the equil and eq lar pent 15 a right angle
and a fifth we must prove thus
Let ABCDE be an i {and far p
let the circle ABCDE be cxrcumscnbed
about 18, A

let 1ts centre F be taken,
and let FA, FB, FC, FD, FE be jomned
Therefore they bisect the angles of the g
pentagon at 4, B, C, D, E
And, since the angles at F are equal to 8
four nght angles and are equal,
thercfore one of them, asthe angle AFB,1s
one right angle less a fifth,
therefore the remaming angles 'A B, ABF
consist of one nght angle and a fifth e
But the angle FAB 13 cqual to the angle z
FBC,
therelore the whole angle ABC of the pentagen consists of one nght angheand
o fifth QEP
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BIOGRAPHICAL NOTE
ARCHIMEDES, ¢ 287-212 B C.

| PSRRI P B

which was dedieated to Gelo, Archimedes speahs of his father, Pherdias, 23 an
astronomer who mvestigated the sizes and distances of the sun and moon
X AR B . k) .

fl;nend;!np of Conon of Samos and Eratosthenes To Conon he was 1n the habit

2) be credited that associates Archimedes with this problem After the death of
v ) ~ oo T

more a guren weight by a guen force, he boasted to King Hiero “Give me a place
tostand on and I can move the earth ”” Asked for o practical demonstration, he
contrived a machine by which with the use of only one arm he drew out of the
dock alarge ship, laden with passengers and goods which the combined strength
21' the Syracusans could scarcely move From that day Hiero ordered that

'Arclumedes was to be beheved in everything he might say ** At the hing's re-
quest Archimedes then made for hum catapults, battering rams cranes, and
many other engines of war, which were later used with such success n the
defense of Syracuse against the Romans that they were unable to take the cit;
except by treachery There 1s also a story 1n Luctan that Archimedes set fir
to the Roman ships by an arrangement of burning glasses

h 1

Although Archimed: d by hus “the renown ¢
mova th 21 fagran= PR APt v
lost ~¢ - . \ .
po
ch .

sufficiently accurate to show the echpses of the sun and the moon Except fc
o ~ oo P 3 By 1 o ae 41 e AL
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Tomus he wrote no textbooks Of his wntings, although some have been lost
the most important have survived
The 1bsorption of Archimedes m s mathematical mvestigations was so
great that he forgot hus food and neglected s person, and when carmed by
force to the bath, Plutarch records, “hbe used to trace geometneal figuresn the
ashes of the fire and dsagrams in the o) on his body 7 Asked by Hiero to dis-
cover whether a goldsmith had alloyed with silver the gold of hus crown, Ar-
chimedes found tHe answer while bathing by considenng the water displaced
by s body, w hereupon he 1s reported to have run home 1n his excitement with-
out, s clothes, shouting, “Eureka” (1 havn foundat)
with tics 1s even saxd to have been the
cause of his death In the general massaere which followed the capture of Syra-
cuse by Marcellus 1n 212 B ¢, Archimedes was 5o intent upon a mathematical
diagram that be took no mmce, and when ordered by & soldier 1o atiend the
Wictorioug general, he refused until he should have solved us problem, nwhere-
upon he was slain by the enraged soldier No blame attaches to the Roman
general, Marcellus, since he had given orders to spare the house and person of
the mathematician, and 1n the rudst of hus triumph be lamented the death of
Arclumedes provided lum with an bonorable bunal, and befriended Jus sur-

viving relatives In accordance with the 3 desire of Archimedes, his
ﬂlmxly and irxend.s tpremhad an b Eolal rr r 1 -
the sphere and the a

to the contomed W
cavered the neglected and forgotten tomb of Archimedes near the Agngent:
Gate and prously restoredat




CONTENTS

Broarararcan Note, 399

ON THE SPHERE AND CYLINDER, BOOK I, 403
ONX THE SPIIERE AND CYLINDER, BOOK 11 434
A[EASUREMENT OF A CIRCLE, 447
ON CONOIDS AND BPHEROIDS, 452

ON sPIRALS, 482
ON TIE EQUILIBRIUM OF PLANES, BOOK 1, 502
ON THE EQUILIBRIUM OF PLANES, BOOK II, 510
THE BAND-RECKONER, 520
QUADRATURE OF THE PARABOLA, 527
ON FLOATING BODIES, BOOK I, 538
ON FLOATING BODIES, BOOK 1I, 543
Book OF LEMMAS, 561
THE METHOD TREATING OT MECHANICAL PROBLEMS, 560






ON THE SPHERE AND CYLINDLR
BOOK ONE

ArcarMEDES to Dosrrrevus greeting

On a former oceaston I sent you the mnvestigations which I had up to that
time completed mcluding the proofs showing that any segment bounded by a
straight hine and a section of a nght-angled cone [a parabola] 1s four thirds of
the tnangle which has the same base with the segment and equal height Simce
then certain theorems not hitherto demonstrated have occurred to me and I
have worked out the proofs of them They are these first that the surface of
o * 1

surtace also [including 1ts bases) 1s half as large again as the surface of the
sphere Now these properties were all along naturally wherent m the figures
referred to but remained unknown to those who were before my time engaged
in the study of geometry Having however now discosered that the proper-
tres are true of these figures I cannot feel any hesitation 1n setting them side
‘é}' glde both with my former 1nvestigations and with those of the theorems of

Possess the requisite ebihty to examine these discoveries of mine They ought
to have been published while Conon was still ahve for I should concerve that
)

out which 1t will be open to mathematicians to examune Farewell
I first set out the axtoms and the sssumptions which I have used for the
Proofs of my propositions

403



04 ARCHIMEDLS

DEFINITIONS

1 “There are 1n a plane certan terminated bent hnes, which exther he wholly
on the same side of the stratght hoes joumng thewr extremities, or have no part
of them on the other side”

2 “I apply the term concare m the same derecton to n line such that, if any
two paints on it are taken, either all the straght hines connecting the ponts
£all on the same side of the hne, or some falt on one and the ssme side while
others fall on the hine itself, but none on the other side ™

3 “Sumiardy slso there are certam terminated surfaces, not themsels es be
mg 1n a plane but having their extremities 1 2 plane, and such that they wilfl
erther be sholly on the same side of the plane contaming theur extremities, of
has e no part of them on the other ada ™’

4 “] apply the term concate in the same direction to surfaces such that, i any
two pomts on them are tahen, the strarght hines connecting the powts etther sl
fall on the same side of the surface, ar some falt on one and the same stde of 1t
while some fall upon it, but none on the other side ™

5 * yce the term solid sector, when & cone cuts a sphere, and has ita apex st
the centre of the sphere, to denote the fiure comprehended by the surface of
the cone and the surface of the sphere included within the cone ”

6 “Iapply the term soltd rhombus, wlien two cones with the same base hase
thetr apices on opposite sides of the plane of the base i such o position that
therr axes he m & strasght line, to denote the sold figure made up of both the
canes "’

ASSUMPTIONS

1 “Of all lines uheeh have the same extrematies the straght Iine 23 the least”

2 Of other hnes i 5 plane snd having the same extrermbzes, [any two] such
sre unequal wheneser both are coneay & m the sume direction and one of them
15 esther s holly mehded between the other and the straight hine sluch hasthe
same extremuties witht, or i3 partly incloded by, and 15 partly common with,
the other and that [lne] which 1s included 1s the lesser [of the tno} "

3 ' Sunilarly, of surfices which hate the same extremuties, if those extromt
ties are i 8 plane the plane s the least [in arer] ’

4 Df other surfaces with the same extremitios, the evtremities bemng 38 2
plane [any two] such are unequal wheneser both are coneave in the same i
rection and ane surface 1s esther wholly tacluded between the other and the
plane which has the same extremties with it, or is pirtly wncluded by, and
partly common with the other, and that {surface] w hich 1s wcluded 1s thedesser
{of the t&o i area

5 ‘Further of unequal lines unequal surfaces and unequal sohds, the
greater excoeds the fess by such a magmtude as when added to itself ean
made to exteed any wsagned magmtude among those winch sre compagabie
wath {it and sith one another

* These things bang premised of o polyjon be treerbed in a6 crrele, 1818 plamt
that the persmeter of the 1 scribed pol ygan 1s lesy than the circumyerence of (¢
circle, for each of the =2 de~ of the palvgon 1s less than that part of the cireust”
ference of the cirele which s cut off by 1t
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a Provosriov 1

B If o polygon be circumscribed about o curcle, the
permeler of the cireumaeribed polygon ts greater
than the pervmeler of the eircle

Let any two adjneent sdes, meeting m 4,
touch the marcle a3 P, Q) respectively
Then {Assumptions, 2}
PA+AQ> (1o PQ)
A simlar speguahty holds for exch angle of the
polygon, and, by addition, the required result fol-
Yows

ProrosiTioN 2
Cen hro unequal mogratudes, 1t 18 possible fo find two unequal straaght hines such
that the greater straght line has to the less a rotin less than the greater sagnitude
has o the less
Let AB,D represent the two unequal magwtudes AB
& being the greater
A Suppose BC mensured along BA equal to 1, and Iet GH be
H any strarght hne
e Then 1if C4 be added to iself a sufficient number of
times, the sum will exceed D Let AT be this sum endtahe I
ob GH produced such that CH s the same multiple of HE
o ihat AF wof AC
Thus EH HG=AC AF
But, stnce AF> D {or OB),
B AC AF<AC CB
o e ‘Therefore componendo,
EG GH<AB D
Henee EG, GH aga tw o hnes satisfyng the gives condition
Prorosrrion 3
Gen tuo unequal magnitudes and o cirele, o 18 possible to wnseribe o polygon in
the earcle and to destribe enother aboul +f so that the side of the careumscribed poly-
gon wmay hae to the srde of the wmserebed polygon a ratio less than that of the greater
mapratude lo the less
o
T

/ {&1"

Af ¥ e

5

=3
N
Lot A B represent the given magnitudes 4 bemg the greater
Find {frop 2 thostrmght hnes F AL of which 713 the greater, such that
F Khi<d B [¢3)
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mg -
m.

Jomn NC, which (by the construction) will be the side of a regular polygon
msenbed 1n the circle Let OP be the radis of the eircle bisecting the angle
NOC (and therefore bisectng NC at night angles, 1n H, say), and let the tan-
gent at P meet OC, ON produced 1n S, T respectively

Now, since LCON<2LLEM,

ZHOC< LLKM,
and the angles at H, L are nght,
therefore MX LE>0C OH

>0P OH
Hence ST CN<MK LK
<F LK,
therefore, ¢ fortiorz, by (1),
ST CN<4A B

Thus two polygons are found satisfymng the given condition

ProrosiTioN 4

Again, guen lio unequal magnitudes and a sector, 1t 13 possible fo describe a poly-
gon about the sector and to unscribe another in ot so that the side of the circumscribed
polygon may have o the side of the 1nscribed polygon a ratio less than the greater
magnaiude has to the less

[The “nsertbed polygon” found 1n this proposition 1s one which has for two
sides the two radu bounding the sector, while the remaimng sides (the number
of which 1s, by construction, some power of 2) subtend equal parts of the arc of
the sector, the “circumscnibed polygon” 1s formed by the tangents parallel to
the sides of the mseribed polygon and by the two bounding radn produced ]

T
K
A F :]
[ .
Tn b canen o~ 1oab o P + = aycept
tween
cactly

sumilar to the preceding one

ProrosiTiov 5
Guen a circle and tio unequal magnitudes, to describe a polygon about the circle
and inseribe another n 11, so that the crreumscribed polygon may have to the 17
scribed a ratio less than the greater magnitude has to the less
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Yet 4 be the gnen anele and B,
C the given magnstudes, B bemng the
greater
Take two unequal stroght hnes
D, E, of which I 1s the greater,
™ % quoh that D E<B C TProp 2,
and let F be a mean proportional
between D, K so that D 1s ako
greater than ¥
Desertbe (in the veammer of Prop
3) one polygon about the arcle,
and wmsenbe znother n it, so that
the sude of the former has to the sude
of the latter a ratio Jess than the ratto D F
Thus the duplteate ratws of the mde of the former pakygon to the mde of the
latter 1s less than the ratio D* F?
But the smd duplieate ratio of the sides 1s equal to the ratio of the areas of
the polygons, snte they are sumlar,
therefore the ares of the circumseribed poly gon has to the area of the we
serthed polygon & ratio less than the ratio D% * F%, or D B, and a fortior less
than the ratio B €

E
13

Prorostrion §

“Simslarly we esn show thal, grven fwo unequal magnitudes ant a sector, o 13
possible to carcumscribe a polygon about the secior ond inscribe an o another imalar
one 50 that the curcumscribed muy have to the inseribed a ratio less than the greater
magritude has {o the less

“‘Andatas hkewise clear that, of o aivele or a sector, as well 45 o certarn aren, be
pien 3t 33 posmble, by msensbing regular polygons w the corcle or sector, and by
cantinually tnserbing such in the 1 lo leare of e
errele pr seclor ulich ave [fogether} less than the guen nrea For thus 18 proved iy
the Elements {Euel xxe 2]

“But i, 15 yet to be proved that, gren a ewcle or gector and an eren, 1
13 possible to descride a polygon about the circle or seclor, such that the areq re-
mmmng befween the f and the thed figure 8 less than the

grven area”

The proof for the crcle (which, ag
Arclumedes says, can be equally ap-
phed to & sector) 19 as follons

Let A be the mven circle and B the

8 gven aren

Now, there beng two unequal mags
mitudes A4-B and 4, let 2 polygon
{C) be cweumsenbed about the circle
and a polygon (7) insenbed st {as in
Frop 5},

$0 that
C I<A4B 4 &y
The circumsentbed poly gon (C) shall be that required ’
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For the cirele (4) 1s greater than the iscribed polygon (1)
Therefore, from (1), @ fortiore,
C A<A4B:4,
whence C<4d+8B,
or C~A<B

Provosrrion 7

If 1n an 1sosceles cone {2 & a raght crrculer conel a pyromud be wnscribed hoving o1
equilateral base, the surface of the pyramd ezcluding the base 15 equal to a trangle
haveng als base equal {o the perimeler of the base of the pyramzd and 1is height equal
1o the perpendicular dratwen from the apex on one side of the base

Since the sides of the base of the pyramud are equal, 1t follows that the per-
pendsculars from the apex to all the sides of the base are equal, and the proof
of the proposition 1s obvious

Prorosiriov 8
If a pyramid be curcumscribed about an tsosceles cane, the surface of the pyrerud
excluding 1ts base 13 equal o & traangle having uis bose equal 1o the perimeler of the
base of the pyramud and s hergh! equal to the side [y & @ generalor] of the cont
.y fa H . CREREN YV atearn

of *

of i .

these perpendiculars, bemg of the cone, are equal, whence the prop-
osition follows immediately

Prorosiriov ¢

If 1n the ewrcular base of an wsosceles cone a chard be placed, and from 1is extrems=
ties straight lines be drawn to the apez of the cone, the triangle so formed will be fese
than the portion of the surface of the cone wntercepted between the Ines drawn lo the
aper

Let ABC be the aircular base of the cone, and 0 ats apex

Draw a chord AB m the aircle, and joir 04, O Busect the are ACBin €,
and jois AC, BC, OC

Then AOQAC+AOBC> AQAB

Let the excess of the sum of the first two tnangles over the third be equal
to the area D

Then D 13 exther less than
the sum of the segments AEC,
CFB, ot not less

1 Let D be not less than the
sum of the segments referred
to

We haye now two surfaces

{1} that consisting of the
portion OAEC of the surface
of the cone together with the
segment AEC, and

{2) the tnangle 0A4C,
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and, since the two surfaces have the same extremmties (the perimeter of the
triangle OAC), the former surface 1s greater than the latter, which 1s wneluded
by 1t [Assumptions, 3 or 4]
Hence (surface Q4 FC)+-(segment AEC) > AQAC
Stmilarly (surface OCFB)+ (segment CFB)> AOBC
Therefore, since D 1s not less than the sum of the segments, we have, by
addstion,
(surface OAECFB)+D> AOAC+AOBC
> AOAB+D, by hypothesis
Taking away the common part D, we have the required result
II Let D be less than the sum of the segments AEC, CFB
If now we hisect the arcs AC, CB, then bisect the halves, and so on, we shall
ultimately leave segments which are together less than D [Prop 6]
Let AGE, EHC, CKF, FLB be those segments, and jomx OF, OF
Then, as before,
(surface OAGE)-+(segment AGE)> AOAE

and (surface OEHC)4-(segment EHC)> AGEC
Therefore (surface OAGHC)+-(segments AGE, EHC)
>AOAE+AOCEC f

> AOAC, a fortror:
Simalarly for the part of the surface of the cone bounded by OC, OB and
the arc CFB
Hence, by add:tion,
(surface OAGEHCKFLB)+(segments AGE, EHC, CKF, FLB)
>A0AC+AOBC
> AOAB+-D, by hypothests !
But the sum of the segments 13 less than D, and the required result follows

Prorosirion 10

If 1n the plane of the circular base of an 1sosceles cone fwo tangents be drawn to the
cerele meeting in @ point, and the pownts of contact and the pownt of cancourse of the
tangents be respectitely j0ined to the apex of the cone, the sum of the tio triangles
Jormed by the joimang lines and the two tangents are fogether greater than the in-
eluded portion of the surface of the cone

Let ABC be the eircular base of the cone, O its apex, AD, BD the two tan
gents to the eircle meeting m D Join O4, 0B, OD

Let ECF be drawn touching the circle at C, the mrddle point of the arc ACB,
and therefore parallel to AB Jon OF, O,

Then ED+DF >EF,
and, adding AE+FB to each side,
AD+DB>AE+EF+FR

Now 04, OC, OB, beng generators of the eone, are equal, and they are
respectively perpendlcul.lr to the tangentsat 4, ¢, B

1t follows that

AOAD+AODB>AOAE+AOEF+AOFB

Let the area G be equal to the excess of the first sum over the second

Gisthen ertherless, or not less than the sum of the spaces BAHC, FCEB
remarnng between the eircle and the tangents, which sum we will eall Z, —

I Let G be not less than L o
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We have now two surfaces
(1) that of the pyranud with apex O and base AEFS, excluding the face

AB,
(2)‘ that consisting of the part OACB of the surface of the cone together mth
the segment ACB
These two surfaces have the same extremities, viz the perimeter of the tr-
angle 0A B, and, since the former includes the latter, the former 1s the greater
[Assumptions, 4]
That 15, the surface of the pyramid exclusis e of the face 04 B 1s greater than
the sum of the surface OACB and the segment ACB
Taking away the segment from each sum, we have
AOAE+AOEF+AOFB+L>the surface OAHCKB
And G 1s not less than L
It follows that [

AOAE+ AOEF+AOFB4-G,
which 15 by hypothesis equal to
AOAD+ AODB, 1s greater thap the
same surface

II Let G be less than L

If we bisect the arcs AC, CB and
draw tangents at their middle potnts,
then bisect the halves and draw tan-
gents, and so on, we shall lastly arnve
at a polygon such that the sum of the
parts remainng between the sides of
the polygon and the eircumference of
the segment 1s less than G

Let the remainders be those be-
tween the segment and the polygon
APQRSB, and let their sum be A
Jom OP, 0Q etc

Then, as before,

AQAE+AQEF+AOFB> AO4P+AOPQ+ +AOSB

Also as before,
(surface of pyramid OAPQRSB excluding the face OAB)>the part OACB of
the surface of the cone together with the segment ACB
Taking avay the segment from each sum,

ACIP+AOPQ+  +M>the part OACB of the surface of the cone

Hence, a fortior:

ADAEY ADEF+ AUFB+G,
which 1s by hypothesis equal to
AOAD+AODB,
1s greater than the part QACB of the surface of the cone

Prorosrrion 11

If a planc parallel to the axs of a mght eylinder cut the eylnder, the part of Mf
surface of the cylinder cut off by the plane 1x greater than the arca of the poralick
‘vg:rz wn which ¢ Unlane culs it

N
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Provostmioy 12

1f at the extremifies of tuo generators of any right cylinder langents be drav.n lo the
areular bases 1 the planes of those bases respecticely, and 3f the pairs of tangents
mect, the parallelograms formed by each generator and the two corresponding fan-
gents respecticely are together greater than the included portion of the surface of the
eylinder between the lwo generalors

{The proofs of thesa two proposttsons follow emctb the methods of Props 9,
10 respectively, and 1t 1§ theref to mn }

“Trom the properties thus proved 1t 15 c]ear ) that ifa eramui be tn-
seribed an an sosceles cone, the surface of the pyramid ezcludmg the base 18 less
than the surface of the cone [excluding the basel, and (2) that, +f @ pyramid be
errcumseribed about an 1sosceles cone, the surface of the pyranud excluding the base
13 greater than the surface of the cone excluding the base

“It 15 also elear from what has been proved both (1) that, if a prism be 1n-
seribed 1n & reght cylinder, the surface of the prism made up of 13 parallelograms
(e excluding s bases] s less than the surfuce of the eylinder excluding us bases,
and (2) that, 1f @ prism be crrcumseribed aboul @ right cylinder, the surface of the
prism made up of s parallelograms 18 greater than the surface of the cylinder
excluding 1fs bases

Prorosrrroy 13
The surface of any right cylinder excluding the bases 15 equol fo a cwrele whose
radus 15 a mean proportional Setiween the side{i e @ generator] of the cylinder and
the diameter of 1ts base
Let the base of the cy Iinder be the arrcle 4, and make D equal to the dtam-
eter of thus errcle, and BF equn} to the height of the cylinder
o . Let 2 be a mean proportional
between CD, EF, and B a aircle
with radws equal to A
Then the arcle B shall be
equal to the surface of the 3 in-
der {excluding the bases), ®hich

o, 13
" wewill call §

For, if not, B must be ether
e

greater or less than §
I Suppose B<S
Then 15 19 possthle to creum-
scribe o regular polygon about
B, and to inscribe another 1m 3,
« such that the ratio of the former
to the latter 1s less than the
rto S B
Suppose this done, and ar-
cumsenbe about A4 4 polygon

Let KD, perpendicular to 0D, and FL, perpendicular to EF, be each equal
1o the perimeter of the poly gon about 4 Bisect CD 1 M, and, om MK
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Then AKDM =the polygon about 4

Also [OEL=surface of pnsm (excluding bases)

Produce FE to N so that FE=EN, and jomn NL

Now the polygons about 4, B, being smlay, are in the duplicate ratio of
the radn of 4, B

Thus

AKDM (polygon about B)=MD?* H?
=MD* CD EF
=MD NF

=ARDM ALFN
(since Dh =FL)
Therefore (polygon about B)= ALFN
=JEL

= (surface of prism about 4),
from above
But (polygon about B) (polygon i B)<S B
Therefore
(surface of prism about 4) (polygonm B)<S B,
and, alternately,
(surface of pnsm sbout A) S<(polygonmm B) B,
which 1s impossible, smee the surface of the prism 1s greater than S, while the
poly gon msenbed 1n B 1s less than B
Therefore B4S
II Suppose B> S
Let a regular polygon be circumsenbed about B and another insertbed 1 4
so that

1 pnsm on

Apdllly 1L D0, £ 4, ULAWL 88 UEIOLL, U BULR LyUdl WO LG puss uvtel of the
poly gon inseribed m 4

Then, n this ease

ARDM > (poly gon inserbed 1n A4)

(since the perpendicular from the centre on a sude of the polygon 18 less than
the radius of 4)

;I:Isu ALFN=[JEL=surface of pnsm (escluding bases)

Now
(polygonn A) (polygon m B)=3D* 2,
=AKD ALFN, as before
And ARD>(polygon in 4)
Therefore
ALFN or (surface of prism) > (polygon m B)
But thug 1s impossible, because
(polygon about B) (polygonin B)<B 8
<{polygon nbout B) 8, a fortiort,
so that (polygon th B} >SS,
> (surface of prism), @ forfiort
Hence B s petther greater nor lesg t):;n S, and therefore
B=
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Prorosrrran 14

The surface of any 1sesceles tone excluding the base v equal to a crrele w kase radius
%8 @ mean proportronal betuween the side of the cone [a generator] and the redius of
ihe errele which s the base of the cone
Let the circle A be the base of the cone, draw € equal £o the radus of the
circle, and D equal to the side of the cone, and let B be a mean proportsonal
between €, D
Dirav. 5 tirele B with radws equal
E

to
Then shall B be equal to the surface
of the cone (eveluding the hase),
which we wll call §
If not, B must be either greater or
l less than §
T Suppose BLS
£ Let a regular polygon be descnbed
about B and a simlar one msen
) in 1t such that the former has to the
latter a ratio less than theratio S B
Deseribe about 4 another ssmlar polygon, and on 1t set up o pyramd with
apex the same as that of the cone
Then » {polygon about 4} (palygoen about B)
- C'X 2

=C D
= (polygon about 4} {surface of pyramid excluding base)
Therefore
{surfoce of pyramd ={poly gon about B)
Naw {polygon ahout B) (polygen it BI<S B
Therefore
(surface of pyramud) (polygon n B)<§ B,
which 15 mpossible (because the surface of the pyratmd 1s greater than S,
while the polygon m 5 1s less than B)
Hence B8
il Suppose B>S
Take regular poly gons aircumsenbed and mserbed to B such that the ratio
of the former to the latter 1s less than the ratio B
Insenbe m 4 o sumlar polygon to that mnscnbed in B, and erect a pyraaud
on the polygon wsenbed m & with apex the same a5 that of the cone
In thus case
(polvgan v 4)  (polygon m B )"g o DE

> (polygon in 4} (surface of pyramud excluding base)

This 15 clear beeatse the ratio of € to D 1s greater than the ratio of the
perpendicular irom the centre of A on a side of the polygon to the perpen-
dienlar from the apex of the cone on the same side

Therefare

(surface of pyrmud) > (polygon m B)

But (poly gon about B} (pohygon m B}<B § /
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Therefore a forbior,
{pols gon abaut B) (surface of pyramid) <B S,
which 18 wepossible
Since therefore B 1s netther greatj; ngr less than S,

Prorosrrioy 15
The surfoce of any 1s0sceles cone has the same rutto to its buse as the side of tFe cone
kas to the radus of the base
By Prop 14, the surface of the cone 15 equal to & circle whose rads 188
mean progortional between the side of the cone and the radius of the base
Hence, since cireles are to one another as the squares of thewr radu, the prop~
aosttion fallons

Prorosiriov 16

If an 1sosceles cone be cut by a plane parallel to the buse the portron of the surface
aof the cone belueen the parallel planes 18 equal 10 @ errele whose radiug vs o mean
proportional between (1) the portion of the side of the cone infercepted by the paral
Tel plancs and (2) the line whech 15 equal to the swm of the radit of the carcles n the
parallel planes

Let 04 B be a tnangle through the nas of 2 cone, DE s wtersection with
the plane eutting off the frustum and OFC the axs of the cone

‘Then the surface of the cone OAB 1s equal 10 & arcle o
whose radrus 15 equal to /04 A€ {Prop 141

Sunalarly the surface of the cone ODE 1s equal to a
arcle whaose radiug 15 equal to 4/0

And the surface of the frustum is equal to the differ
ence between the two arcles

Now Y, o $
OA AC~OD DF=DA AC+0D 4C—0D DF
But 0D AC=04 DF
simee 04 AC=QD DF A < b
Hence 04 AC—~0OD DP=DA AC+DA DF
. o | =DA U4C+DR . o,
n1 < nomoialagomnd  « B

.
Lheretore the surface of the frustum 1s equal to this arcle

LIMALAS
“1 Cancs having equal height hate the same ranio a3 their bases and thase katind
equal bases haie the same ratio as their herghtst

2 If @ eylnder be cut by a plane parallel to the base then as the cylinder 1% o
the eylinder so ts the azis fo the ars?

"
- ta ~ .
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3 Thecones which have the same bases ax the cylinders [and equal herght] ave wn
the same ratiwo as the cylinders

4 Also the bases of equal cones are recyprocally proportional fo their heights,
and those cones whose bases are recyprocally proporhional to thewr heights are
equal?

5 Also the cones, the dvameters of whose bases hate the same ratio a3 therr azes,
are 10 one another wn the triplicate ratio of the diameters of the bases?

And all these proposttions have been proved by earlier geometers ”

Prorosrriov 17

If theve be b toosceles canes, and the surface of one cane be equeal to the base of the
olher, while the perpendicular from the centre of the base [of (he first cone] on the
side of that cone 15 equal to the height [of the second], the cones will be equal
Yet 0AB, DEF be tnangles through the axes of two cones xespectively, C, G
the centres of the respective bases,
A GH the perpencheular from & on FD,
and suppose that the base of the cone
& OAB wegualto the surface of the cone
DEF, snd that OC=GH
Then, simce the base of O4B 1
1 » equal to the surface of DEF,
{base of cone 04B) (buse of cone

= (surface of DEF} (base of DEF)

¥ =DF FG Prop 15}
8 =D GH, by sumiar tnangles
=DF OC

Therefore the bases of the tones are reciprocally proportional o thew
heights, whente the cones are equal [Lemma 4 )

Prorosiriov 18

Any sohid rhombus consishing of wsosceles cones 1s equal 1o the cone which hes s
buse equal Lo the surfozs of one of the cones composing the rhombus and s heght
equal to the perpendreular drawn Jrom the apex of the second cone to one side of
the first cone

et the rhombus be OABD consisting of two cones with apices O, D and
with a common base (the eircle about AB as dismeter)

Let FHK be another cone with base equal to the surface of the cone OAB
2nd height FG equal to DE, the perpendicular from D on OB

‘Then shall the cone FHK be equal to the rhumbus

Construct & thurd cone LAMA with base (the aircle about MN) equsl to the
hase of OAB and height L equal to O

Eucld xix 15 “The bases of equal rones and cyhinders are reaaprovally proportionst to
ihar heights and those cones and cybaders whose bases aze recipracsliy proportional to
thar heighta are

Euchd x11 12 ¢ Simlat cones sad €3 haders are to one anotherin the tnpheata ratio of the

dramgeters of their bases /
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Then, since LP=0D,
LP.CD=0D.CD.
But  {Lemma 1} 0D :CD=(rhombus OADB) : (cone DAB),
an LP : CD=(cone LAMN) : (cone DAB).
1t follons that ¥

A
H ) K
o o n
3

N

(thomtrus OADB) = (cone LMN) 1)

Agan, since 4 B= 3N, and

{surface of 0AB) = (base of FHK),

(base of FHE) (base of LAIN) = (surface of OAB) : (base of 04B)
=08 BC Prop 151
=00 DE, by similar tnangles,
=LP F(@, by hypothesis

Thus, 1n the cones FHEK, LMY, the bases are reciproeally proportional to
the heights

"Therefore the cones FHEK, LAIN are equl,
and hence, by (1) the cons FHEA 18 equal to the gmven sold thombus

Prorosrriov 19

If an sosceles cone be cut by a plane parallel to the base, and on the resulling
ctreular sechion a cone be described havang s 1fs apexz the centre of the base {of the
first conél, and of the rhombus so formed be taken avay from the whole tong, the
part remarning will be equal to the cone with base equal fo fhe surface of the porion
of the first cone betwcen the parallel plares and urth keght equal to the perpers
dicular drawn from the centre of the base of the first cone on one nide of that core

Let the cone OAB be cut by a plane paralle! to the base in the cirele on DE
asdiameter Let C be the centre of the base of the cone, and with € a5 apeYan
the airele about DE as base deseribe a cone, malang with the cone ODF the
rhombus ODCE

“Tahe & cone FGH with base equal to the surface of the frustum DABE and
height equal to the perpendicular (CK) from € on 40

Then shall the cone FGH be equal to the difference between the cone 018
and the rhombus ODCE

Take (1} 2 cone LN with base equal to the surface of the cone 0AB,
heght equal to CH,

(2) & cone PQR with base equat to the sutface of the cone ODE snd height
equal to CK.

and
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Now, sinee the surface of the cone OAB 1m equal 4o the surface of the cone
ODE together with that of the frustum DABE, we have, by the construction,

S
o

» ® Q R

{bass of LAN}=(base of FGH)-(base of PRR)
and, smee the heights of the three cones are equal,
{cone LM N)=(cone FGH)4-(cone PQR)
But the cone LMY 15 equal to the cone OAB [Prop 17], and the cons PQR
18 equal to the thombus GDCE {(Prop 18}
Therefore {cone OA B)= (cone FGH)+ (thombus ODCL), and the proposi-
tion 15 proved

Prorosirion 20

If one of the tuwo 1505celes cones forming a rhombus be cut by & plane parallel lo the
base and on the resulling arreular zection @ cone be described having the same aper
as the second cone, and if the resultang rhombus be taken. from the whole rhombus,
the remasnder wrll be equal io the cone with base equal lo the surfuce of the portion
of the cone between the parallel planes and with heght equal {0 the perpendicular
draun from the apex of the second cone to the srde of the first cone

€

"

Let the rhombus be QACE and let the cone OAB be cut by s plane parafiel
to1ts base in the eircle about DK as duumeter  With this eirele a3 base and ¢
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as apex describe o cone, which therefore with ODE forms the rhombus 0DCE

Take a cone FGH with base equal to the surface of the frustum DABE and
height equal to the perpendicular (CK) from € on 04

The cone FGH shall be equal to the difference between the rhombi OACB,
ODCE

For take (1) a cone LN with base equal to the surface of OAB and height
equal to CK,

(2) & cone PQR, with base equal to the surface of ODE, and height equal
to CK

Then, since the surface of OA B 1s equal to the surface of ODE together with
that of the frustum DABE, we have, by construction,
(base of LMN) = (base of PQR)+(base of FGH),

and the three cones are of equal height,
therefore {cone LN} =(cone PQR)+(cone FGH)

But the cone LMN 15 equal to the rhombus OACB, and the cone PQR 1
equal to the thombus ODCE [Prop 18]

Hence the cone FGH 1s equal to the difference between the two rhomb
0ACB, ODCE

Prorosrrion 21

A regular polygon of an eten number of sudes being 1nseribed n a arcle, a8
ABC A’ C'B'A, so that AA’ 1s a diameter, of fwo angular pownts next bul
one to each other, as B, B’, be gowned, and the other lines parallel o BB’ and joining
pawrs of angular points be drawn, as CC, DD’ -, then
(BB'4+CC’+ ) AA'=A'B BA
Let BB, CC', DD,  mect AA’
w F,GH, ,andlet CB, DC',
be joined meeting AA’ mn K, L,
respectively
Then cleatly CB’, DC’, are
parallel to one another and to AB
Hence, by simular tnangles,
BF FA=B'F FK

=EIl IA',
and, summing the antecedents and
consequents respectively, we have
(BB'+CC'++ ) AA’=BF FA
=4'B BA

ProrosrTiov 22
If & polygon be tnscribed 1n @ segment of a circle LAL' so that all 1ts sides exclud
ng the base are equal and therr number eeen as LK A K'L', A beng 10
middle point of the segment, and 1f the lines BB’, CC’,  parallel to the base LL
and jorning pairs of angular poinis be draun, then
(BB'4+CC'+  +LM) AM=A'B BA,
wchere M 18 the muddle pownt of LL’ and AA’ 13 the drameler through M.
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Jong CB',DC’,  LK’,asm the
last propesttion, and supposing that

L they meet AM m P, Q, R, whle
BB, CC", , KK’ meet AM m F,
G, H, we have, by smlar tn-
angles,
BF FA=BF FP
N =C@ PG
R =C'G GQ
=LM RM,
and, summng the antecedents and
{ consequents we obtain
(BB'+CC'+ +LM) AM
=BF FA

=A'B BA

Prorosrrion 23
Take a great cirele ABC of a sphere, and 1nseribe m 1t  regular polygon
whose sides are a multiple of four 1n number Let AA’, MM’ be diameters at
nght angles and joimng opposite angular points of the polygon
Then, 1f the polygon and great
arcle revolve together about the

|3 N

8 \d
sphere at night angles to the diame-
ter AA’ Also the mdes of the poly -
gon will descnibe portions of comeal
surfaces eg BC will desenbe a
surface forming part of a cone whose
base 13 a circle about CC* as diameter
and whose apex1s the pomnt 1n which
8 4 CB C B’ produced meet each other
and the diameter 44’
Onrmonmnn Lt araar
3 N
* ) A}

v vy

Therefore {Assumptions 4] the surface of the herusphere 13 greater than that
of the inseribed figure, and the same 15 true of the other halves of the figures

Hence the surface of the sphere 1s greater than the surface described by the rec-
olution of the polygon nscribed n the great circle about the diameter of the great
crrele
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ProrosrTioN 24

If avegular polygon AB -+ A’ B'A, the number of whose sides 15 a multiple of
four, be anscrabed 1n a great circle of @ sphere, and 1f BB’ sublending two sides be
joined, and all the other lines parallel to BB’ and joining parrs of angular pownts
be drawn, then the surface of the figure tnscribed 1n the sphere by the retolution of
the polygon about the diameter AA’ 15
equal to a circle the square of whose i}
radwus 18 equal o the reclangle > =
BA(BB'4+-CC'+ )
The surface of the figure 13 made ) v
up of thesurfacesof parts of different

cones
Novw the surface of the cone ABB’

is equal to a eircle whose radius s A A
+/BA-1BE [Prop 14]

The surface of the frustum BB'C'C
1s equal to & arcle of radius
+/BC 3(BF¥CC), {Prop 16} B Y
and so on
It follows, snce BA=BC= ,
that the whole surface 1s equal to o ¢ o
circle whose radius 15 equal to
A/BA(BBFCC+ +MM+ +YY)
ProposiTION 25
The surface of the figure tnscribed tn @ sphere as wn the last propositions, consishng
nf,f)orlzons of conucal surfaces, s less than four tumes the grealesi cirele 10 the
sphere
Let AB A’  B'A be a regular polygon mscnibed 1 a great arcle, the
number of its sides bemg a multiple of four
As before, let BB’ be drawn sub-
tending two sides, and CC’, YV’ ===
parallel to BB’ K
Let 2 be a crcle such that the
square of 1ts radws 1s equal to [ \
AB(BB'+CC’'+  +YVY"), M
so that the surface of the figure in- e
scribed 1n the sphere 1s equal to R ¥
{Prop 21} *

Now
BB +CC'+  +YY) AN
=A'B AB, [Prop 21) g 4
whence AB(BB'+CC’'+ +YY")
=AA’ A'B
Hence (radws of R)*=A4" A'B e W
<AA? E
Therefore the surface of the insenbed figure, or the uircle R, 18 less than four
times the airele 1AV
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Prorosrriov 26

The figure inscribed as aboie in a sphere 18 equal [1n tolume] to @ cone whose base
wacucle equal to the surface of the figure inseribed tn the sphere and whose hewght
15 equal to the perpendicular drawn from the cenire of the sphere fo one sude of the
polygon
Suppose, as before, that AB A’ B'A1s the regular polygon inscribed 1n
a great circle, and let BB’, CC’,  be jomned
With apex O construct cones
whose bases are the circles on
BB, CC', as diameters m
planes perpendicular to A4’
B v Then OBAB’ 18 a sohd
thombus, and its volume 1s
’ equal to a cone whose base 15
- equal to the surface of the cone
. A & » ABB’ and whose height 13
N / equal to the perpendicular
~ from O on AB [Prop 18] Let
the length of the perpendicu-
8 ¥ lar be p
Agmn, if CB, ¢'B’ produced
meet 1n T, the portion of the
solid figure which 1s desenbed
by the revolution of the tn-
angle BOC about AA’ 15 equal to the difference between the thomb OCTC”
and OBTB’,1¢ to a cone whose base 1s equal to the surface of the frustum
BB C C and whose height 1s p {Prop 20]
Proceeding 1n this manner, and adding, we prove that, simce cones of equal
height are to one another as their bases the volume of the solid of revolution
13 equal to a cone with height p and base equal to the sum of the surfaces of the
cone BAB', the frustum BB C C, ete ,1¢ a cone with height p and base equal
1o the surface of the sohd

ProrosiTioN 27

The figure tnscrabed 1n the sphere as before 13 less than four tumes the cone whose
base 13 equal to a great crrcle of the sphere and whose height 1s equal to the radius
of the sphere

By Prop 26 the volume of the solid figure 1s equal to a cone whose base 13
equal to the surface of the sohd and whose height 1s p, the perpendicular from
O on any side of the polygon Let R be such a cone

Take also a cone S with base equal to the great circle, and height equal to
the radius, of the sphere

Now, mnce the surface of the msenbed solid 1s less than four times the great
arcle [Prop 25), the base of the cone R 1s less than four times the base of the
cone §

Also the height (p) of E 1s less than the height of §

Therefore the volume of R 1s Iess than four times that of S, and the proposi-
ton 1s proved
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Pravosmion 28

Let a regular polygon, whose sides are a multiple of four in number, be crcum~
scribed about o great arcle of a given sphere, as AB 47 B’A, and about
the polygon deseribe another cirele, which will therefore have the same centre
as the great cirele of the sphere Let A4’ bisect the polygon and cut the sphere
wa, a’

1If the great circle and the cireum-
seribed  polygon revolve together s
about 4.4, the great arcle mil de- P 3
serbe the surface of 5 sphere, the an-
gular pomnts of the polygen except A,
A" will move round the surface of a
larger sphere, the pomts of contact of
the sides of the polygon with the great 1
arele of the mnner spbere will desenbe
arcles on that sphere 1 planes per-
pendicular to AAY, and the mdes of
the polygon themselves will deseribe
porttons of conreal surfaces The cur-
cumseribed figure well thus be greater K .
than the sphere atself

1et any sude, as B, touch the
mner cirele an K, and let K be the pomt of contact of the arcle with B2

Then the arcle deseribed by the revolation of KXK' about 44" 18 the boun
dary 1 one plane of two surfaces

(1) the surface formed by the revolution of the eireular segment Kak', 2nd

(2) the surface formed by the revolution of the part KB A BK'of the
polygon

Naw the second surface entirely ncludes the first, snd they are both conesve
i the same divection,

therefore {A ssumptions, 4] the second surface 1s greater than the first

The same 15 trie of the portion of the surface on the opposite ade of the
arcle on A’ as dameter

Hence, adding we sce that the surface of the figure cureumseribed o the given
sphere 15 greater than that of the sphere wself

Prorosrrron 20

I a figure crrcumeertbed 1o a sphere en the manner shown in the previous proposts
tron the surface 13 equal 1o a cirele the square on whose radius 19 equal o
ABBE+CC'+ )
For the figure crreumseribed ta the sphere 19 1nsenbed sn o larger sphere, and
the proof of Prop 2% apphes

Prorosimiov 30

The surface of a figure circumacribed as before about a sphere 12 greater than Jout
times the great civcle of the sphere
LetAB A" B A bethe regular polygon of 4n sides which by it revole-
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tion about 447 desenbes the figure cir bing the sphere of which ama‘m’
. at e * QI PRI

» -

n LY
face of the cxrcumscnbed sold
o

(BB’+CC'+ ) 44’=A'B B4,
3 {as w Prop 21]

s0 that

AB(BR'4CC +  )=d4' A'B

Hence (radis of B)=+/4d4" 4’8

{Prop 29}
>4

But A’B=20P,where P1s the point
m which AB touches the circle
ama'm’

Therefare  {radwus of B} > {dam-

eter of circle ama’m’),

whenee R, and therefore the surface of the errcumsenbed sohd, 15 greater than
four times the great cirele of the given sphere

Prorosition 31

The solid of retolution crrcumstribed as before about o sphere 1s equal to ¢ cone
v-;losc bases equal to the surface of the solid and whose height 15 equal to the radius
of the spher

The sohd s as before a sohd mseribed m & Jarger sphere, and, sinee the
Pperpendicular on any side of the revolving pols gon 1s equal to the radws of the
snner sphere, the proposition 1s identical with Prop 26

Cor The solid carcumseribed sbowt the smaller sphere 18 grealer than four times
the cone whose base 8 @ greal curcle of the sphere and whose height 13 equal to the
vadius of the sphere

For, since the surface of the sohd 13 greater than four times the great cirele
af the inner sphere {Prop 10} the cone whose base s equal to the surface of the
sohd and \ hose hesght 19 the radius of the sphere 15 greater than four times the
cone of the same height which has the great cirele for base [Lemma 1]

Hence by the proposttion, the volume of the sohid 15 greater than four times
the latter cope

PropostTion 32

1/ @ regular polygon with 4n swdes be wnseribed in g great circle of o sphere, as

a  ba and @ sundaer polygon AB A’ B A be described about lhe

fmnl errele, and 1f the polygons reralie w.eth the great exrcle about the diameters oa’,

Ad respectevely, so that they describe the surjaces of solsd figures enscribed sn and
d to the sphere respechiel,

(1) the surfaces of the circumascribed and inseribed figures ore o one another 1n
the duplicate ratto of therr sudes and

(2) the figures themselies [s ¢ therr columes] are wn the trapheate rate of thewr

Sty
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(1) Let AA’, aa” be 1 the same straight line, and lot AmOm’Al" be a dum-
eter at nght angles to them
Jow BB', C€’, and b, cc’,  which will s}l be parallel to one another
and MAL.
Suppose B, S to be ewrcles such that
R={(surfoce of errcumsenbed sohd),
S={surface of mscribed sohd)
Then (radis of B)?=ABBB+CC'+ ) {Prop 251
(raghus of 8)t=ab(bb/+ec'+ ) [Prop 241
And, snce the polygons are simi-
lar, the rectangles in these two equa-
tions are mmilar, and are therefore & n
n the rato of 4
AB* ob*

E4

Hence
(surface of eircumsenbed solid) (str-
face of snseribed sohd)= A8 ab®

(2) Take & cone V whose base 13
the awcle K and whose height 1s
equal to On, and s cone I whose
base 13 the airele S and whose height
18 equal to the perpencicular from O
on ab, which we will call p

Then V, ¥ are respectively equal
to the volumes of the crreumsenbed
and msersbed figuves {Props 31,261

Novw, since the polygons are stmular,

AB ab=0a p
= (hesght of cone V) (height of cone W)

and as shown above, the bases of the cones {the crrcles B, S) are 1n the ratio
of AB® to ab?

Therefore V W=AB o

Prorosrrioy 33

The surface of any sphere 28 equal to four fimes the greatest errele m 1t

Let € be a errcle equal to four times the great carcle

Then 1f € 13 not equal to the surfare of the sphere, 1t must etther be Joss o8
greater

1 Suppose € le<s than the surface of the sphere

1t 13 then possible to find two lines 8, v, of sluch 8 ss the greater, such thaé

B y<(surface of sphere) O {Prop 2

‘Take such hines and let & be & mean propertional between them

Suppose sumilar regular polygons with 4n mdes eireymsenbed about ad
1msenbed in & great cirgle sueh that the ratio of therr sdes 1s loss than the
rato g 8 {rrop 3

Let the poly gons with the eircle revoh e together about a dismeter common
to all, deserbing solids of revolution as “efore



ON THE SPHERE AND CYLINDER I 425

Then (surface of outer solid) (surface of mner sold)
=(side of outer)? (side of inner)? [Prop 32]
<p* 8 orp
< (surface of sphere) C, a forfiors

S|

m™a

’}‘rhe:efore €15 not less than the surface of the sphere

Then, n this case,

(surface of erreumsenbed solid) (surface of insenbed sohd)
<C (surface of sphere)

But, this 15 1mpossible, because the surface of the circumscrbed sohd 15
greater than € [Prop 30] while the surface of the mscnbed sohd 1s less than
that of the sphere [Prop 23)

Thus € 13 not greater than the surface of the sphere

Eherefm‘e, since 1t 15 nerther greater nor less €18 equal to the surface of the
sphere

ProrosiTioN 34

Any sphere s equal to four tumes the cone which has its base equal to the greatest
eircle 1n the sphere and its herght equal to the radius of the sphere

Let the sphere be that of which ama’m’ 13 a great curcle

If now the sphere 1s not equal to four times the cone descrbed 1t 1s exther
greater or less

I If possible, let the sphere be greater than four times the cone

Suppose V to be a cone whose base 1s equal to four times the great crrele and
whose height 1s equal to the radius of the sphere -
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Then, by hypothesis the sphere s greater than ¥, and tno lines §, v canbe

found (of winch 8 15 the greater) such that
B y<(volume of sphere) ¥V

Between B and v place tno anthmetic means §, ¢

As before, Jot stnular reguiar polygons mith sides 4n m number be circum-
serthed about and mscnbed m the great curcle, such that thar sdes arc i &
ratio fess than 8 &

Imagne the draioter aa’ of the ciurcle to be 1n the same straght hoe witha
diaraeter of both polygons and magme the latter to revolve with the arcle
sbout aa’ describing the surfaces of two sobds of revolution The volumes of
these sohids are therefore 1n the triplicate ratao of therr sides [Prop 3%

Thus {vol of outer zohid) (vol of mnsenbed sokd)

«<g &, by hypothess,
<B %, afortwr: (aee B y> 8 &),
<(volume «f sphere) V, a fortiort

“

mw

3

W
b

.
*Ko /

M

But this 1s smpossible, smee the volume of the eircumsenbed sobd 13 greater
than that of thic sphere {Prop 28], while the 1olume of the mscribed solid 18
Iess than V [Prop 27]

Hence the sphere 15 not greater than V, or four times the cone desorcbed 1
the enunciation

II If possible et the sphere be less than V'

In this case we take 8 v (8 bewmng the preater) such that

8 r<V (volume of sphere)
The rest of the construction and proof proveeding ag hefore, we have finally
(volume of outer sokd) (s olume of wserbed sohd)
<V (volume of sphere)

But this 19 2mpossible because the v clume of the outer solid 18 greater that
V[Prop 31 Cor }, and the valume of the inserbed sohd 1s less than the volume
of the sphere

Hence the spbere 1s not tess than V

Swnce then the sphere 12 neither fess nor greater than ¥, 1t1s cqual to 7,910
four times the cane desersbed i the enunciation
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Cor I'tom what has kes
Uegreatestesrclemma sy
s % of the sphere and
sphere

For the cylinder 1s thiet, umes the came =~ 1 4 [
1 10] 1e pix tunes the cone with ¢ < ' « e
radwis of the sphere

But the sphere 13 four times the latter cane {Prop 341 Therefore the eyhnder
18  of the sphere

Again the surface of a el
wh

o beoun Pk
aprle 4

r
grea

ww U2 Bphere}
Proreosttioy 35
If 17 & segment of a circle LAL (where 4 15 the middle pornt of the arc} a polygon
4 A L bewnscribed of which LL 15 one stde while the other sudes are %7
m number end all equal ond of the polugon »» ~7
dameler AM nomo~
surface of the
1o the rectangt

aB{BB+CC+ +AR +H )
The surface of the tnsgrihed F~ 4
~

H ~ 3 equal to
a wucle whose l\’ldlus 1

BB {Prop 14]
The surface of the frustum of a cone
BOC B wsequal to a etrele whose radws

15
Nan ZEEC 1oy 1)

and 50 on

Proceeding 1 this way and addmg
we find smee eireles are to one another
ag tha o~ adit that the

surface of the

et
\ vt +Ahh +~§~

e

3
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Prorosrrion 36

The surface of the figure snscribed as before 1n the segment of o sphere 15 less than
thot of the segment of the sphere

Thus s clear, beesuse the circalar base of the segment 1s a common boundary
of each of tvw o surfaces, of which one, the segment, ncludes the other, the <ohd,
while both are coneave 1n the same direction {Assumptions, 4}

Prorosrrion 37
The surface of the solid figure tnscribed tn the segment of the sphere Sy the revolu
nonof LK A4 K'L about AM 1sless
than a cirele wath radius equal to AL
Let the dwmeter AM meet the arele 8
of which £4Z' 15 & segment agam in A"
Jomn A'B
As m Prop 85, the surface of the §
mnsertbed <obd 18 equal to a arcle the
square on whose radws 13
AB(BB'+CC’'+  +KE'+LID 3
But this rectangle
=A'B AM  [Prap 22}
<AA AM A
<AL
Hence the susface of the msertbed
salid 15 tess than the arcle whose rads
8AL

Prorastrioy 38

The solid figure described as before tn @ segment of a sphere less than 6 hemzsphere,
{ogether wath the cone whose base 18 the base of the segment and whose apez 18 the
centre of the sphere, 13 equel to a cone whose base 1s equal fo the swrfoce of the
tneeribed solid and whose hieeght 13 equat to the perpendicular from the cenlre of the
sphere on any side of the polygon
o Let (?;e the centre of the sphere, and p the length of the perpenthenlar from

on

Suppose cones described
with O as apex and with the
arcles en 8B° CC', as
dianseters as bases

Then the shombus OB AR’
15 equal to & cone whose base
35 eqquat to the surface of the
eone BAB, and whose
height 1> pr [Prop 18}

Agun, f CB,C B meet
T, the sobd desenbed by
the tmangle BOC as the v and
pals gon revabv &5 about 4G 13 the difference betseen the thombt ocre m!
OBTH', and 13 therefore equal to o cone whose base 18 equal to the surface ©




ON THE SPHLRE AND CYLINDER 1 423

the frustum BCC'B’ and whose heght 1s p {Prop 20]

Simatardy for the part of the sohd deseribed by the tnangle COD as the poly-
gon revalies, sod so0 on

Hence, by addation, the sohd fgure msenbed 10 the segment together with
the cone OLL/ 15 equal £o a cone whose base 1s the surface of the msenbed sohd
and whose height 15 p

CoRr The cone whose base 13 a crrele wilh radaus equal to AL end whose heaght
18 equeal to the radeus of the sphere ts greater than the sum of the inscribed sohd and
the cong QLI

For, by the proposition, the msenbed sohd together with the cone OLL 18
equal to a cone with base equal to the surface of the sohd and with heght p

Thas latter cone 15 Jess than a cone with hesght equal to OA and with base
equal to the cirele whose radius 1s AL, because the height p s Jess than 04,
whale the surface of the sold 15 less than a cirele with radius AL, [Prop 87]

Prorostrion 38

Let 1ol be a segment of & great cwwcle of & sphere, beung less than 2 semiairele
et O be the centre of the sphere, and jomn OF, OF Suppose & paly gon circun-
senbed sbout the sector Olal’ such that its sides, excluding the two rady, are 2n
1w number and all equal, as LK, BA, AB', K'I/, snd let 04 be that
radms of the great arcle which Insecta the segment lal’
The tircle curcumsenibing the polygon will then bave the sare centre O as
the gnen great aircle
New suppose the polygon and the two circles to revelve together about 04
‘The two crreles will deseribe spheres, the angular points except 4 will deseribe
crreles on the outer sphere, with
A diameters BE’ efc, the ponis
of contact of the sides mith the
s @ s wmrer segment will describe
aircles on the mrer sphere, the
mdes themselves wil deseribe
the surfaces of cones or frusta
4 of eopes, nnd the whole figure
" circumsertbed to thesagment of
vy lm/'/ + ~  thenner sphere by the revolu-
tion of the equal sides of the
© polygon will have for s base
the exrcle on LI as dsameter
The surface of the solid figure so crrcumscrebed about the sector of the sphere
fexaduding 14s base} wall be greater than that of the segment of the sphers whose base
15 {he ewrcle on I as drameter
Yor draw the tangents {7, ¥'7” to the wnner eegment at }, I’ These with the
stdes of the polygon will deseribe by their revolution a solid whose surface 13
greater then that of the segment [Assumptions, 4]
But the surface desenbed by the revolution of i771¢ Jess than that desertbed
23," the revolution of LT, sinee the angle 714 18 & night angle, and therefore
T
Hence a fortion the surfoce descnibed by LK A K77 18 greater than
hxt of the segment

r
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Clon The surface of the figure so descrsbed about the sector of the sphere 15 equel
to a circle the square on whose radius 1s equal {0 the rectangle
AB (BB+CC+  +RE-+ILL)
For the bed figure 15 bed m the outer sphere, and the proof
of Prop 35 therefore applies

Prorosiriov 40

The surface of the figure crreumseribed to the scelor as beforc 18 greater than @ circle
whose radius 15 equal to al

Let the diasmeter Aad¥ meet, the great cirele and the circle circumsenting the
revohung polygon agmn n of, 4’ Jomn A’B, and let ON be drawn to N, the
pomt of contact of AB with the mner circle

Now, by Prop 39 Cor, the surface of the sold figure aircumsenbed to the
sector OIAL 15 equal to a ercle the square on whose radius 18 equal to the
rectangle

AB (}m'+cc'+ +xxl+%.’)

But this rectangle 18 equal to
A'B AM [as m Prop 22}

Next since AL/, al’ ave parsl
e}, the tnangles AMI/, eml’ are g N
sdar And AL>al’, therefore
AM>am

Also A'B=20N=ag"

Therefore 4'B AM >am ad’

>al't t

Hence the surface of the sohd
figure arreumaenibed to the sector
15 preater than a arcle whose
radius 13 equal to of', or &!

Cor } The 1olume of the figure
crrcumseribed about the sector fo-
gether uath the cone whose apex 150
and base the ezrcle on LI as diam- L3
eter, 12 equal Lo the 1ofume of aeone
whose base 13 equal o the surface
of the erreumseribed figure and whose height 18 ON

Tor the figure 13 msenbed 1 the outer sphere which has the same centre 38
the mner Hence the proof of Prop 38 applies

Cor 2 The tolume of the creumsertbed figure unth the cone ODL 18 g7€al?
than the cone whoae base 13 @ errele with radsss equal to ol and whose heaght 38
equal fo the radius (Oa) of the wner sphere

For the velume of the figure with the conc OLL 13 equal to a gone ¥hose
base 13 equal to the surface of the figure and whase haight 13 equat to

And the surface of the figure 1s greater than a eircle with radius equal t2 o
[Prop 40}, while the heights Ou OV are equal

o 3l
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Prorostrron 41

Let fal’ be a segment of & great circle of a sphere which 13 less than o semucircle

Suppose & polygon msenbed m the sector Olol such that thesides ik,  ba,
o, MI' are 2n m number and all equal Let a ssmilar polygon be aveum-
senibed abont, the sector so that 1ts sides are parallel to those of the first poly~
gon, and draw the eirele ureumsenbing the outer polygon

Now Jet the polygons and circles revalve together about Jad, the radus
bisecting the segment lal’

Then (1) the surfaces of the outer and snner solids of revolulton so described are
m the rakwe of AB? o ab?, and (2} thew valumes together with the correspording
tones wiih the same buse and wth apez O 1n each case are as AB fo ob?

(1) For the surfaces are equal 1o circles the squeres on whose rads are equal
respectively to

y
AB(HB’+CC’+ +KK'+£2-L—), {Prop 30, Cor]

and ab (bb’+cc'+ ERVN S [Prop 35)

Bus these reotangles are w the
ratio of AB* ta ab? Therefore
s0 are the surfaces

{2) Let OnN be drawn per~
pendicular to ob and 48, and
suppose the cwcles which are
equal to the surfaces of the
cuter and wmner solids of revo-
lutton to be denoted by S,
respectively

Now the volume of the esr~
cumsenbed sold together with
the cone OLL' 13 equal to a
wone whose base 1s & and whose height 13 ON {Prop 40, Cor 1]

And the volame of the msenbed figire with the cone O 1s equal ta & cone
with base s and berght On [Prop 38}

Bat S g=4B* aob?,
and ON On=AB ab
“Therefore the volume of the eirgumsenbed sohd together with the cone OLL
i3 to the volume of the inserbed solid together with the cone O as 4B%1s ta
ab {Lemma 5)

.

ProrostrioN 42

If 1ol be & yegment of & sphere less than o hemusphere ond Oa the radius perpen-
awular to the base of the segment, e surface of the segment 25 equal to & curcle
whose radius 1 equal to al
Let & be a airele whose radiua s equst to ol Then the surface of the segment,
&mch}z\re will call §, must, sf 1 be not equal Lo B, be etther greater or lesa
a0
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1 Suppose, if posstble, S>R
Let lal’ be 2 segment of a great cirele which 1s less than a semicwrele Jom 0,
Or, snd let simlar polygons
with 21 equal sides be crcum-
seribed and mscnbed to the
sector, a8 1n the previous prop-
osittons, but such that
{crrcuroseribed polygon) (n-
seribed polygon) <8 R
{Prop 6]
Let the polygona now revolve
with the segment about Ocd,
generating solids of revolution
bed and bed to the t of the sphere I

Then
{gurface of cuter sald) (surface of wnner sold)
=AB ab? {Prop 41}
= (arcurasenibed polygon) (inseribed polygon)
<8 R, by hypothesis
But the surface of the outer sohd s greater than S [Prop 39]
Therefore the surface of the inner solid 18 greater than R, w huch 1s smpossible,
by Prop 37
I¥ Suppose, if possible, S<B
In tlus case we creumscribe and mscribe polygons such tha their ratio s
lesg than £ S, and we armve 1t the result that
(surface of outer sohd) (surface of muer sohd)
<E §
But the surface of the outer solid 15 greater than R [Prop 40] Therefore the
surface of the mner solid 18 greater than S which 15 imposssble {Prop 36]
Hence since § 1s nexther greater nor less than R,

ProrosiTionN 43

Even 1f the scgment of the sphere 1s greater than a kemusphere, ol surface 18 etill
equal lo a circle whase radius 15 equal to al

Torlet lola be a great arrele of the sphere oo’ being the diameter perpes-
dicular to lt', and let 10’0’ be a segment fess than a
semicrele L4

Then, by Drop 42, %he maniese of W g, Wn'?
orlzhc sphere 18 equal to a arcle with radius equal to 4
o

Also the surface of the whole sphere 15 cqual to a
arcle with radws equal to ae’ {Prap 83

But ga’*~a'BP=al® and ereles are to one another
as the squares on ther radn

Therclore the surfsce of the segment lal', beng
the duference between the surfaces of the sphere and @
of 1t 18 equal to & rcle with radsus equal to al
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ProrosrrioN 44

The volume of any sector of o sphere 13 equal lo a cone whose bass is equal i the
surface of the scgment of the sphere sncluded tn the sector, and whose hewght 18 equal
#o the radius of the sphere

Let R be a cone whose hase 18 equs! to the surface of the segment lal of a
sphere and whose height 13 equal to the radius of the sphere, and let S be the
volume of the sector Olal!
Then, if S1s not equal to R,

2 it must be exther greater or
e @ less
% 3 & 1 Suppose, if poswble, that
>R
Find two straight lines 8,
v, of which 8 18 the greater,
L. ,, suchthat
! 0 v<8 R,

and et 3, ¢ be twa anthmetic

means between £, ¥
Let Iol be a sepment of a
B e great errcle of the sphere Jon
2""‘“‘““"* 01, 07, and let sxmlar poly-

gons with 2n equal sides be
erreumsenbed and wmserbed to
the seetor of the arcle as before, bug such that their sides are an o ratio Jess
than 8 3 fProp 4}

Then let. the two polygans revolve with the segntent sbout Oad, generating
two solids of revolution

Denoting the volames of these sohds by V, ¢ respecuvely, we have

{V+cone QLL'Y {vcane O )= .2’13 ah? {Prop 41}

Y,

<B v, afortior,
<8 R, by hypatheus
Now {V+eone OLL)>8
Therefore also {etrone QU )>R
But ths 18 mpossible, by Prop 38 Cor combimed with Props 42, 43
Hener S+E
1{ Suppose, if possible that S<B
In this case we take 8, vy such that
¥<R 8§
and the rest, of the constraction proceeds g before
We thus obtain the relation
(V+tone OLLY) {v+cone OB)<E 8
Now {v-+cone O <8
Therefore (V+cone OLLY <R,
which 18 impossible by Prop 40, Cor 2 combuned with Props 42,
8mcee then S 1s neyher greater nrg le§ than R,



ON THL SPHIRE AND CYLINDER
BOOX TWO

Arcanvenes to Dositheus greeting

On a former oecasion y ou asked me to wrte out the proofs of the problems
the enuneiations of which T had myself sent to Conon In pemt of fact they
depend for the most part on the theorems of which T hav e already sent youthe
demonstrations namely (1) that the surface of any sphere is four times the
greatest circle m the sphere (2) that the surface of any segment of a spheress
equal to a circle whose radius 15 equal to the strught hne drawn from the ver
tex of the segment to the errcumference of 1ts bage (3) that the ¢y hinder whose

which 15 equal to the surface of the segment of the sphere included 1n the see-
tor and whose height 13 equal to the radiws of the sphere Such then of the
theorems and problems as depend on these theorems I have written out in the
book which T send herewath those which are discovered by menns of a different
sort of 1mvestigation those numely winch relate to sprals and the cononds 1
will endeavour to send you soon
¢ The first of the problems was as follows Guena splere tofind g plane arca

egual to the surface of the sphere

The solution of this 1s obvieus from the theorems aforesmd For four times
the greatest ewecle wn the sphere 1s both a plane area and equal to the surface of
the sphere

"The second problem was the following

Prorasrrion 1 (Propues)

Gren a cone or a cylinder fo find o sphere equal to the cone or lo the eybnder

1 be the gren cane or cyhnder we cn mahe a cyhnder equal to 31 Let
thus cylinder be the ey hnder whose base 15 the circle on AB as diameter 304
whose height 18 OD

.

eter 1 equal to the heaght {or to the diameter of the base) of the same cyhnder

tothe eyl o
ight CG

43¢
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Then, since 1o equal ¢y hnders the heights and bases ave reciprocally pro-
‘portional,
AB? EF'=CG 0D
=LF 0D )]

"

Buppose MN to be such 2 line that
EF =4B MN 2)
Henee AB EF=EP MN,
sad, combiniag (1) and (2), we have
ABMN=EF OD,
or AB EF <MN 0D
Therefore AB EF=EF MN=MN OD,
and EF, MN are tio mean proporlzonals between AB, OD
The syniaests of the problem 1s therefore as follows Take two mean pro-
Dortsonals BF, MA betneen AB and OD, and deseribe 2 sylinder whose base
15 3 ewcle on BF s diameter and whose hoight CF 15 equal to BF

Thes, since
AB EF=EF MN=MN OD,
EF*=AB MN,
and therefore AB* EF*=AB JMN
=EF OD
=(@ 0D,
whence the bases of the two cylnders (OD), (€G) axe reciproeally proportional
1o their heights
Thercfore the evlinders are equal, and it follows that
eyhnder (CG)=3V
18 therefore the sphere i, bewng equal

The sphere on EF as d
to ¥

Prorogrmiov 2
If BAB’ be o segment of o sphere, BR' a diameler of the base of the segment, and O
the centre of the sphere and 1f AA’ ba the diameter of the sphere bisecting BB 1n
M, then the volume of the segment 18 equad 16 that of @ cone whose base 15 the same
@3 hat of the scgment and whose height 23 k, where
h AM=0AF-A'M A'M
Measure M nlong ATA equal to b and MH' along MA* equal to &, where
A AMe=QA4AM AN
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Suppose the three cones constructed whick have 0, H, H' for thar aptces
and the base (BB') of the segment for their common base Jom 4B, A'B

Let € be a cone whoso base 18 equal to the surface of the segment BAB' of
the sphere, 1¢ 1o 8 ercle with radius equal to ABIY 42, and whose height 1s

equal to 04
Then the cone C 15 equal to the solid sector OBAB’ (I 44)
Now, since HM MA=QA'+A'M A'M,
dindendo, HA AM=04 A'M,
and, slternately, HA A0 =AM M4,
80 that

HO OA=AA" A'M
=AB* BM?*
=(hase of cone ¢} {errele on BB’ as digweter)
But 04 18 equal to the height of the cone C, therefare, since cones are equalsf
thetr bases and herghts are reciprocally proportional, 1t follows that the cone
(or the sohd sector OBA B') 1 equal to o cone whose base1s the circle on BB'8S
diameter and whose beight 1s equal to OH
And this latter cone 1s equal to the sum of two others having the same base
and with heights QA, MH,1e to the sohd rhombus OBH B’
Hence the sector OBAB' 15 equal to the rhombus OBHB'
Taking away the common part, the cone OBB,
the segment BAB’=the cone HBB'
Sumtarly, by the same method, we can prove that
the segment BA'B’ =the cone H'BB’
Alternattve proof of the latter property e
Suppose D to be 5 cone whose base is equal ta the surface of the whole 5P ere
and whose height 13 equal to 04 31
‘Thus D 1s equal to the volume of the sphere {138
Now, since OA'FA'M A M=HM M4,
diridendo and allernando, as before,
Ot AH=A'M MA

Agan, mnce HM MA=0A+AM AM,
H'A" 04=Ad MA
=04 4Aff, from above o]
Componendo, HO 0A=0H HA

Altemately, 0 =04 All @
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and, componendo, HH' HO=QH HA '
=H0" DA Srom {1), ’
whence HH 0A=H0 OH [t
Next, snce 0 Oli=0A AH, by (),
s

=4'M MA,
(H'O+O0H) H'O OH=(A'M+MAP A'M M4,
whence, by means of (3),
HE® HH 0A=AA" A'M M4,
HH ~04=AA" BW*
I\OW the cone D, which 15 cqual to the sphere, has for 1ts base & arcle whose
riding 1s equal to A4, and for its haght a Ime equaf to 04
Henee this cone Dis equnl t0 2 cone whose base 1s the circle on BB’ as diam-
eter and whose hetght 18 equt to HH',

therefore the cope D=the thombus HBHB",
or the thombus HEH'B' =the sphere
But the segreent BAB'=the cone HBB',

therefore the remammp segment BA’B’=the cone ‘BB’
Cor The segment BAB’ 12 {0 @ cone wath the same base and equal hewght sn the
rahir of 044 A'M to A'M
Prorosirioy 3 {Proprey)
To cut a green sphere by a plane so that the surfaces of the segments may hate fo
one another a qieent ratto
Suppose the problem salved Lot A4’ be o dumeter of a great cucle of the

sphere, and suppose that s plane per-
pendtentar to A4’ euts the plane of the

R grent ccle m the strmght hne BB,
and A4’ m M, and that i divides the
sphere 50 that the surface of the sep-

o « ment BAB has to the surface of the
A i BA'E’ the given ratio

Now these surfaces are respectively
equal to aircles with radu equal to AB,
ABT 42, 43
L Hence the tatro AB* A'Blisequalto
the gtven ratio, 1e AM 13t M4 in the
gven ratio
A the ds as follons
uy K be the mven tatm divide AL’ m M 50 that
AM MA'=H

Then AM WA'=AB" 4'B
= {circle wath radws AB) {esrele with rads A'B)
= (surface of segment BAB‘} {surface of segment BA'B")
Thus the ratio of the surfaces of the segments 18 equal to the ratio Il XK,

Provosrrrow & (Propres)

To cut a guen sphere by a plang so that the rolumes of the scgments are 10 oneg
anather tn a guven ralio
Suppose the problem solved, and let the required plane cut the great circle
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ABA' at night avgles in the ine BB’ Let 44’ be that drameter of the great
arcle vhich hisects BB’ at right angles (in A}, and let O be the centre of the
sphere

Take H on OA produced, and H’ on 04’ produced, such that
0A'+A'M A'M=HM MA, o))
and OA+AM AM=H'M M4’ @
Jow BH, B'H, BI, B'H'
Then the canes /BB , II’BB’ are respectively equal to the segments B4
BA’B’ of the sphere [Prop 2]
Hence the ratio of the cones, and therefore of their altitudes, 15 gaven, e
{ H'M =the given ratio (3)
Wehave nov three equations (1) (2}, (3), ia which there appear threcasyet
undetermined pownts Af, H, H’, and 1t 1s first necessary to find, by means of
them, another equation m wWhich only one of these porats (M) appears, 1 e we
have, so to speak, to eluninate H, I’

Noo = 7 M 40, and Archi-
medes 1 of the ratios
A'H h H, and then,

secondly, to equate the ratie compounded of these two ratios to the known
value of the ratio HH* H'M
(a} To find such a value for A2 H'M
It 13 at once clear from equation (2) above that
AT H'M =04 OA+AM @
{b) To find such a value for HE' A'fl'
From (1) we denve
AM MA=QA'+A'M HM
' AH

=04 &)
and, from (2), A’V MA=H'M OA+AM
=~A'H' 0A «
Thus HY A0=04' &I,
whenee Ol OA’=OH' A'H',

or OH OH'=04" A'W',
It follows that
HH OH'=0I’ A'H',
or HH wA'=01
Therefore  HH' I A'=OH* JI'A"
=447 A’M? by means of (8) Ye
(¢) To express the ratwos A’H’ 3 and HII* F’M more simply we mal
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the following construction Produce 04 te Dsothat OA=AD (D will ke be-
yond H, for A'M > M4, and therefore, by (5), OA>AH )
Then AH HM=04 OA+AM
=AD DM @
Row dinde AD at E so that
HH -H'M=AD DE 8)
'}I}'::us, using equations (8), (7) and the value of HH' . A’ above found, ne
ve

AD DE=HH' H'M
=(HH’ II'A") (A'H H'M)
={Ad"? A’MD (AD D)
But AD DE=(DM DE) (AD D)

Therefore MD . DE=A47 . A7 (9)
And Dismven, snce AD =04 Also AD DE (beng equalto FH' H'AD s
a gven ratio Therefore DE 1s gren N
\IH ‘ence the problem reduces wself to the problem of dinding 4°D wnto fuo parts at
M so that

MDP (a mven length)= (& gven area) A'M"

Archumedes adds “If the problem 1s propounded 1 this general form, 1
requures 8 Swopteuds {1 e 1t 15 necessary to gate the hmits of posability ],
but, 1f there be ndded the conditsons subsisting 1n the present case, 1t does not
Tequure a dopiopds !

In the present case the problem 13

Guena straght line A'A produced to D so that A A =2AD, and prena pornt L
or AD, to et AA* 1n @ point M so that

A4t A'M*=JMD DE

“And the analysis and synthess of both problems wall be giuen af the end ™

The synthesss of the mamn problem will be as follows Let & S be the grven
t2t10, R bemg less than 8 A4’ beng & diameter of a great awele, and O the
centre, produce OA to D so that 04 =AD, and divide AD i E so that

AE ED=E §

Then cut 44 1m M so that

MD DE=AA" A’A

Through 3 erect a plane perpendrcular to 4 A, this planc will then divide
the sphere mto segments which will be to one another as R to §

Take H on A’A produced, and H on A4’ produced, so that

04 +A’M A'M=HM M4, 1)
OA+A AM=IAL MA? @
We hate then {o show that
HM MH'=R 8,orAE ED
(6) We first find the value of HE’ H'A’ as follows
As was shown 1n the analyms (B
H H'A =07,
or HH H'A'=0H* H'{?
=440 Aaf
=MD DE, by construction
*As Archimedes commentator, Putocius notes ™ we do not fiad the promuse hept 1.
any of the comes  Sir Thomas Heath s transiation of Eutoeus niote on the matier along
with the selutions of Pranysodoras and Diocles g amutted from us eds tion.—Ep
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{8} Nest we have
H'4' =04 OA+AM 3
=AD DM !
Therefore HH' M =(HH WA (P4 1D
=(MD DE) (AD D3n N
=4D DE, ¢
whence HM WH'=AL ED
=R § QED
Prorostrion § (Prosres)
T construct a seqment of o sphere simalar to one segment and equal 1n volume fo
another
Tet ABB’ be one segment whase vertex 15 A and whose base 1s the circle on
B’ ns dismeter, nnd let DEF be another segment whose verte< 18 D and
whose base s the circle on BF as diameter Let 447, DD be diametors of the
great cireles passing through BB, EF respectively, and let @, C be the respec
trs e eentres of the spheres
S\;p%oﬁe . required to draw a segment sumalar to DEF and cqual in volume
to ABB
Analysis Suppose the problem solved, and let def he the required segment,
d being the vertex and ef the dinmeter of the base Lef dd” be the diameter of
the sphere whch bisects ef at night angles, ¢ the centre of the sphere.

M

~a

d

Let M G gbe the ponts where BB, EF, ¢f are isected at nght angles by
AA" DD dd respectiveh and produce 04, CD, ed respectively to At
8o that

CA+A'M AVU=0V V4
CH+D'G DG=ht GD |,

o +d'g dg=lg !
and suppace cones formed with vertices /K, & and with the same hases 88 (;e
m«pccmac segments I he cones wall then be equal to the segments reepeetn €y
{Prop Z

Therefore, by hypothesis,
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t 1 11! the cone HBB'=the cone kef
Hence
{circle on diameter BB’) (cirele on diameter ¢fy=kg I,
8o that BB? of*=ky HM
But, since the segments DILF, def are smilar, 50 are the cones AET, hef
Therefore | K@ EF=lg ¢f
And the ratio K¢ EF 1s given Therefore the ratio g ef 1s given
Suppose a length B taken such that

kg ef=H R 2)

Thus B 1s given t

Again, since kg HM =BB’* ¢f*=e¢f R, by (1) and (2), suppose a length S
tahen such that

¢f?=BB’ S, i

or /BB of=BB' §

Thus BB’ ef=¢f S=8 R, !

Y e @ B 3 P nrr n

AARE IL, 8 A0 LBE S A0 WAY S DEIOLE, HICONSLIULY LUE LULeS 22015 | tad
which are therefore equal to the respective segments ABB’, DEI
Let B be a straight line such that A

AG EF=HM R,
an? ! e

seg .
through d, and ¢ the centre Concenve a sphere constructed of which def 1s &
great arcle, and through ef draw a plane at nght angles to dd’

‘Then shall def be the required segnient of o sphere

Tor the segments DET, def of the spheres are simular, hke the circular sege
ments DEF, def

Produce ¢d to A so that

cd'+d'y dg=lg gd

The cones A EF, hef are then sumilar

Therefore kg ¢f=KG EF=HM R,
whenee kg HM=ef R
But since BB, ¢f, S, R are 1n continued proportion,
BE* ef=BB' §
=ef R
=kg HAM

Thus the bases of the cones /BB , kef are reciprocally proportional to their
beights The cones are therefore equal, and def 1s the segment required, being.
equal 1n volume to the cone kef [Prop 2]

ProrosirioN 6 (ProBLFAr) 4
Giren tuo segments of spheres to find a thard segment of a sphere stmlar lo one of
the guen seqments and having s surface equal o that of the ather
Tet ABB be the segment to whose surface the surface of the requued seg-
ment 13 to be equnl, ABA B the great eirele whose plane cuts the plane of the
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base of the segment ABB’ st nght angles m BB’ Lot A4’ be the diameter
vwinch bisects BB’ at right angles

Let DEF be the segment to which the required segment 1s ta be similar,
DED'F the great circle cutting the base of the segment at nght angles 1 BF
Let DD be the diameter biseeting EF at right anglesin G.

Suppose the problem solved, def being n segment surilar to DEF and having
st= surface equal to that of ABB’, and complete the figure for def ss for DEF,
correspondrag points being denoted by small and camtal letters Tespectively

Jowm AB, DI, df

Now, since the surfaces of 2]
the segments def, ABB" are
equal, so are the creles on
df, AB a3 diameters,

{1 42, 43}
that 18 af=AB 3 A
T'rom the slanty of the

segments DEF, def we obtam
d'd dg=~I¥D DG,
2nd dg di=DG DF,

whenee d'd df=D'D DF,
ar a'd AB=D’D DF
But AR, D'D, DF are it )
grven,
therefare d'd 15 given
Accordmngly the synthesis 4
18 as follows
Take d d such that
dd AB=D'D DF M
Descnbe a oircle on d d as dameter, snd concewve o sphere construeted of
whieh this airele ts a great errcle
Diade d d at g 50 that
dg gd=1'G 6D,
and draw through ¢ & plane perpendicular to o'd cutting oft the segment def
of the sphere and mterseeting the plane of the great circle in &f The segments
def DEPF are thus ssmilar and
dg df=DG DF
But frum above componcnda,
dd dg=I'D DG
Therefore ex aequalt, &d df=p'D DF
whence by (1}, df=A8
Therefore the segment def has its surface equal to the surfsce of the segment
ABB'[1 42 43, whale 1t 13 2bo similar to the segment DEF

Prorosizion 7 {Pronuew)
From a green sphere to eut off a segment by a plane so fhot the segmeni may hated
guen raka to the cone whick has the same base s the segment and equal heght
Let A4” be the diumeter of 2 great cirele of the sphere Ttis roquured t0 deaw
» plae at nght angles to 147 cutting off » segment, as AR, such that the
segrment A BB’ hixs to the cone ABB a given ratio
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Arclyse
Suppose the problers solved and let the plane of section cut the plane of the
great arcle 1n BB, and the diameter 447 m Y Let 0 be the centre of the
sphere
Produce 04 to H <o that
O+ UM A'U=HY M1 [¢3]
‘Thus the cone BB 1s cqual
Iy o tothesegment {BE
X {Prop 2]
Therefore the given ritio
¢ must be equal to the vatio of
the cone HBB' to the cone

N " 4RB’, re to the ratio NV
A
O]

S Henee the mto OV'+
Y AU 58 guen, and
therefore /115 gven
Biopeopds
Now o4 A'U>04" A4
50 that OA'+ LM A'US0A™ U4 A4
3

>3 2
Thus an order that o solution may be possible 1¢ 15 a necessary condifion that
the gueen ratio must be greater than 3 2
The synthesis proceeds thus
Let A4” be a diameter of 4 great circle of the sphere O the centre
Take a kne DF and a pownt F on 1t such thet DE  EF 1s cqual ta the gnen
ratio, betng greater than 3 2

\ow, since 04’4+ 1’4 A'A=3 2
DE EF>04'44 41 V4,
50 that DF FE>04" 1’1
Hence a pomnt Af can be found on 44’ such that
TE=041 A’V @)

Through A draw a plane at nght anglesto 14 mtersecting the pline of the
great cirele in BB and cutting off from the sphere the sepment ABB
As before take #f on O { produced such that
OA'+ A A'M=HY 4
Therefare M Md=DE AF by mens of (2)
It follows that the cone HBB  or the scgment ABB 1s to the cone ABB 1
the pven ratio DE  EF

Provostrion 8
If a spherc be cut by a planc 1ot passing throug! the ccatre tulo two scgments
A BB BB of ulich A BB is the greater then t/c ratio
{segmt A BB) (scqgmt ABB)
< (surface of A’BB)* (surfacc of ABB}
but> (surfuce of A’BB N (surface of ABB )
Let the plane of section cut & great ewele 4 BAR ot nght anglesin BB, and
let 11 be the dizmeter brsecting BB at nght angles i Mf
Let O be the centre of the sphere
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R will fall betneen O snd M
Also, since ABt=DE? AR=CD
Produce 04’ to K so that O4'=A’K, and produce A'A to H so that
A'K, A'43[=HA ADI,

or, camportendo, ARF A AM=HU B!A {1
Thus the cone BB’ 1s equal to the segment ABB' [Prap 2
Agan, produce CD to F so that CD =DT’, and the cone FEE will be equal

to the hermsphere DEE’ {Prop 2
Now AR RA'>AM MA',

and AR =JAB =AM A4 =AM LK
Hence

AR RA'A-RAY™>AM MA'SAM A'K,
or AL AR>AM MK
SHA A'M, by (1)
‘Therefore AL AM>HM AR,

ar AB® BA>HM AR,
te AR* BAM*>HM 2AR, smee AB*=24R",
>HM CF

Thus «ee AR=CD, or CE,
{esrele on diam B’} {wrele on diam BB} > CF
13 follows that
{the cone FEE') > (the cane HBB'),
angd therefore the hemsphere DEE' 1s greater in volume than the segment
ABB



MEASUREMENT OF A CIRCLC

Prorosrrion 1

The area of any cirele s equal lo @ right-angled triangle wn whick one of the sides
about the right angle 1s equal to the radius, and the other fo the crrcumference, of
the cirele

Let ABCD be the given errcle, K the tnangle desenbed

‘Then, if the circle 13 not equal to K, 1t must be either greater or less

I If possible, let the circle be greater than K

Inscribe a square ABCD, bisect the ares AB, BC, CD, DA, then bisect (f

™o I . P -

the sides about the nght angle in A Also the penmeter of the polygon 1s less
than the cxreumference of the crrele, 1 e less than the other side about the nght
anglen A

Therefore the area of the polvgon 18 less than K, whch 13 inconsistent with
the hypothesis
Thus the area of the cirele 1s not greater than K
ELI (N R N e
H
447



448 ARCHIMEDLS
tangents at the pomts of bisection Let 4 be the maddle pomt of the aro EN,

and FAG the tangent st 4
Then the angle T4AG 18 a right angle
Therefare TG>G4
>GH
it 70 aq grenter than half the arca TEAH
~~aqt gt the pomnt of hisechion
he drany, s : nan one-half
Thus, by continng R ga. wtely arrme at o circum

senbed polygon such that the spaces sntercepiu.. . tween st and the arcle wte
topether less than the excess of K over the area of the aurcle

Thus the area of the polygan will be less than K

Now, smee the perpendicular from O on any side of the poly gon 15 equal to
the radues of the cirele, while the penmeter of the polygon 1s gre iter than the
erreumference of the cirele 3t follows that the area of the polygon 13 grenter
than the tnangle K, winch 18 xmpossible

‘Therefore the aren of the circle 18 not less thaa K

Since then the ares of the cirels 13 nesther greater nor less than X, 1t 1s equal
tort

Prorosrriov 2

The area of a eirele 13 to the square on s diameter as 11 {p 14!

Prorosrrios 3

The ratio of 1] ¢ ceumference of any circle {o s diameter 29 less than 34 but
greater than 3342

T Tet AR be the diameter of any ewele Q1ts centre A the tangent &t 4,
and tet the 1ngle 4 OC be onc-third of » nght angle

Then 04 AC[=+/3 1]>205 153 1
and 0C CA{=2 11=306 153 @

Fird draw O bssecting the angle A0C and meeting AC i D

Now €O 01=CD DA {Puet VI 3]
so that [CO+04 O1=C4a DA, or)

CO+0\ CA=0A AD
Therefore [by {13 and (2]
04 AD>S5Tt 153 @

The 131, of Upss, puuposinn, 13, oot sstisfantary and, Andhdmmins conmed, bave placed th
before Truposition 3 a9 the spprovimation dpends upen the result of that proposition

1 view of the intereating Guottians sees ng 0at of the anthmetical vonteat of thea propod
tion of Arehimndes 1t 13 peeessary 1nreproduemg it to distinrgsh earciully the sciual stepy
ot aut in the t <t ax w e have « from t] e intenmediats steps (reatly supplhes by Tutociush
which It 15 conve ruent ta put i fot the purmesc of making the proof easier to foltow Acrord
mgly all 11 e 31 pa not actusily appeanng m the tewt have been enel serd in equare hrachels
31 onler that it may be tlostly keen §ow far Archimedes omibe uctunt calculations ant only
ven tonults 1t Wil be abwerved that he gises two fractional appressmations to /3 (08
betng lows an 1o othet greater than the real value) without any explanation a3 1o how he
arved at them, and in ke manner approvimations 1o tc square roots of sversl Sarge
numbers % bich are not- campit te squares kre merely stated



MEASUREMENT OF A CIRCLE
Hence 0D* ADY=(0A*+ADY AD?
>(5712+158%) 1537
>349450 23409,
so that 0D DA>591% 153

i it

Irnm m

448

“@

Secondly, let OF bisect the angle AOD, meeting AD n E
[Then DO OA=DE EA,
so that DO+04 DA=0A AE)
Therefore 04 AL[>(5913--571) 153, by (3) and (4)]
>11624 153
[1t follows that
OF* LA®>{(1162;)*4+1532} 1532
>{135053131+23100) 23109
>137394333 23109]
Thus OE EA>1172] 153
Thirdly, let OF bisect the angle AOE and meet AEm F
‘We thus obtamn the result [corresponding to (3) and (5) above] that
04 ATl [>(11623-+11721) 153]
>23341 153

[Therefore OF* FA*>{(23311)*+1537) 153
54721394 23109
Thus OF FA>2339} 153

Fourthly, let OG bsect the angle AOF, meeting AF m G
We have then
04 AG[>(23343+2339%) 153, by means of (7) and (8)]
>1673) 153

®)

©

)

Now the angle A0C, which 13 one-third of a nght angle has been bisected

four times and 1t follows that
£ A0G =45 (a nght angle)

Make the angle AOH on the other side of 04 equal to the angle AOG, and

let GA produced meet OH m H
Then £GOH =4 {a nght angle)
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Thus GH 13 one sade of a regular polygon of 96 sides circumsenbed to the
grven aircle

And, stree DA AG>4673} 1853,
winie AB=20d, CH=34G,
st follows that
AB (penmeter of polygon of 96 sdes){>4673} 15396}
S4673% 14688
MOS8 _, . 6673
But w7~ S iy
6673 }
[<3+4c‘12g
<3¥

Therefore the circumference of the circle (being less than the permeter of
the potygon) 1s @ fortiore less thon 34 times the diameter 4B

I Newt fot A5 be the dameter of o crrele, and fot AC, meeting the circle
€, mahe the angle CAB equal to onethard of a right angle Jon BC

Then AC CB{=+/3 1]<1351 780

First Yet AD bisect the angle BAC and meet BC in d and the arclen
Jom BD

Then LBAD= £dAC

= 2dBD,

and the wngles at D, C are both nght angles

1t fallows that the tnangles ADB [ACd] BDd are smilar

Theref yre 1D PB=RBD bd
[=4C Cd]
=AB Bd {Euct v1 3}
=AB+AC Bd+Cd
=AB+AC BC
ar BA+AC BC=4D DB
{But AC CB<1351 T80 from ahove,
while BA BCU=2 1t
=1560 780}
Therefore AD DB<2011 780 o]
[Hence ABY BDY<{291111780%) 780
<0082321 603100 ]
Thas AB BD<3013] 780 2

Seeondly let tL hisect the sngle BAD, mecting the erecle in &, and Jeb BE
be jomed
Then we prave 18 the same w1y a3 before that
\E EB{=BA+YAD BD
<(36133-+2011) 780 by (1) and (2)]
<5024 780
<B021 X1 T8Oy

<187 216 (©]

{Hence AP BLP<(18294- 2500 2100
<3380920 5740 } "
Therefore 18 BP<183S# 210 ¢

Thardly, let AF bisect the sngle BAL, mecting the circle s F
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XEASUREMEI\
AF FB(= BAYT +AE B
<3661Tr 240, by @) and (O}
ZasolerXis % PE
<1007 © &)
3
o,
€
¥
E
BWD == A
L follows that
AB* R 1007 +667)_ 667
10\8-105 43561
Therefore B BF <\00 3 60 ©)
Fourthly, 1eb the ang\e BAF be b\sected by AG mecting the crcle 10 G
Then GBl=BA L AF BF1
'20\6-5 &6, by () m\ (e)
{And AB? BG’< \(20161;)’4»56 1
Sidy 435 561
T\\ereime AB BG <2017. BG
whent BG AB o6 2017 N
{NO\\ xhe aug\ & BAG wit¢ has sult ni {he fourth bv section of the angle
BAC or of O e-third o of a1 ht angle, 15 equal to one” e-fortyersh! hth of 2 DE!
angle
Thus the angle subtended py BG 8t the centre 18
2 nght an e}
Therefore BGs 2 sxde of 5 regular mscnbed polygon of 96 mdes
1t follows from (’I)
(ponmeter of polyeon) AB {>96X60 mm]
6336 2017
6336 314
And F017% o >3
‘Much more then 1 the ewcurnferene® of the aircle greater than 31g times th
he diameter

drameter
Thus the 1ati0 of the c\rcumiermcc 1ot
<3} but >3



ON CONOIDS AND SPHEROIDS

INTRODUCTION:

¢ ArcHIMEDES to Dositheus greeting
In this book I have set forth and send you the proofs of the remaining
theorems not included 1n what I sent you before and also of some others ds-
covered Inter nhich though I had often tred to investigate them previously
1 had faled to armve at because I found their discovery attended with some
difficulty And thiss why even the propositions themselves w ere not published
with the rest But afternards when I had studied them with greater care 1
thscovered what I had failed m before
Now the remamder of the earher th were prop
N [N .

ot

1 Concerning the rght-angled conord 1t was lad down that 1f a section of a
nght-angled cone [a parabola] be made to revolve about the diameter [axs)
which remains fixed and return to the position from which 1t started the figure
comprehended by the section of the rght angled cone 1s ealled a raght-angled
conord and the diameter which has remained fixed 15 called 1ts ez whilets

tertez 18 the point 1n which the ax1s meeta the surface of the conod And lfha
- 14athe

axs of the conond
‘The questions propounded for constderation were
(1) why 1f a segment of the nght angled conaid be cut off by a plane at
nght angles to the ats will the segment so cut off be half as large agun 8 the

duplicate ratio of their axes
1T Respecting the obluse-ongled conord we lay down the folloving prem
ssses If there be 1 & plane a section of an obtuse-angled cone{a hypexbob its

*The whale of thi ntroductory matter includ g the definit ons i translated btersly
ecnle Pt [ -

fram ho farthfully Fepre
. u » moders PhIMe
- we com®

402
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the obtuse-angled cone [the asymptotes] will clearly comprehend an 1s0sceles

conovd Thyperbolord of revolution], its ex281s the diameter which has remained
fived and 1ts terfex the point in which the axis meets the surface of the conad
'The cone comprehended by the nearest lines to the seetion of the abtuse-
angled cone 13 called {the cone] enteloping the conowd and the straight hine
betneen the vertex of the conod and the vertex of the cone enveloping the
eonod 13 ealled {the line] adzacent to the axzs Andf 2 plane touch the obtuse-
angled conmd and another plane drawn paraliel to the tangent plane cut off o

drawn through the vertex of the segment and the vertex of the cone enveloping
the conoud, and the strmght hine between the said vertices 15 called adjacent
1o the a8
“Raght angled conords are all stmilar, but of obtuse-ngled conords let those
be called stmular tn whick the eoncs enveloping the eonomds are similar
o T

the sum of the axs of the segment and three times the hme adjacent to the axis
bears to the Iine equal to the sum of the axs of the segment and twice the hine
adjacent to the axs, and

(2) “why f a segment of the obtuse-angled conord be cut off by a plane not
at night angles to the aws, the segment so cut off will bear to the figure which
has the same base as the segment and the same 25 bewg a segment of a cone,
he ratio which the bne equal 1o the sum of the axs of the segment and three
times the ine adjacent to the a0s bears to the bne equal to the sum of the anis
of the segment and twice the bne adjacent to the axs

111 Concerning spheroidal figures we lay down the following premisses If
& section of an acwte-ongled cone [ellipse] be made to revolve about the greater
dt‘smfter {major avs) which remawms lmid. am‘i retum to lh\e positien from
- N - N .

‘!: the position from which 1t started, the figure comprehended by the section.
ey voe - .

mddle powt of the axs, and the dremeler as the hne drawn through the centre
atnght anglesto theaxis And, f paraliel pianes touch, without cutting, either
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1 L 1 P L '

their tertices as the points in which the parallel planes touch the spherotd, and
their azes as the portions cut off within the segments from the straight line
joiung their vertices And that the planes touching the spheroid meet 1ts sur-
face at one pownt only, and that the straight line Joining the points of contact
pasces through the centre of the spheroid, we shall prove Those spheroidal
figures are called similar 1n which the axes have the same ratio to the ‘dam-
eters ? And let segments of sphermdal figures and conoids be called similarf
they are cut off from stmlar figures and have their bases smular, while ther
aves, being either at nght angles to the planes of the bases or making equal
angles mith the corresponding diameters [axes) of the bases, have the same
ratio to one another as the corresponding diameters {axes) of the bases
“The following questions about sp ds are propounded d
tion,”
(1) “shy, 1f one of the spheroidal figures be cut by a plane through the
centre at ngPt ang]e? to the ax1s, each of the resulting segments will be do‘ubh:
£a - B 1 o o s

the same base as the segment and the same axis the ratio which the line equal
to the sum of half the straight hine which 15 the axs of the spheroid and the
ams of the lesser segment bears to the ats of the lesser segment, and (b) the
lesser segment bears to the cone which has the same base as the segment and
the <ame awus the ratio which the hne cqual to the sum of half the straight ine
which 15 the axs of the spheraid and the aws of the greater segment bears to
the aws of the greater segment”,

(2) “why, 1f one of the spheraids be cut by a plane passing through the
centre but not at nght angles to the axis, each of the resulting segments will be
double of the figure having the same base as the segment and the same axis and
consisting of & segment of a cone

(3) “But 1f the plane cutting the spherod be neither through the centre not
at nght angles tothe axis (a) the greater of the resulting segments will have to
the figure which has the same base as the segment and the same aws the ratio
which the line equal wl the sum of half the line jorming the vertices of the sc%-

a v e L - O T

—— aa

line jomng the vertices of the segments and the axs of the greater segment
bears to the axis of the greater segment And the figure referred to1s1n the-e
cases glso a segment of a cone

“When the aforesard theorems are proved, there are discoy ered by means of
them many theorems and problems

“Such, for example, are the theorems™

(1) “that similar spheroids and symilar segments both of spheroldl‘ figures
and conods hate to one another the trplicate rat1o of their axes, and”

(2) “that 1n equal spherodal figures the squares on the ‘dameters’ ar¢ I
eiprocally proportional to the axes, and, f 1 spheroidal figures the squares o
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the ‘diameters’ are reciprocally proportional to the aves, the spheroids are
equal

“ Such also 15 the problem, From a given spheroidal figure or conotd to cut
off a segment by a plane drawn parallel fo o given plane so that the segment
cut off 15 equal to a given cone or cylinder or to a given sphere

“After prefixing therefore the theorems and directions which are necessary
for the proof of them, I will then proceed to expound the propositions them
selves to you Fprewell ”

DEFINITIONS

“If a cone be cut by a plane meeting all the s1des [generators] of the cone, the
seehion will be erther & curcle or & section of an acute-angled cone [an elbpse] 1f
then the section be a eircle, 1t 15 clear that the segment cut off from the cone
towards the same parts as the vertex of the cone will be a cone But, if the
section be 2 section of an acute-angled cone [an ellipse] let the figure cut off
from the cone towards the same parts as the vertex of the cone be called a.

of the cone to the centre of the section of the acute-angled cone
“And 1f a cylinder be eut by two parallel planes meeting all the sides {gen-
erators] of the cylinder, the sections will be exther eircles or sections of acute-

[ellipses] let the figure cut off from the cylinder betw een the parallel planes be
c:'dled o frustum of a cylinder And let the bases of the frustum be defined as the
- . + bt b A a

the eylnder
Lemuma
If i an ding arith prog ting of the des A,
Az, An the common difference be equal fo the least term As, then
n An<AdrtAst 4a)
and >Ar+d+ de)

[The proof of this 1s gven neidentally 1 the treatise On Spirals Prop 11
By placing hines side by side to represent the terms of the progression and then
producing each so as to make 1t equal to the greatest term, Archimedes gves
the equivalent of the following proof

I Sp=ditdat  Adaatda

e have also Se=dat Austdnzt  +Ao

And At A= Agtdeae  =An
Therefore 28, =(n+1)A.,

whence n A,<28.,

and n Ay>28,

Thus, 1f the progressionsa 2o, na,

S‘___n(n;—l) .
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ARCHI\KEDI‘X i
and ey,

bug >2Sn_]]

f 4, B ¢,

Pnorosxrw\ 1
I{,aanA, B; ¢, X,
t Bi=gq, 2

and of 4, By, 0,

then (i, +C
42+ B,
The Proof 13 54 folloy,
Sne,
and
while
Ve hie o Aequal,, Ay B,=Aa B,
Stmulary, B ¢,op Ci and g, on
Agamg it folloy g from equationg (@) th, t
2= By
Thoreforc

Ay g, (11|+Bx+01+ +&,) (A=+Bz+ +Ky),
or (11+B|+C.+ +4y) A|=(Az+B:+C=
and 4

+ +&2) 4,
4, Ai=g

tions () 1t folloy g m like Manner that

4 3B, =4,

By the last three

A.+E¢+C« + 4,
Aequal,

)
+¢ 1) (Aa+En+C:+ +Ky)
Bt 2) (Aa+l)’.+C’¢+ +Ay)

Co: NV termg n the thirg and foypy, ! Seriey corr(-spnndmg to terms ;
the fipgy and second po lefe out ¢, sult g the Same For Cxample, ;f the lag
terms g, Al are ab,

it p, 4 D (L4 34-Cy 4 +1,)
=445, 1+ &) (4, Oy
Where 7 xmmed:ateb Preceeg A

an ascendyng arithmetiear Progreasion in
€€ 13 equqy {0 the leasy term 4, then,
. R T 134
4t the lines «

[¢7]
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{Aortdi)i=A% s+ 40424, 1 4
And, by sdditron,
e @A DAI=2 A A A
424y Apad24s Aot F2Ln Ay
Aehn sy Therefore, i order to obtawm the ve
quired result) we have to pove that
2Ady Apatds foat e did4
AdditAetdat A
=Ad+A 7+ 4L {a)
Now
ve e 2y lew=dc 14, because de=21;
24s Awy=4:1 6.z because ds=34y

2das di=d; 214
It follows that
2A: Aeatds dpad Fda s bt
AnApadn g as A A Addibdet 44 =44t 3deat
st F{201}h)
And thus last expression exn he proved to be equal to
Ad+Asd AN
For A= Li{n A4
=dafdatin-14,0
= 4ildst2deat-deat Aok
beeause (n~DAdc=daatay

4 Anest-da
+
Ayt Ay
Sumlarly At = Al A+ 2bp2t Aasd  +AsM,
A= A{A 240,
At=4As 4y,

whence by addition,
A A +Ad+ tAI=4i{At 34, 14540t R (@-DA
Thus the equatton marherd (o) above 13 true, and 1t follows that
(DAL Al A b Aot Aot +4)=3(A+ 420 +4.0
Con 1 From thes ot s ctadent that
R 1A<HAR 12+ +AY )
Also Al=Midat2(daatdaat A, as above,
o that A7 Gt Aaat A1),
and therefore
A+ Wl At A <24.0
1t follous from the proposstion that
# A2 ASY AT ©2)
Can 2 Al these results wilt hold f we substitute simlar figures for syuares
on all the Lines, for stular figures are in the duplieate ratic
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Prorosrriov 2
If Ay, Az A. be any number of areas such that
Ar=ez-ta?,
Aa=a 254 (20)7,
Ar=a 3r+3x)3,

Ap=a nz+{n2)?,

then 7 A, {(ditdst  FA)<{a-tnz) (g-l—%,
and n s (Artdrt  FAc)>(edn) (g-»%)

For, by the Lemma mmediately preceding Prop 1,
n anz<{aztu 224 o nw),
and >2(ax+4a 22+ +4a n—1iz)
Also, by the Lemama preceding this propesition,
n (e <3t (20 H B0+
and >3 A (a—1z)%
Henee

2 10D oot o 2H @Y+ o nst ()

and
>i{az+at4 (o 2HEN 4 +le nelat -1z
or et cqra 44,

and >divtdet A
{4 {ollows that

2. i

2 (dibdst A <afs a2t ()] {“_’;—"+Ei"5’l~}
or n dn (hitdrt A <{atnz) (g.;-? )
alo n ot (ditdrk A Aag)>(atnzy (§+~3—

ProrosiTion 3

(3 If TP TP be tug tangents lo any conie meetrng 1 T, and of g, Q0 beany
(o chorde parallel respectively o TP, TP and mecting sn O, then
Q0 07 QO O =TP* TP?

“And this 13 proved 1n the elements of comes 72 3

(2) 11 QQ be a chord of a parabala bisected tn V by the duxmeter PV, and o0
be of constant tength, then the aveas of the trangle PQQ’ and of the scgment P
are both constant vhateser be the direction of QO

Let ABB be the particular segment of the parabola whose vertey 58 A, ??
that BR 1shicected perpendicularly by theaxs at the posnt /, where A=Y

Draw QD peependseular to PV

tfn the treatives on conies by \rstaeus and ¥ uchid
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Yebp.bethery of the pal ord and let p be another ne
of such length that
Q¥ QD*=p pa,

3t wall then follow that p 15 equal to the par-
ameter of the ordinates to the dameter PV,
B, ye those winch are paradiel to QV
 For tis 15 proved wmn the comes ™
Thus QVi=p PV
£5 o And BH=p, AH whic AH =PV
e o v polp Thewfore QU Bil'=p p,
* 2 o But Qv QD*=p p,,
hence BH=QD
Thus BH AH=QD PV,
< and therefore  AABB =APQQ,
that 15, the ares of the tnangle PQQ 18 con
stant so long ag PV 13 of constant lenpth
Henee alsa the ares of the segment PGQ’ 1s constant under the same conds
trons, for] the segment 1s equal to $APQQ {Quadrature of the Parabola, Frop
or2d

Q

Provostriov 4

The area of any ellipse 15 ta that of the auxihary curele as the munor azis (o the
magor

Iet A4’ be the major and BB the munor axis of the ellipse, and let BB
meet the awnliary erclem b b

Suppose G 10 be such a arele that

{eucle AdAb) O=C4 CB
Then shali O be equal to the ares of the slipse

J,

For if not O must be exther greater or less than the elipse

I If possible let O be greater than the elhpse

We can then msertbe i the essrele O an equilateral poly gon of 4n sides such
'ihztllts area 1s greater than that of the elbpse {cf On the Sphere and Cylinder,

VThe theorer which 18 here assumed by Archemedes as hown s exs Iy deduced from
Apollonus 1 49,
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Ae

on

Suppose that P denotes the area of the poly gon nseribed m the awahary
arele and P that of the polygon msenbed 1n the ellipse

“Lhen, since all the hnes ¢M, /N,  are cut 1n the same proportions at E,
F, ,
18 M EM=JN FN= =iC BC,
the pairs of triangles as ed M, EAAL, and the purs of trapeziums a4 eMNJ,
EMNTI , are all in the same ratio to one another as bC to BC, or as Cd to CB

Therefore by addition -

P' P=C4 CB !
Now P ({polygon mseribed 1n 0)
={(circle ALAD) O
=CA CB, by hypothesis

Therefore P 13 equal to the polygon nsenbed 1n 0

But this 1s impossible, because the latter polygon 1s by hypothesis greater
than the elhpse, and a forfior: greater than P

Hence O 15 not greater than the ellipse

II If possible let O be less than the ellipse

In this ¢ase we mscribe m the ellipse a polygon P with 4n equal sides such
that P>0

Let the perpendiculars from the angular pomnts on the axis AA’ be produced
to meet the auxihary circle, and let the corresponding polygon (P ) in the
arcle be formed

Inscribe 1n O & polygon similar to P

hen P P=CA CB
=(aircle AbA’Y) O by hypothesis,
—P’ (polygon mnscnbed in O

Therefore the polygon mscrbed 1n O 15 equal to the polygon P, which1s
mmpossible beeause P>0

Hence O heing neither greater nor less than the ellipse 1s equal toit, and
the required result follows

Prorosition 5
If Ad BB br the mazor and manor axis of an ellipse respectuely, and 1f d be the
diameter of any airele then
(area of ellipse) (arca of circle)y=AA’ BB d*
For
(arca of elipee) (area of auxihary circle)=BB  AA’ [Prop 4]
=AA’ BB AA™
And
{arca of aun airele) (aren of circle with dlam d)=AA'? &*
Therefore the required result follows ex acqualy

Pr orosition 6

The areas of ellipses arc as the rectan jles under their axes
Tlus follows at once from Props t &
Cor The arcas of sumilar ellipses are as the squares of corresponding 83¢¢
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PROPOSITION 7

Grien an ellipse with centre C, and @ line CO draun perpendicular to uts plane, 1t
18 posstble o find a crroularcone uth 1ertex O and such that the guen cllipse 1s o
section. of ¢t [or, wn other words, to find the cxrcular sections of the cone wrth rertex O
passing through the crrcumference of the ellipse]

Concerve an ellipse with BB’ a8 1ts mmor axis and lymg 1n 2 plane perpen
dicular to that of the paper Let €O be drawn perpendicular to the plane of the
ellipse, and let O be the vertex of fhe required cone  Produce 0B, OC, OB’ and
1n the same plane with them draW BED meeting OC, OB produced m E D

durectyon that
respectively and 1n such ; e E A2 O,
where CA 15 half the major aws of the elipse ) u
“, sinee
‘And this 1s posslblgE Bp EO*>EBC CB' CO™» e :

nd this proposition are assumed as known ]y ot
[Bath the construction and & Now conceis e a carcle with BD as diam
eter lymng m a plane at mght angles to
that of the paper, and describe a cone with
thss arcle for its base and with vertex 0

We have therefore to piove that the
grven ellipse 1s a section of the cone or if
P be any point on the ellipse, that P lies
on the surface of the cone 1

Draw PN perpendicular to BB Jomn
ON and produce 1t to meet BD 1V 1nd
let 1Q bedrawn 1 the plane of the circle
on BD as duameter perpendicular to BD
and meeting the crcle m @ Also let FG,
v HA be drawn through E, M respectnely

parallel to BB’

3

We have then
QM2 HM ME=BY MD HM MK

E ED FE LG
=(BE ED EO0% (EQ* FE EG)
={CA* €0 (CO®* BC CB")
£Ar cB?
'N* BN NB'

Therefore QA PN:=HM MK BN NB'

=PM? ONZ,

whimee, maee PN, OV are pardih, 024 o w gt wre

But Q 12 on the cireumfercnce of the eircle on BD as diameter, therefore 0Q
18 & generator of the cone, and hence P hes on the cone

Thus the cone passes through 21l points on the ellipse

ProrosiTION 8
Guen an ellipse, a plane through one of s azes AA' and perpendiculer lo the
plane of the ellipse, and a line CO drawn from C, the centre, wn the guen planc
through AA’ but not perpendicular lo AA', 1t 13 possible lo find a cone wath verter
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O such that the guen ellipse 15 a section of 1¢[or, tn other words, to find the crrelar
scctions of the cone with vertex O whose surfuce passes through the errcumference
of the ellspse}

By hypothesis, 04, 0A° are unequal Produce 0A' to D so that 04 =0D
Jown AD, and draw F@G through € paraflel to1¢

Lhe grven elipse 15 to be supposed to he i a plane perpendieudar o the
plane of the paper Let BB’ be the other ans of the ethpse |

Concette a plane through AD perpendicalar to the plane of the paper, and
1 1t desenbe esther (g), f CB?=FC - CG, & ercle with diameter AD, or (B),2f
not, an elhpse on 4D as aws such that, if d be the other aws,

& AD=CB*.FC CG

Take a cone with vertex O vwhose sur-
face passes through the arcle or ethpse
just drawn This 1s possible even when
the curie 1s an ellipse, beenuse the line
from O ta the nuddle pornt of A D1s per-
pendicular to the plane of the ellipse,
and the construction s effected by
menns of Prop 7

Let P be any pont on the gnen &l
hipse, and we have only to prove that P
hes on the surface of the cone 5o de-
senbed

Dran PN perpendicular to A4 Jon
QN, and produce ii to meet AD mn A
Through M draw HA paratiel to 4’4

Lastly, dran MQ perpendicular to
the plane of the paper (and therefore
perpencieular 1o both HA and AD)
meching the ethpse or arcle about 4D
{and therefore the surface of the cone) in @

hen
QM* HM ME=(QM* DV Md4) (DM MA HM ME)
= 4Dy (PE C6 4'C CA)
={CB* FC CG) (FC CG A‘C C4)
=0f* CA*
=P\ A'N N4
Therefore, alternately
QU PVr=13 MK A'N N4
=QV: ON?
Thus snee PV QU are pamliel OPQ s o strmght hine, and @ pangon the
surface of the cone, 3t follows that /13 also on the surface of the cont
Simlarly o}l pomts on the ellipse are also on the cone, and the cllipie 3
therefore 3 seetion of the cone

Provosrion ¢

Guen un dhipse, v plane through one of 11y azes ond perpendicular lo that of l::
ellipse, and o straight line CO drawn from the eentre C of the ellipse i the m:‘ M
plane through the axa dut net parpendicnlar to that axis, v 18 possible 10 Jind
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eylinder wath axis OC suck that the ellipse 15 o secton of 1t {or, tn other words, lo
find the carcular seclans of the eylinder with azis OC whese surface passes thraugh
the cireumference of the quen elipse]

Lot AA’ be an aios of the ellipse, and suppose the plane of the ellipse to be
perpendientar to that of the paper, so that OC hes in the plane of the paper

Draw 4D, A'E parallel to €0, znd ley
DE be the hne through O perpendsendar
toboth AD and 4'E

We have now three chfferent cases
aceording a8 the other axis BR' of the
ellipse 33 {1) equal to, (2) greater than,
or () less than, D¥

(1) Suppose BB'=DE

Draw a plane through DE at nght
angles to OC, aud 1n thes plane desertbe
a arcle on DE as dumeter Through
this ewcle descrbe 2 cyhinder with axis OC

Tns eyhnder shalt be the eylinder requsred, or its surface shall pass through
every pant P of the elipse

Far, 1f P be any pomt on the ellipse, draw PN perpendicular to A4/,
theough N draw N M poraliel to CO meeting DE w A, tod through 3, the

plane of the circle on DE as d draw MQp dicular to DE, mecting
the eurele m Q

‘Then, sioce DE=BE,

PN* AN NA'=D0O* AC C4&'

And DM UE AN N&'=DO* ACY,
smce 1D, N3, CO, A'E are parallel

Therefore PN*=DW ME

-0,

by the property of the ewrcle

Hence, since PV 7V are equal as well as paraltel PQ1s parallel to 37V and
therefore to CO Tt follows that P13 2 generator of the cylnder, whose surface
accordigly passes through P

(2} If BB > DR, we take E on A'F such that DE =BB' and desenbe a
arcle on DE o5 4 ter in a plane perpendseniar to that of the paper, and the
vest of the construction and proof s exactly sinulars to those g en for case (1)

(3) Suppase BB’<DE

Tsahe o pont K on €O produced such
that

DO*~CB*=0R?

From A draw AR perpendicular to
the plane of the paper and equal to OB

Thus OR?*=0A2+CB*=0D

In the plane contmmng DE, OR de-
scnbe a cxele on DE ns dmmeter,
Through this nircle (nheeh must pass
through E) draw a ¢y hnder with ans 0C.

We hace then {0 prove that,if £ be
any pomnt on the grien clipse P hes on the oy hinder so desenibed

Ed
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Drasw PN perpendicular to A4’, and through N drow NAL paralle te €0
meoting DE m M. In the plane of the circle on DE as dyumeter draw 29
perpendicular to DE and meeting the auclen Q )

Laustly, draw QH perpendeular to NAI produced QH will then be perpen-
drcular to the plane contamng AC, DE, 1 e the plane of the paper.

Now QH? . QM=KR* 1 OR?, by simsar {riangies.
And QM AN NA'=DM ME AN N4&'
=0Dr: CA®
Hence, ex aequal, since OR=0D,
QH? AN NA'=KR* CA?
=CB! CA*

=PN?* AN N4’
Thus QH = PN And @R, PN are also parallel Accordingly P@ s paratle} to
BN, and therefore to CO, so that P s » generator, and the eylinder passes
through P

Prorosrmiov 16
It was proved by the cuher geomeders that any tuo cones have o one anether
the ratio compoundrd of the ratros of thewr bases and of therwr hewghts t The same
method of proof wall show that any segments of cones have o ong anofher fhe
ratio compounded of the ratios of thewr bases and of thewr heghts,

The propoation that any frustum’ of a cylinder 15 riple of = - +
which has the seme base as the frustum and equr??
manner as the propoation that the eylind ¢ ot nas e

same base as the eylinder and epml herpht

Prorosirion 11

(1) #f & parobolosd of revalution be cut by  plane through, or paralielis
the seehion wall be @ parabola egqual to the orypnal poent
penerates the parabelod And the axas of the see
the cutling plane and the plane through the az
Ip the euttang plane

If the parabolord be cut by o plane of right angues lo os axes, the sectron willbea
errele ahose centre 33 on the anag

{23 1f a hyperbolowd of revolutron be cut by a plane through the 6118, parallel 2
the aris or through the centre, the gection will be @ hyperbola, (a) of the secbon be
throngh the axss, equal (B} 1f parallel fo the azis symlar, (e} f through the e2uies
not mmilar to the eruginal hyperbala which by 1ts rerolution generates the Ayper;
bolowd And the azes of the sechon v ill be the interseclron of the cullmg piane o7
the plune through the nxy of the hyperboknd al right angles o the cuthnd plane

Any section of the hyperbalowd by a plane at rght angles to the ax13 willbe s
cirele whose einitre 13 on the azis

{3) If ony of the spheraidal fiyures be cut by o plane through the a8 87 f’“""‘”’t
to fhe axis, the section usll be an olhpee {0} of the scetran be through the axi%
cqual, (b) 3f prrallel to the azis, sumlear, to the Mepse vheeh by 113 yerolulion gen”

This follons from Luck xn 11 and 11 taken together ©F On the Sphere and Cylinder %
Lemma "
FThs proposstion nas prosed by Listovus, as stated m the preface to On the Sphere 3

Cylinder 1 €L Fuet 55 30
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erales the figure And the azis of the section wnll be the rnlersection of the cutting
plane and the plone through the azs of the spheroid 6t right angles to the cutting

plere
¢ If the sceteon be by a plane af right angles o the axes of the sphermd, stwill be o
eurcle whose centre 13 on the ams [N

(4} If any of the smd figures be cut by u plare through the axis, and 1f a per-
perdwenlar be drawn to the plane of seclion from any potnd on Ehe surface of the
Ffigure but not ov the section, that perpendicular will foll withan the scchan

“And the proofs of all these propositions ave evident "

Prorosmion 12

If o paraboloud of revolutson de cut by « plane neither parallel nor pendiculnyr fo
the axis, and 1f the plane through the azss perpendicular to th cuiling plane wnfer-
sect 1 1n a straight e of which the portian intercepted wrthin the parabolnd 13
RR', the scction of the parabolerd 1nll be an ellipse whose mejor o2 13 RR and
whose manor axis 18 equal to the perpendicular disiance detucen the bines through
R, B! parallel to the axis of the parabolod
Suppose the cutting plane to be perpendicular ta the plane of the paper, and
let the Iatfer be the plane through the nvis ANF of the parabolord which mter-
sects the cutting plane at nght angles m BR’ Let R be parailel to the axis of
the bolowd, and B'H dieular to RH
Let Q be any pont on the section made by the cutting plane, and from @
dran QY perpendicular to BR* QA will therefore be perpendicular o the
plane of the paper
Through 3 dran DMI'E perpendicular to the axss ANF meeting the para-
bohe section made by the plane of the paperin D, E Then @ ¥ is perpendicular
to DE, and, if & plane be drawn thiough
DE, QM, 1t will be perpendicular to the
sxs and wall ot the parsbholod & cireus
far sectron
Bince Q 15 on this circle,
QM*=DA AIE
Agam, of PT be that tangent to the para-
bolie sect1on 1n the plane of the paper which
18 paraliel to BE', and i the tangent at 4
meet PTin 0, then from the property of
the parabola,
DM ME RM MR=A0 OP? {¥rop 3 (13
=A0" OT% smce AN=AT
Therefore Q* R MR =A0* OT?
=RH* RR%,
by simtlar tnangles
Hence Q lies on an efhpse whose major ams s RR and whose mimor axis 13
equslto R H

ProvostTions 13, 14

1§ o hyperbolord of sevolnhion be cut by e plane meeting all the gerecators of the
enteloping cone, or 1f an ‘oblong’ spherord be cul by o plane nol perpendicular to
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the axis,t and 1f @ plane through the azes wierscet the cutling plane at right angles
tn @ strawght line on which the hyperbolod or spheroed wnlercepls @ length R,
then the section by the cutling plome wall be an ellipse whose magor oxs 15 BR
Suppose the eutting plane to be at nght angles to the plane of the paper, and
suppose the latter plane to be that through the 53 ANF whieh mterseets the

4]
8 %
o
n ¥ ‘a

2 E GHSEY e
s
o 8 3 4

M\

&

cutting plane at nght angles m RE” The section of the hyperbolond or spherotd
by the plane of the paper 1s thus 2 hyperbola or ellipse having ANF for its
transs erse oF major axs

Take any potnt on the section made by the cutting plane, as §, sud draw
Q! perpendicular to RR' QAL will then be perpendicular to the plane of the

=
-

paper
Through M draw DFE at nght angles to the axis ANF mecting the hyper-
bola or ellipse m D, B, and through QAf, DE let 1 plane be desenbed This
plane wilt accordingly be perpendicular to the axis and wilt cut the hy perbolod
or spheroid 1n 2 etreular section
Thus QM=DM ME ,
Let PT be that tangent to the hyperbola or ellipse which 15 paralict to BR',
and let the tangent at 4 meet PT 10 O
Then bn the property of the hyperbola or ctupse,
DM ME RA MR =04% OF?,
or QM* RM MR =04A* OF
“ow {1 the by perhola QA <OP, because AT < AN, and accordingly
OT <OP, while G4 <OT ,
(2 1n the ellipse sf AR’ be the diameter paralle] to BR', ond BF the
mner aas
BC CR KC Ch/=04? OP?,
and BC CB'<AC CAR/, sothat 04 <OP "
Henee n both cases the locus of @ 15 an ellipse whose magor axig 19 RE d
Cor I If the spherwd be a flat spheroid the section will bean ellspse, 28
everything Wil proweed ay bifore cxcept thit 28 will tn this case be the
minor aX18
>Asehimedes begins Prap 14 for the spheroid with i e remask that, when the cubtingplaot
pases through or s parll | to the sxs the ensedscliar Of Prop 11(3)
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Cor 2 In all conouds or spherords parallel sections will be sumilar since the
ratio OA? OP?1s the same for all the parallel sections

ProrosrrioN 15
P - ¢ . LSNPS S} LI r1

~ ¢

1 ¢
whick 15 11 the same direchon as the contexaty of the surfare will fall wathou! ot
and the part which 13 in the other direction within ot

For 1f a plane be drawn 1n the case of the paraboloid through the axis and
the pomnt and 1in the case of the hyperbolo:d through the miven pomnt and
through the given straight line drawn through the vertex of the enveloping
cone, the section by the plane will be (g) m the parabolod a parabola whose
ax1s 15 the axis of the parsbolord (b) m the hyperboloid a hyperbola 1n which
the given hme through the vertex of the enveloping cone 1s a diameter *

(Prop 11

Hence the property follows from the plane properties of the comes

(2) If a plane touch a conoid unthout cutling 1t 1t uall fouch oL at one pornt only
and the plane drawn through the pount of contact and the axis of the conord wnll be
ot right angles fo the plane which touches 1t

For 1f possible let the plane touch at two ponts Draw through each pomng
a parallel to the axis The plane passing through both parallels will therefore
etther pass through or be parallel to the awis Hence the section of the conod
made by this plane wall be a conte [Prop 11 (1) (2)] the two pounts will hie on
this come and the hne joming them will he within the conte and therefore
within the conoid But this hine will be 1o the tangent plane mince the two
pomnts arem 1t Therefore some portion of the tangent plane will be within the
conoid whuch 15 impossible <ince the plane does not ent 1t

Therefore the tangent plane touches 1n one point only

That the plane through the pomnt of contact and the axs 1s perpendicular
to the tangent plane 1s evrdent mn the particular case where the pont of contact
1

€ through the axis

If the pomnt of contact P 18 not the vertex draw the plane
passing through the axas AN and the pownt P It will cut the
conoid 1n & conic whose axis 1s AN and the tangent planen a line
DPE touching the conic at P Dran PNP perpendicular to the
awas and draw o plane through 1t also perpendicular to the axis
This plane will make a circular section and meet the tangent

3

There scems to be some error in the text here which says that the d ameter (12 axis)
of the hyperbola 15 the stra ght line drawn 1n the cono d from the vertex of the cone But
th s straight line 1s not in general the ars of the sect on.
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ProrosiTion 16

(1) If a plane touch any of the spherordal figures without cutting of, st will fouch
at anc pont only, and the plane through the point of contact and the azis will be al
raght angles to the tangent plane

Thisis proved by the same method as the Iast proposition

(2) If eny conod or spherod be el by @ plane through (he oas, and of through
any tangend to the resulting comie a plane be eveeted of raght angles fo the plane of
sechon, the plane so ereeted wall touch the conord or spherord 1n the same potntas
that tn uwhich the line louches the conie

Forat cannot meet the surface at any other posnt 1f 2t did, the perpendicular
from the secand pownt on the cutting plane would be perpendicular also ta the
tangent to the cone and would therefore fall outade the surface But 1f must
fall wathin st [Prop 11{4)}

(3) If two parallel planes louch any of the sphevordal figures, the line joiming the
paonds of contact wrdl paws through the centre of the spherod

1f the planes are at nght angles to the axs, the proposition 1s obvious 3 not,
the plane through the oxs and one pot of contact 1 ot npht angles to the
tangent plane 8t that pomnt It 15 therefore at nght sagles to the paratiel tau-
gent plane and therefore passes through the eccond pamt of cantact Hence
both powts of contact hie on one planc through the axs, and the propesttion
13 reduced to a plane one

Prorosirroy 17

If two parallel planes touch any of the sphermdal Jugures, and anathes plane 5
draten parailel to the tangent plancs and passing through the centre, the kne draten
through any pownt of the crreumference of the resulling section parallel to the chord
of contact of the tangent planes will fall gutside the spherod

This ts proved 4t once by reduction to a plane proposition

Archimedes adds that 1t 1s evident that, o the plane parallel to the tangent
planes does not pass through the centre, o straight hne drawn 1 the manner
desertbed w3l fall without the spherosd i the direction of the smatler segment
but within 1t 10 the other direction

Prorosimos 18
Any spherordal figure whach 25 cut by o plane through the gentre v dirded, both
as regards 1ts surface and its volume wnto tuo equal parts by that plane
To prove thrs Archimedes takes another cqual and simdar spheroid, divides

1t sumluly by 2 plane through the contre, and then uses the method of
application

ProrosiTions 19, 20

Guen  scgment cut off by a plane from a parabolowd or hyperbolesd of revolutron,
or a segment of @ spherad less than half the spheraid alsa cid off by 8 plane, 38
possible {o tnacribe 1n the segment ane solid figure and to crrcumscribe bott tf
another solid fiqure, cach made up of cylinders or *frusta” of eylinders of equal
heaght, and such thot the circumseridnd figure cxceeds the taseribed figure bye
solume less than that of any guen sobid

Lot the plane bose of the segment be parpendicular to the plane of the papeh
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and let the plane of the paper be the plane through the axis of the canad or
spheroid which cuts the base of the segment at night anglesin BC' The section
1n the plane of the paper 1s then a conmiec BAC {Prop 11}

- Al Rl e LIS D R mneall Vin Y ae 1 1at { b

spherod at A Wrop 1oy

{1} If the base of the segment 15 nt ght angles to the axs of the conod or
spheroid, 4 will be the vertex of the conmd or spheroid and its axas AD will
bisect BC at night angles

(2) If the base of the segment 13 not at nght angles to the axs of the conod
or spherowd, we draw 40

(a) m the parabolod, parallel to the aws,

(1) 1 the hyperbolowd, through the centre (or the vertex of the enveloping
cone),

(¢) m the spherand, through the centre
and m all the cases 1t will follow that AD bisects BC m D

Then 4 will be the vertex of the segment, and AD will be 1ts axig

TFurtber, the base of the segment will be a eircle or an ellipse with BC as
diameter or as an axis respectively, and with centre D We can therefore
describe through this cirele or ethpse a eyhnder or a ‘frustum’ of a eylnder
whose aws s AD {Prop 9]

Diniding this cylnder or frustum
contmually mto equal parts by planes
parallel to the base we shall at lenpth
arnve at a cyhnder or frustum less m
volume than any given sohd

Let this ¢ylimder or frustum be that
whose axis1s 0D, and let AD be dinded
mnto parts equal to OD, at L, M,
v oA oA Al

P 1

frusta of ey hinders each with axs equal to OD, one of them Iying i the direc-
tion of A and the other in the direetion of D as shown 1 the figure

Then the ¢y linders or frusts of ¢y lmders drawn in the direction of A4 make
Up 2 eircumseribed figure, and those 1n the direction of D an msenbed figure,
m relation to the segment

Also the cyhinder or frustum PG in the circumsenbed figure 1s equal to the
cyhnder or frustum PH m the msenbed figure, QF i the circumsenbed figare
18 equal to QA 1n the mseribed figure, and so on

Therefore, by addition

(eircumsenbed fig )=(nser fig ) (cylinder or frustum whose axis1s 0D)

But the eylnder or frustum whose awis 13 OD 15 less than the gven sod

gure whence the proposition follows

“Having set out these prehiminary propositions, let us proceed to demon-
strate the th propounded with to the figures’
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Prosostrions 21, 22

Any scqment of @ parabolord of reolution 13 kalf as large agan oy the cone o
segment of @ cone which has the samic base and the same or1s

Let the base of the segment be perpendicular to the plane of the paper and
let the plane of the paper be the plane through the axs of the pirboled which
cuts the base of the segment at nght angles i BC and makes the pambohe
section BAC

Let ZF be that tangent to the parabola nhich 1s parallel to BC, and et 4
be the point of contact

Then (1} if the planc of the base of the scgment 1@ perpendicular to the aus
of the paraboloid thnt aws 1s the bne AD Wsecting BC at nght angles i D

(2) If the plane of the base s not perpendieular to the avs of the prrabolord
drasw AD paraliel to the axis of the parabolord AL will then bieect BC, but
not at right angles

~ 1 e

. -~ s

the

BC as major axis
Accordingly a cybnder or & frustum of a cyhnder ean be found pisang
through the arcle or ellipse 1ed hasing A2 for s nas [Prop 9], and bhewse
2 cone or 7 seguient of a cone can he drana passing thraugh the circle of
elipse and having A foryertex and AD for axis [Prop 8
Suppose A to be 5 cone equal to # {conc or segment of cone ABC) 1hecone
1 15 therefore equal to half the ey linder or frustum of & ¢ylinder £C
{Cf Prop 16}
. \f‘e shall prove that the volume of the segment of the paraboloid 18 equal
]
If not the segment must be esther greater or less than Y
I 1f possible let the segment be greater than Y
We can then msertbe and circumsertbe as ta the st proposition Tgures
made up of ¢ hnders or frusta of cylinders with equal herght and such that
(aireumsenbed fig ) ~(wscribed fig ) < (segment) =1
Let the greatest of the cy hnders or frusta formung the cireumseribed figure
be that whose bnse 1s the eircle or eflipse about BC and whose axs 15 0D and
let the smallest of them be that whose base 18 the eirele or ellpse about PP
and whose avisis AL
Let the greatest of the ovhn
ders forming the mscnbed figure
be that whose base is the eircle or
ellipse about £R and whose as
150D and let the smallest be that
whose base 18 the arcle or elipse
ehout PP and whose aus s LY
Produce 2lt the plane bases of
the eyhnders or frusta to meet the
surface of the complete ¢y hinder or frustum EC
Now, since
(crrcumsenbed fig ) —(inser fig ) < (segment)—~2
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1t follows that (nyenbed figure) > X (c
Next comparmg successively the ¢y hinders or frusta with hexghts equal to
0D and respeetively forming parts of the complete ¢y linder or frustum EC
and of the msenbed figure we have
(first ¢y limder or frustum i EC) (first in mser fig)

=BD RO

=AD A0

=BD TO where AB meets ORin T
And (second cyhnder or frustum m EC) (<econd in mscr fig )

=HO SN 1n like manner,
and so on

1cal

progression

But [Lemma preceding Prop 1]

BD+HO4+  >2(TO+SN+ )
There[nre {eyhnder or frustum EC)>2 (nscribed figg )
X > (insenbed fig),

Wh\ch 15 impossible, by («) above

JT 1f possible let the sepment be less than X

In this case we insenibe and circumsenbe figures os before but such that

(cireumser fig )—(nser fig ) <A —(segment)

whenee 1t follows that

{eircumsenbed figure} < X (€:))
4 - N i - sylindex or
=BD* BD*
=BD BD
(second mn CE) (second 1n circumscr fig )
=H0* RO*
=4D 40
=HO TO
and &0 on
Hence {Prop 1)
{cylinder or frustum CE) (arcurosenbed fig }
=(BD+HO+ ) (BD+TO+ )
<2 1 {Lemma preceding Prop 1)

and 1t follows that

Y <{crrcumsenbed fig )
whoch 13 mpossible by (8)

Thus the segraent betng neither greater nor less than X 15 equai to 1t and
therefore to § (cone or segment of cone ABC)

ProrosITIoN 23
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Let the two planes be supposed perpendicalar to the plane of the paper, zad
let the Iatter plane be the plane through the axis of the parsboloid cutting the
other tno planes at nght angles in BB’, QQ’ respectn elv and the parabolad
1tself in the parabola QPQ B

Tet AN, PV be the equal axes of the seg-
ments, and i, P thewr respectnie vertices
L - Draw QL parallel to AN or PV and QL

° perpendicular to QL

Mo, since the segments of the parabolic
section cut off by B, QQ have equal mes,
the trangles ABE’, PQQ’ are equal {Prop 3]
Aleo 1f @D be perpendicular to PV, QD=8V

v (as m the <ame Prop 3)

Concene two cones drawn with the ssme
bases as the <egments and with 4, P as ver-
trces respectsvely The herght of the cone PRY’
13 then PK, where PK s perpendicular to Q07

Xow the cones are 1n the ratso corpounded

a of the ratros of thewr bases and of ther

¥ fhieaghts, 1 ¢ the ratio compounded of (1) the
ratto of the eucle about BA’ to the ellipse
about Q@', and (2) the ratio of AN to PA

That 1s to say, we have by means of Piops 5, 12

(cone ABB') (cone PQQ')=(BB* Q@ 'L} (AN PK)

And BB =2BN =2QD=Q L, wlule QQ =2Q1"

Therefore

(cone BB ) (cone QY =(QD QV) (1IN PK)
=(PK PI) (AN PR)
=N Pr

Sice AN =PV the ritio of the cones 13 & ratio of equabty , and it follows
that the scgments being each half as Lirge agawn as the respectsye cones [F'rop
22] are cqual

s
a

Prorosrrion 24
If from a parabolowd of retolufion two segments be cut
P off by plancs drawn in any manner, the segments willbe
ta one another as the squares on thewr azes
)2 For fet the paraboloid be cut by e plane throvgh
the axs m the parabolic seetion P/PApp’, ond Iet the
205 of the prrabala and parabolord be ANN’
Measure along ANN' the leagths AN, AN' equal 20
N n  the respective aves of the given segments, and through
Ll N N dran planes perpendicular to the axs, makieg
airenlar sections on Pp, F'p’ as diameters respeetn a3
Vth these circles as bases and with the common 3¢
tex 4 let tuo cones be described
Now the segments of the parboloid whose bases
are the circles abaut Pp, P'p’ are equal to the gve?
P’ segments respectrsely, since thetr respeetrie Y8 are
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equal {Prop 23] ard, cince the sogmen* {Pp 4Pp" are half as large acun
23 the conen 1Pp AP'p" respectively we have anh to show that the cones
aremthe =sthioof Vo AV

Bat

(core {Pp) (come 1P'p)=(P\V" P\ (4N {\)
=4V 1\V) (4y 1\V)
=4V 4V,
thas the propontion 1 proved.
Proroertions 20 20

Inan sk jperbolord of rerolution 1f A be e rerter and 4D {Pe arisof any segt tent
eut 65 by a plane and 1f C4 be the serndiareter of the hyperbolor f through t
(C4 betng of couree 1n the same strargf t hr o werth AD) then
{egment) (co e v1th same boe ar i anis)
T TT=(1D43C4) (1D+204)

Let the plane cutting off the segment be perpendicular to the plane of the
Paper and let the latter plane be the plane through the wus of the hy perbolmd
which inter<ects the cutting plane at neht ansles i BB, and makes the hyper-
bolie segment BAB Let C be the centre of the hyperbolatd {or the vertex of
the eaveloping cone)

Let EF be that tangent to the hyperbolic section which ts pamllel to BB
Let EF touch at A and jom C4 Then €4 produced will bisect bB'at D CA
wll be a semi-diameter of the hyperboloid A will be the vertex of the segment
and AD its axis Produce AC to 4’ and H, <o that {C=C {'=A'H

Through EF draw a plane parallel to the base of the segment Tlus plane
wll touch the hyperbolond at 4

Then (1), if the base of
hvperboloid 4 wall be the
23 of the segment and th

duiameter
(2) If the base of the segment 15 not perpendicular to the as of the hypere
bolaid the base will be an clltpse on BB as major aus [Prop 13}

Then we can draw a cylinder or a frustum of 4 ¢yhnder FBB 1 jasmng
through the cirele or elip~e about BB and having 1D forits avs al owe (n
describe a cone or & segment of a cone through the circle or elltpse 1o § having
4 forits vertev

We have to prove that

(segment ABB) (cone or segment of cone ABB }=IID 1D
Let T be a cone such that
1 (cone or segment of cone ABB)=lID A D ()
and we have to proie that 1 is equal to the scgment
AT
{cy hinder or frustum EB ) (cono or scgmt of cone ABB )=3 1
Il erefore by means of (@), (eyinderorfrustum 'B) 1 = 1 D "{—’-

If tl ¢ <egment 18 not equal to ¥ 1t must cather e greater or loss

T If posstible let the scgment be greater than ¥

Inseribe and errcumscenbe to tle segment figures made up of ¢yl nders or
frusta of cy linders with axes alang A D and all equal to one another stch thnd,

(8)
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(circumscribed fig )~ (inser. fig ) <(segmt.)—V,,
whence (inseribed figure) > V. (7)
Produce all the planes forming the bases of the eylinders or frusta of eyln-
ders to meet the surface of the complete cylinder or frustum EB'.

H
a
€ 4 3
=L
L =7 Va
7 "
éao v
P /v
B 5 4
I
?
I
)
? g !
]
s
af @A) a e s
I

Then, 1f ND be the axis of the greatest ¢y linder or frustum in the arcum-
senbed figure, the complete ¢ hnder will be divided 1nto ¢y inders or frusta
each equal to thig greatest ¢y hinder or frustum

Let there be a number of straight lines a equal to 447 and as many 1 num-
ber as the parts into which AD 1s divided by the bases of the cylinders or [rus-
ta To each line a apply a rectangle which shall overlap st by a square, and let
the greatest of the rectangles be equal to the rectangle AD A'D and the least

DR ZRFPEARE AN - * the overlapping squares

equal © ** ‘ .
bpq . Thus b, p, g, P20
respec . " the rcc’tax’lg{GS (ab+b%),
E;IIL‘H”). (al+1%) will e respectively equal to AD A'D, AN A'N, 4
= . - ~ . 14~ tha largest
les

cybn-
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der or frustum EB and (2) 1 the insenbed figure, beginnng fram the base of
the segment, we have

(fixst ¢y hinder or frustumn EB) (first i mnser figure)
PN?

=BD’
=4D A’D AN A'N, from the hyperbola,
=8 {(ap+1’)
Again
{seeond cytnder or frustum m EB ) {second in mnser fig)
=BD* QM*
=AD A'D AM A'M
=8 (ag+¢*)
and so on

"The last eylinder or frustum 1n the complete cyhinder or frustum EB’ has no
cylinder or frustum corresponding to 1t m the msenbed figure
Combining the proportions, we hate {Prop 1}
(cybnder or frastum BB} (inscnibed figure)
=(sum of all the spaces §) (ep+p¥)+(agtet)+

>{a4b) (5 5) {Prop 9

>40 22 wecoamad bodD,

>(EB) V by (B) abare
Hence {insenbed figure) <17

hBut thia 1s tmposaible hecause by {¥) above the meenbed figure 1s greater
than ¥
LA . PR
'

' 1 ' nt},
whenee we demve
V> (erreumsenbed figure) {3}
We now compare successti e cyhnders or frusta in the complete eylinder or
frustum and in the circumseribed ﬁgme and we have
{first cylmder or frustum 1n BB ) {first in cireumserthed fig )
=5 (ab—H;’)
(second m EB ) (second m cireumsenbed fig )

=8 (ap+p®
and <o on

Hence [Prop 1]
{cyhinder or frustum EB } (cwrewmsenbed fig )
=(sum of all sprces §) (ab4+-bD) +(ap+p)+

<{a-+b) (%—fg) {Prop 2]
Y
<(EB) 1 by (8 abaove
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Henee the ciretunsenhed figure is greater thas 173 which i imposable, by
{81 sbove )
s the segment is nerther greater nor esy than 17, and 1s therefore equal
tont
1hercfure, by {a),
(segment ABB') (cone or segment of canc ABB’)
=(AD+3C.1) (AD+204)

Provostrions 27, 28, 29, 30

(1) In any spheroid whose centre 16 C, 1f a planc meeling the axs cut off @ seqment
not greater than kalf the spherard and having A for 1s vertex and AD for vis axis,
and 1f A'D be the az1s of the remasning segment of the spherord, then
(first segmt ) {cone or segmt of conc wrth sanie base and azis)
=CA+A'D A'D
[=3CA—AD 204-4D] '

(2) As a parteular case, 1f the plane pasees through the centre, sa thal the &g~
ment 19 half the spherord, half the spheroid 1s double of the cone or segment of 6
cane which has the same ccrtex and ars

Let the plane cutting off the segment be at nght angles fo the plwe
of the paper, and let the Iatter plane be the plwne through the aus of the
spherord which wnterscets the cut~
tmg plane in BB’ and makes the
elliptic section (B 18’

Let EF, T be the two tan-
gents to the ellipse nhich are par-
allel to BB’ let them touch 1t i
4, A", and through the tangents
draw planes pirallel to the base of
the segment These plines will
touch the spherod at L, 1/, which
will be the vertices of the tuo sege
ments into which it 1y dnaded Also

44" will p 1es theough the centie ¢
and bisect BE mn D

Then (1) 3f the base of the seg-
ments be perpendicular to the ans
of the spheroid, A, A* will be the
vertices of the spherod as well as
of the segments 414" will be the
awus of the spheraid, and the base
of the segments will be & encle on
BB 15 diameter,

{2) o the base of the segments ¢
be not perpendicular to the s .
of the spheroid, the Lase of the o 2 s
segments Wil be an elhpse of which
BB 1w one avis, and AD, 1D wil !
be the a1es of the segments respee-
tively @ d d

“C
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We ean now dran 4 cyhnder or a frustum of a ¢ylwder EBB'F through the
cirele or elbpse about BB' and having 4D for 1ts axs, and we can also draw a
cone ot o segment of a cone passing through the circle or ethipse about BB and
having 4 for its vertex

We have then to show that, 3f CA’ be produced to H so that CA’=A'H,

{segment ABB’) (cone or segment of cone ABB)=HD .A'D
Let V be such o cone that
V (cone or segment of cone ABB)=HD A'D, {a)
and we have to shaw that the segment 4BB mequalto V
But, smee
{eyhnder or frustum EB‘) {cone or segment of cone ABB)=3 1,
we have, by the ud of (o),

{cylinder or frustum EB) V=A4’D %I—)- ()]

ther greater or less
v

ment consisting of
d a1l equal to one
another, such that
{ bed fig )~{ bed fig ) <(segmenti~V,

whenee it follows that
{msenbed fig )>V {7
Produce afl the planes formung the bases of the cylnders or frusta to
meet the surface of the complete cyhnder or frustum EB’ Thus, of ¥ D be the
aus of the greatest eylbinder or frustum of & eyhnder m the errcumsenbed
figure, the complete cybinder or frustum £B' will be dinided into eyhinders
gr {ruste of ¢yhnders each equal to the greatest of those m the circumsenbed
mure
Take strught bines da’ each equal to A’D and a3 many in number as the
parts 1to which 41 18 divided by the bases of the eyhnders or frusta, and
measure da slong da’ egual to 4D Tt follows that aa’ =200
Appls to each of the lines o’d rectangles with height equal to ad «nd draw
the sqqunres on cach of the hines ad p3m the figure Let § denote the area of each
complete rectangle
From the first rectangle take anay 8 giomon with breadth cqual to AN (1e
with each end of a length equal to AN}, tahe away from the second rectangle
3 gnomon with breadth equal to A3, and o on, the last rectengle having no
gng:on taken from 1t
en

the kst growar =D LD~ND (D48
=A'D AN+ND AN
=AN N
Sululy,
the secontd gnomon =AW A3,
and 0 on
And the Inst pnomon (that in the Tast rectangle but one) 1 equal to AL 4L
Alan aftow ¥hn mrnennes asa tal an o m Seam bho o wnnbas Al tha
[ . -
te .



438 ARCHIMEDES

length aa’ and “exeeeding by squares * whose sides are respectively equal to
DN, DM, DA
For brevsty, let DV be denoted by z, and aa’ or 2CD by ¢, so that
Ri=cz+2, Ry=c 2r+-(22)%,
Then, comparnng st 1er o0t ‘
complete c3 linder or
(first ¢y lind
=BD* pV?
=AD A'D AN A'N
=5 (first gnomon),
{second ¢y hnder or frustum 1n EB’) (sccond 1n senbed fig)
=8 (second gnomon),
and so on
‘The last of the cy knders or frusta in the ¢y inder or frustum EB has none
corresponding to 1t mn the mscnbed figure, and there 1s no correspondmg
omon
Combining the propertions, we have [by Prop 1]
{cynder or frustum EB ) (nsenbed fig)
=(sum of all spaces S) (sum of gnomons)
hl\;o“ the differences between S and the successive gnomons are &y 82 B
whle
Ry=cx+2?,
Ry=c 2:+(22)3,

Re=chtb?=8,
where b=nz=4D
Hence [Prop 2]
(um of all sprces §) (RetReb  +RI<(e+b) (5+2)
1t follows that
s+%
up
3

(sum of all spaces S) (sum of gnomons)> (¢+b) (2
>A'D

Thus (cybinder or frustum EB’) (inscribed fig )

>4p 40

from (8) above > (eylinder or frustum EB’) V,

Therefore {inserbed fig )<V,
which 13 impossible by (v) aborve

(segment), ! 5
whence T > (aircumscnibed fig ) (h
In this case we compare the eylinders or frusta in (EB ) with those 18 the
circumseribed figure
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hus ! Yo
(first cylnder or frustum 1 £B’) (first 1n circumsenbed fig }
(second 1n EB’) (se’cond 1 crrcumsenbed fig )
I =8 (first gnomon),

and so on
Lastly (last 1n EB’) (last 1n circumsenibed fig )
=8 (last gnomon)
Now
{S+(all the gnomons)} =nS—(Ri+R2+  +R.y)
And 78 R+Bit  +Rua>(ctb) (§+§)z [Prop 2]
50 that =

28 {S-+(all the gnomons)} < (c+b) (%Jr%b

It follows that, 1f we combine the above proportions as 1n Prop 1, we obtain
(cylinder or frustum EB’) (circumscnbed fig )

<) (53
<ap 22
<(EB) V,by (B) above

Iicnce the cireumscenbed figure 1s greater than V, which 1s mmpossible, by (8)
above

Thus, since the segment ABB’ 1s neither greater nor less than V, 1t 1s equal
to1t, and the proposition 1s proved

(2) The particular case [Props 27, 28] where the segment 1s half the spherod
differs from the above 1n that the distance CD or ¢/2 vanishes, and the rec-
tangles cb+3* are mmply squares (b?), 50 that the gnomons are sumply the
differences between b2 and 2% b? and (27)? and so on

Tnstead therefore of Prop 2 weuse the Lemma to Prop 2, Cor 1, given above

{On Spurals, Prop 10], and instead of the ratio (c4-b) (§+—23«b) we obtain the
ratio 3 2, whence (segment ABB’) (cone or segment of cone ABB )=2 1

Prorosrrions 31, 32

I/ a plane durde a spherord tnto tuo unequal scgments, and 1f AN, AN be the

azes of the lesser and greater segments respectuely, while C 18 the centre of the
spherad, then

{greater segml) (cone or segmt of cone unth same base and axis)
=

CA+AN AN
o T 4L 48 L DD e eand o Tap g
t the
8§ 1ptic

section PAP'A’

Draw the tangents to the ellipse which are parallel to PP, Jet them touch
the ellpse at A, A’, and through the tangents dran planes paralle] to the base
of the segments These planes will touch the spheroid at A, A’, the line A4’



450 ARCHIMEDLS

will pass through the eentre € snd biscet PP 1n N, while AN, A'N will be the
axes of the segments

Then (1) 1f the eutting plane be perpendseutar to the axis of the spherod
Ad’will be that axis and A, 4’ will be the vertices of the spherord as well a8 of
the segments Also the sections of the spheraid by the cutting plane and st
planes paraliel toat will be arcles

(2) If the cutting plane be not perpendicular to the axs, the base of the
segments will be an ellipse of which #P 1s an axis and the sections of the
spherod by all planes parallel to the cuttng plane will be sumlar elbpses

Draw a planc through € parallel to the base of the scgments and meeting the
plane of the paper in BB

Construct three cones or segments of cones two having 4 for thewr common
tertov and dha T - <" BB for their respective bases snd

2 forts base and A’ for its verte¥

A=A =CA
e have then to prove that
(segment A PP) (cone or sepment of cone A'PP)
=CA+AN AN
~NH N B
Now half the spherod 1s double of the cone or segment of & cone AB:
(Props 27 28) Therefore
2 (the spheroid) =4(cone or segment, of cone ABB )
ut
(cone or segmt of cone ABB ) {cone or scgmi, of cone APP')
=(CA AN) (BC* PN%) @
=(CA AN) (CA CA AN A'N) *
I we measure AA slong A4’ 50 that
AR AC=AC AN,
we have AK AN AC AN=CA AN,
and the compound ratio 1n (&) becomes
(AR AN CA AN) (CA C4A’ AN AN),
1e AR CA" AN AN
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Thus

{cone or segmt of cone ABB’) (cone or segmt of cone APP")
=4AK ! AN AN

But (cone or segment of cone APP’) (segment APP’)
=A'N NH' [Props 29, 30]
=AN A'N_ AN)NH’
Therefore, ex aequal:,
{cone or segment of cone ABB’) (segment APP’)
=AK CA' AN NH,

so that (sphermd) (segment APP’)
=HH' AK AN NH,

since HH' =4CA'

Hence (segment A'PP’) (segment APP’)

=(HH' AK—AN NH') AN NH’
=(AK NH+NH' NK) AN NI’

Further,
(segment APP’') (cone or segment of cone APP’)
=NH' A'N
=AN NI' AN A'N,
and

(cone or segmt of cone APP’) (cone or segmt of cone A’PP’)
—AN 4’N A'N?
From the lnst three proportions we obtawn, ex aequaly,
(segment A'PP’) (cone or segment of cone A’PP’)
=(AK NH+NH' NK) A'N?
=(AK NH+NH' NK)} (CA*+NH' CN)
=(AK NH+4NH' NK) (AK AN+NH' CN) ®

AK NH AK AN=NH AN
A+-AN AN
=AK+CA C4 (smee AK AC=AC AN)
=HK CA
=HK——NII CA—AN
=NK
=NH’ NK NH' CN
Hence the ratio 1n (ﬂ) 18 equal to the ratio
AKX NH AR AN,or NH AN
Therefore

But

(segment A’PP’) (cone or segment of cone A’PP')
=NH AN
=CA+AN AN



ON SPIRALS

“ArcHivEDES to Doaitheus greeting

¢ Of most of the theorems which I sent to Conon and of which you ash me
from time to time to send you the proofs the demonstrations are already be-
fore you 1n the books brought to 3 ou by Heracleides, and some more are also
contamed 1n that which I now send you Do not be surprised at my takinga
constderable time before publishing these proofs This has been owing to my
dewire to commumicate them first to persons engaged 1n mathematieal studies
and anxious to myestigate them In fact, how many theorems in geometry
which have scemed at first impracticable are in time successfully worhed out!
Now Conon died before he had suffictent tune to mvestigate the theul’fmS
f " e v

1
mathematics and that lus industry was extraordinary But, though many
years have clapsed since Conon s death I do not find that any one of the prob-
lems has been stirred by o single person I wish now to put them n revien one
by oue, purticularly as 1t happens that there are tno meluded among them
which are impossible of realisation [and which may serve as a warming) bow
thaea hn 1 mmd 3 RO s fofa amemsy

ou have
already recetved the proofs and those of which the proofs are contained n this
book respectively, I think 1t proper to specify The first of the problems w38
Given a sphere to find a plane area equal to the surface of the sphere, pnd this
was first made mamfest on the publication of the book concerning the spher®
for when 1t 15 once proved that the surface of any sphere 1s four times the
greatest cirele i the sphere, 1t 1S clear that 1t 1s possible to find a plane 8¢
equal to the surface of the sphere The second was Given & conc ora cylinder
to find a sphere equal to the cone or cylinder, the third To cut & given sphere
by a plane so that the segments of 1t have to one another an assigned ratio the
fourth To cut a given sphere by & plane so that the segments of the suriate
haveto ot - neeln
sphere sir
of erther
shall be ssmular to one of the segments and have its surface equal to the surt
of the other segment The seventh was From a gy en sphere to cut off a st&
ment by a plane so that the segment bears to the cone which hag the same ‘pase

yos

ICf On the Splere and Cyl nder 11 5
482
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5 the segment and equal height an assigned ratio greater than that of three to
two Of all the propositions just enumerated Heracleides brought you the
proofs The proposition stated next after these was wrong, viz that, if a sphere
be cut by a plane into unequsl parts, the greater segment will have to the less
the duplicate ratio of that which the greater surface has to the less That this
18 wrong 15 obvious by what I sent you before, for 1t included this proposition
e eo B . . Al s

of any sphere be eut so that the square on the greater segment 13 triple of the
A " in [

theorems which I before sent you Forit was there proved that the hemisphere
- . f B e

remains fixed, be made to revolve so that the diameter [axis] 1s the axis [of
revolution], let the figure described by the section of the nght-angled cone be
called a conoid And if a plane touch the conmdal figure and another plane
drawn parallel to the tangent plane cut off a segment of the conoid, let the base
D T A . T

crcle, but 1t needs to be proved that the segment cut off will be half as Jarge
again as the cone which has the same base as the segment and equal height
And of two segments be cut off from the conmd by planes drawn 1n any man-
ner, 1t 15 clear that the sections will be sections of acute-angled cones [ellipses]
A the cutting planes be not at nght angles to the axs, butat needs to be proved
that the segments wll bear to one another the ratio of the squares on the hines
drawn from thesr vertices parallel to the axs to meet the cutting planes The
Drﬁﬂ‘fiof t{xese Proposttions are not yet sent to you
P S em

tollows If a straight line of which one extremuty remains fixed be made to
revolve at 2 umform rate 1n a plane until 1t returns to the position from which
ERRN

Woetnos A

iSce On the Sphere and Cylinder 11 8
This should be presumably "“the conod  not * the cone
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the one revolution nd if a straight hine touch the epseal st the extreme end
it 1 3w menb ol b nnolse 3n tha lna

moving along 1 make styernl revolutions and return to the position from
. et . a3y the sprlg the
' that 1 the fourth
areas idded 1 the
sceand revolution
according to the succesave numbers while the area bounded by the spirst 1o
the first revolution 1s 8 snth part of that added i the second resolution Alo
1f on the spiral desertbed m one revolution two pants be taken and straight
Lipes be drawn jomning them to the fived extremuty of the revolving ine andif
tno cireles be drawn with the fived potnt as centre and ratn the lines drawn
to the fived extremty of the straight hne and the shorter of the two hnes be
produced Isay that {1) the arta bounded by the errcumference of the greater
aircle in the direetian of (the part of) the sparml included betn cen the strught
hoes the spirat (atsedf) and the produced straght Ine wall bear to (2) the sres
‘bounded by the esrcumierence of the lesser cirela the same (part of the) sprral
and the straight hine jorning their extremities the ratto which (3) the radss of
the lesser ercle together with tno thirds of the escess of the radws of the
greater eircle over the rdins of the lesser bears to (4) the raduwus of the Jesser
ortle together with one third of the said evcess
¢ The proofs then of these theorems and others selating to the spiral are
gnen m the pre ent book Prefived to them after the manuer usual i other
geometneal works are the propositions necessary to the proofs of them And
fhieve too 43 3n the books previoush published I assume the following lemns,
that f there be {tvwo) unequal hues or (tno) unequal areas the exces by
shich the greater evceeds the less can by beng[eantutually] added tostself be
made to exeeed 1 gt en magnitude among those which are compartble with
{1t and with] one anather

Prorostriow 1
If a porni mote at ¢ ur 1form rate along any line, and tuo lengths be faken on ol
they wall be proportional to the times of describing them
Tuounequal lengths are t then on a strarght hine, and two lengths on another
struglt hae representing the trmes and thes wre pros ed to be proporhonal by
takmng eqramultiples of each Jength wnd the corresponding tunc after the man
ner of Buel V Deof 5

ProrostrioN 2
If eack of buo points on different hines respectively mote along them eachat e w"A
Jorm rate and of lonjths be taken anc an each line formmg pars such that €0
parr are deseribed 11 equnl times the lengths will be pory or! onals
This 1s prosed at once by equating the ratio of the lengths tahen on one bﬁﬂ
tothat of the times of e erption which must also be equal to the ratio of the
fengths taken on the uther hne
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Prorosirioy 3

Guen any number of cireles, 1t 13 possible to find a straight ine grealer than the
sum of all therr circumferences

For we have only to deseribe poly gons about each and then t-he a straight
hne equal to the sum of the perimeters of the polygons

Prorosrriov 4

Guen liso unequal Lines, 112 a straight Line and the circumference of a crrcle, 118
possible to find a strarght line less than the greater of the tuo lines and greater than
the less

For, by the Lemma, the excess can, by being added a sufficient nuniber of
times to itself, be made to exceed the lesser hne

Thus e g, f ¢>>1 (where ¢ 13 the circumfercnce of the eircle and 7 the length
of the straight line), we can find a number n such that

n(c—~l)>1
‘Therefore c——l>7%,
!
and c>H—;L>l

Hence we have only to divide I into » equal parts and add one of them to 7
‘The 1esulung hne will satisfy the condition

Prorosirioy 5

Guen g circls wath eentre 0, and the tangent lot at a point A 15 posstble to draw
Srom O a strarght line OPF, meeting the esrcle in P and the tangens in F, such that,
of ¢ be the crrcumference of any guen crrcle whaterer,
FP OP<(arc AP) ¢
A Take a straight line as D, greater than

\V F the circumference ¢ [Prop 3)

Through O draw OH parailel to the
‘ given tangent, and draw through 4 a hne
APH, meeting the circle n P and OH 1n
H, such that the portion PI mtercepted
betneen the circle and the hine OH may
be equal to D Join OP and produce 1t to

meet the tangent in F
Then FI* OP=AP DPH, by parallels

—_—— =AP D

<(arc AP ¢

Prorostrion 6
Given a crcle with centre O, a chord AB less than the diameter, and O the per-
‘pendrcular on AB from 0, 1t 13 possible to draw a strayght line OFP, meeting the
chord AB 1n I and the circle 1 P, such that
P PB=D E,
where D E 18 any guen ratio less than BY MO
Draw OIf parallel to AB, and BT perpendicular to BO meetng OH 1 T
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Then the tnangles BY0, 0BT nre ssmilar, and thercfore
BM MO=0B BT,
whenee D L<OB BT
Suppose that a hne PIT (greiter
than BT) s taken such that
D E=0B PH,
and let PH be so placed that 1t
passes through B and P lics on the
circumference of the arcle, while
H 15 on the hne OH (PH will fall
outswle B1, beeanse PH>BT)
Jomn OP meeting ABin I'
Wenow have
rr pB=0pr PH
=0B Pl °

=D E e

Prorostrion 7

Guen a curcle wath centre 0, a chord AB less than the diameter, and O M the per
pendicular on 1t from 0, 1t 1s possible to draw from O a strarght line OPF, meeting
the curele in P and AB produced in F, such that
FP PB=D E,

uhere D I 1s any quen rato arcaler than BM MO

Draw OT parallel to AR, snd BT perpendic-
ular to BO mecting OT in T
In this cace

D E>BM MO
>0B BT, by sumilar tnangles
Take a line PH (less than BT) such that
D r£=0B PH,

and place PH so that P I are on the errcle and
on OT respeetively, while /P produced passes
through B

Then FP PB=0P PH

=D E

Prorositiov 8

Gren a crrcle wulh centre O, a chord AB less than the duameter, the langent al B,
and the perpenticular OM from O on AB 12 1s possidle to draw from O & “"“‘3&;
line OTP, meeting the chord AB 1n F the cirele in P and the langent in G, sucl
that
rr BG=D E
uhere D E 15 any guen rano less than BM MO
If OT be drawn parallel to AB meeting the tangent at Bm T,
BAI MO=0B BT

so that D E<0OB BT
Take a pownt € on TB produced such that
D E=0B BC,

whence BC>BT
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Through the points O T, € desenbe
a arcle and let OB be produced to
meet this arclen &

Then since BC>BT, and OB 1s
perpendicular to CT, 1t 13 possible to
draw from O a strmght line 0GQ,
meeting CT in G and the circle about
OTC 1n Q, such that G@=BA

Let 0GQ mect AB m F and the
ongmal circle in P

Now CG GT=0G GQ,

o . and OF 0G=BT GT,
[3 s0 that OF GT=0G BT
It follows that
CG GT OF Gr+~0G GQ 0G BT
or ¢G or=GQ BT
«=BA BT, by construction,
=BC OB
=BC OP
Hence oP OF+BC CG,
and therefore PF OP-BG BC,
or PF BG=0P BC
=0B BC
=D E

Prorosition 8
Guen a carele unth centre O, a chord AB less than the diameter, the tangent at B,
and the perpendicular OM from G on AB, 1t 1s possible to draw fromQa slrazght

line OPGF, meeting the curcle wn Py the tangent an G, and AB produced i F,
such that

rp BG=D E,
where D E s any guen ratio gregter than BAI MO

Let OT be drawn parallel to AB
meeting the tangent at B 7'

en
D L>BM MO
>0B BT,bysimilartnangles

Produce T'B to € so that
D E=0B BC,
whence BC<BT

Desenibe 2 cirele through the
ponts @ 7, C, and produce OB to
meet this errele n K
ThenJ smee TB>EC, and 0B 1s

s am s

1 Q, such that GQ=BA Let OQ mect the ongmal aircle wm P und AB pro-
F

duced 1n
/
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We now prove, exactly as i the last propoaition, that
€@ Or'=BR BT
=BC OP
Thus as before,
or OF=5C CG,

and ¢ or pr=pC BG,

whence PF BG=0P BC
=0B BC
=D F

Prorosirion 10

If 4, Ay As  Aabe nlines forming an ascending arithmeneal progression an
which t ¢ common difference 1s equal to 1, U e least term then
(DA Ak det 4 L) =310 17+ 4.
[Arclumedes proof of this proposition 15 @ven above, pp 456-7, and it 1s
there potnted out that the result 15 equny alent to
P23 4 =M‘fﬁﬁ@ﬂﬂl]
Cor 1 It follows from U115 proy osition that
n 1< A 4,
and also t/at
n I35+ A +4aa)
[For the proof of the latter inequality sce p 457 above]
Conr 2 AN the results wall equally kold 1f simlar figures are substilt fed Jor
squares

Prorostrion 11
If Ay A Al be n lines forming an ascending arithmetical progression [in
which the common difference ts cqual to U e least term 4,), then
(=12 (L4 Lo+ +40<4? (Ao GHid—~ 9
ul
(=DAS (An PHde+ +AD> A" (A AcFi(La=dDY
[Archimedes sets out the terms side by side 1o the
manner shown mn the figure where BC=A, DE= ¢ w1 H
4.1 BS=4; and produces DE FG, RS until
they nre respectnvely equal to BC or 4, vo that EH, e
Gf,  SUm the figure are respectively equal to 1y ¢
1. A, He further measures lengths BA DL
a
K M Vi
oF L

v

FM Pl along BC DE FG, PQ respectively
each equalto RS

The figme makes the 1clations between the terms
easter to see with the eye but the use of so large a
number of letters makes the proof somewhat difficult
1o follow 2nd 1t may be more clearly represented as e
follows ]

1t 15 evident that (du—Ar)=d,,

The following proportion 13 therefore obviously true viz o

(=DAs (a=1)(dn Art3d, )=A |1 Ai+3A—ADY

[t
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In order thercfore to prove the desired result, we have only to show that
(=4, LiFin—-DdoT<(Ad4da 0+ F 1Y)
but >{datr ety +AD)
I To prove the first mequality, we have
(n—=1)A, A1+i(n—1)40s" !
4 =(n~1) (P r—1d Aot in—1402 [¢8)
An
At dus®t  FAR= At AP+ (At A+ F At A)?
R G T s R : 0]
+(n—~1A?
+241(A st Auat  Fdr)
={Apa+Anst+  +AD $
+(n~1)A1
FAifApatAagt-dpst A
+A+Art A dagbdeal
=(dan’ oo+ 47
+(n~1A4s?

+ndy Aat 2
Comparing the nght-hand sides of (1) and (2), we see that (n—1)d1* 13 com-
mon to both sides, and !
(n~1)A1 dpy<ndy doa
while, by Prop 10, Cor 1,
n—DApa?<daa*+4u 2+ +A4?
It follows therefore that
(=14 dit3n~DAwlt<(dat+ 4oyt +do?),
and hence the first part of the proposition 1s proved
I We have now, i order to prote the second result, to show that
(n—NA4s A+ iln—DAu?> (Ao P+ Auo?+ +447)
‘The nghi-hand side 18 equal to
(A2t AN (Aast A+ G (Ar+doi+4As8
A de T+ 4T
+{n—1)4s*
+245(40 st Anet 4D
=(1s 24 "+ +407)
+{n--1)As*
+A.{ Au stdogt 4
+4r +ds + thea
={An A+ ALY
+(n~1}A:?
+(n=-2)Ar 40 @)
Companng 1his expression with the nght-hand side of (1) above, we see thab
{n—~1)4: 13 common to both sides and
(r=D 11 Ay 1> (n=DAz 4unr
while by Prop 10 Cor 1,
1 —DAng®> (Aes®+ A+ A4
Henee  (n~DA, Artin—DAna®> Aeit+de™ +407,
3nd the second required result follows
Cor The results 1n the abore propostion are equally true 1f smilar figures be
substiluted for squares on the sereral lines

#

S
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DEFINITIONS

1 If a straight hine drawn 1n 2 plane revolve at a umiform rate about one
extremty which remains fixed and return to the position from v hich it started
andf at the same time s the line revolves a point mosc at a umform rate
along the straight line beginming from the extremity which remains fied the
pomnt will deseribe a sprral (@f) 1n the plane

2 Let the extrenuty of the straight hine which remans fixed while the
straight line revolves be called the origin of the spira!

3 And let the position of the line from which the straight hne began to
revolve be ealled the tr tt:al Iine 1n the revolutton

4 Let the length which the pomt that moves along the strught hine de-
seribes m one revolution be called the frst distance that which the syme pomt
describes m the second revolution the sceond distarce and sumilatly let the
distances descrtbed 1n further revolutians be called after the number of the
particular revolution

5 Let the area bounded by the <piral desenibed 1n the first revolution and
the first distas ce be called the first arca that bounded by the-spiral desenbed
m the second revolutton and the second distance the sccond area and sumilarly
for the rest in order

G If from the onigin of the spiral any straight Iine be drawn let that side of
1t which 15 1 the same direction as that of the revolution be called forward
(mpoayo peva) and that which 1s in the other direction backward (exbueva)

7 TIet the crrcle drawn with the origin as centre and the first distarce 28
radius be called the first ctrele that drawn with the same centre and ty 1ce the
radius the second circle and simularly for the succecding circles

Prorositioy 12

If an g number of sirai jht ines drawn from the origan fo mect the spiral make equal
angles uath one anotler e lines wall be 1n aruthmetical progression
{The proof 13 obvious )

Prorosrrion 13

only

pomts P @ Join OP 0Q and bisect the ingle
POQ by the straight lne OR meeting the
spiralin
Then [Prop 12] OR 1s an anthmetic mean
between OF and 0Q or
OP+0Q=20R
But in any trangle POQ if the bisector of the
angle POQ meets PQm A
OP+-00Q>20A
Therefore OA <OR and 1t follows that some pornt on BC between Pand@
lies mithin the spiral Hence BC cuts the spiral which 1s contrary to the
hypothesis
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ProeosiTionN 14

If 0 be the orgin, and P, Q tuo points on the first turn of the sprral, and of OP,
0Q produced meet the “first carele” AKP'Q" i P’y Q' respectuely, O4 beng the
wmteal line, then v

OP 0Q=(arc AKP’) (arc AKQ")

For, while the revolving lme OA moves
about O, the pont A on 1t moves umformly
along the circumference of the eircle AKP'Q
and at the same time the pomnt descnbing
the spirl moves uniformly along 04
a . Thus, whie A desenbes the nre AKP,
the movung pomt on OA desenbes the
length OP, and, while A descrnibes the arc
ARQ , the moving point on OA describes the
distance 0Q

Hence 1

0P 0Q=(arc ARP") (arc AKQ')
{Prop 2]

Prorosrriov 15
If P,Q be pownts on the second turn of the smral,and OP,0Q meet the “first ewrcle”

ARP'Q'1n P', @', as n the last prop , and 1f ¢ be the of the
“first circle,” then o
) OP 0Q=c+(arc AKP") c+(arc AKQ)
. ot HAA . .
arc ARQ

Cor Similarly, if P, Q arc on the nth turn of the spiral,
OP 0Q=(n~1)c+(arc AKP’) (n—~1)e+(arc 4KQ)

ProrosrTions 16, 17

If BC be the tangent at P,any pont on the sprral, PC betng the“forwcard * part of
BC, and 1f OP be joined, the angle OPC 15 obtuse whtle the angle OPB 1s acute

I Suppose P to be on the first turn of
the spiral

Let 0A be the mtial hine, AKP’ the
*first cirele ” Draw the cirele DLP with
tentre O and 1adnas 0P, meetng 04
D This errcle must then, in the “forward”
direetrion from P, fall mithin the spiral,
and in the “backward direction outside
1t since the radn vectores of the spiral are
onthe  fornard side” greater and on the
“backward” side less than OP Henee the
angle OPC cannot be acute, since it can- -
not be less than the angle letween OP and
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the tangent to the circle at P, whichs o right angle
It enly rematns therefore ta prove that OPC 1s not a right engle
1f possible, let st be a night angle BC wall then touch the circle at P
Therefore {Prop 5} 1t 1w posable to draw a line 0QC mecting the rcle
through P Q and BC i C, such that
CQ 0Q<(arc PQ) (arc DLP) 1]
Suppose that (0 meets the sprral i 1 and the “Rest errele™ n 'jand produce
OP to meet the ‘‘first circle” m P
From (1) 1t follons, componendo, that
€0 0Q<{are DLQ) - (arc DLP)
<{are AKR) farc AKP')
<0OR OP [Prop 14}
But this 1§ unpassble, beeause §Q=0F,
and QR <0OC
Tlence the angle OPC 13 not a nght
angle It wisalso proved not to be reute
Therefore the angle OFC 15 obtuse, amt
the nngle QPR concerquently acute
I 1f P1s on the second, or the ath
turn, the proof 1s the same, except that
m the proportion (1) abote we hue to
substitute for the are DL an are cqual
to {pt-arc DLP} or {n~1 p-trarc DLP), where p s the permeter of the circle
DLP through P Smularh, m the later steps, p or (n~1)p wiil be added_ t?
eaglf of the ares DLQ and DLP, and ¢ or (n~1)ctoeach of the ares ARR,
AKP’, where ¢ 15 the errcumference of the “first cnele” AEP'.

Proposizions 18, 19

1 If 04 be the amural hine, A the end of the fires turn of the < =" .
tangent {o the sparal af A be drawn, the strainke? <
ular to O 4 woll meet the sead fangent 20 som * ’

arcumference of the “first eirele !

L If A be the end of the scond turn the perpencicular OB 1wl et the fan
gmzl? at A v o pownt BY, and OB wilt be cqual to 2 (erewmferonee of ':'“""d
crrele’y

LI Genaally, 1f 4, be the end of the nth tan, and OB meet the lengent &
A m B, then OH,=ne,
ukere ex 13 e corcumference of the "tk cirele

T Let AAC be the “fisst exele * Then smce the ‘bachnard” angle be““‘fﬂz
04 nnd the tangent & 4 15 acute {Prop 16] the tangent will meet the "firs
arcle’ 1 2 secand pomnt € And the angles € 10, BOA are together less thAD
two rdht angles, therefore OB will mees A€ produced m some point B

Then, 1f ¢ be the cncumference of the first cirele, we have to prove that

OB=¢

I pot, OB must be esther grenter o1 Jess than £

{1} ¥ posstble, suppose O0B>¢

Measure along 0B a length 00 less than OB but greater than ¢ s

We hate then o circle ARC, o chord AL 1n it less than the dimeter, 20 o7
ratio AQ 0D which ts greater than the ratto 1 OR or {what 13, by sus!
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tnangles eqnal to 1t) the ratio of $4C to the perpendicular from 0 on AC

Therefore [Prop 7] we can draw a strarght line OPF, meeting the cucle m

and CA produced mn F, such that
1

FP PA=40 0D
Thus alternately, simee A0=P0
FP PO=PA OD
<{arc PA) ¢,
since (are PA)>PA, and 0D>¢ ‘
Componendo

FQ PO<(¢tatc PA) ¢ 1
i <0Q O.
where OF meets the spiral i Q (Prop 15]
Therefore since 0A=0P, FO<0Q which 13 tapessible
ence OB¥c
22) If possible, suppose 0B<c
T P A P

m b, such tht
I'P AG=A0 OF
Let OP'G cut the spiral 1n Q
Then we have alternately
FP PO=AG OE
Sare AP) e,
because AG> (arc AP ) and OE<c
Therefore
ro PO<(arc ARP) ¢
<0Q 01 [Prop 14}
But this 1s imposaible stnee 04 =0P and 0Q <OF
Hence OB4e
Since therefore OR 13 nerther greater nor less than ¢,
OB=c
I Let A’A C be the sccond ewele A € being the tangent to the spiral
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at A’ (which will cut the second enclo, since the “bachsand "angle o4 s
acute Thus, as before, the perpendieular 6B’ to G.4 will meet A°C” produced
1n some pont B’
If then ¢’1s the errcumference of tix’c “second cicele,” we have to prove that
=2

P g

For, if not, OB must be either greater or less than 2¢°

(1) If possible, suppose OB >2"

Measure O along OB’ so that 0D 1s less than OB’ but greater theu 26

Then, 25 10 the case of the “first eirele” abose, ne can dran o straaght Ine
OPI" meeting the “sccond arcle” 1 2 and €’A” produced m F, such thst

FP PA'=A'0 OO
Lot OF meet the spiralsn Q@
We now have, snee A4'0=P0,
rp PO=pPy QU
<fare 4°P) 2,

beecnuse {arc A’P)>A'P and 0D >2¢

Therefore FO PO<(2tare A'P) 2
<00 o4’ [Prop 15, Cor}
Henee FO<0Q, wineh 1> mmposalile
Thus OR »2c"
Smilarly a8 m the case of the  first earcle ” e can prove that
B2
Therefore OB =2

I Proceeding, in lihe manner, to the “third and succeedng cueles, ¥¢
shall prove that
OBy=new

Provosirion 20
I If P be any point on the first turn of the sprral and O be drawn P"TF”"‘?Z]"
ular to OP, OT wall meet the tangent at P to the spiral en some pownt T, and, of fhe
crrcle drawn with centre Q and radiug OF mect the ntial bne wm K, the orts
equal to the arc of this cirele between K and P measured ta the * forword” dueelion
of the spiral
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I Generally, +f P be a pownt on the nth turn, and the notalin be as before,

while p represents the circumference of the circle with radius OF,
OT=(n—1)p-+arc KP (measured *“forward”}

1 Let P be a point on the first turn of the spiral, 04 the imhial hne, PR the
tongent at P taken m the “backward” direction

Then [Prop 16] the angle OPR
1s acute Therefore PR meets the
arcle through P in some pomt
R, and also O7 will meet PR
produced m some pomnt 7'

If now O7 1s not equal to the
ar¢ KRP, 1t must be either great-
er or less

(1) If posstble, let 07 be greater
than the arc AEP

Measure OU along OT less than
OT but greater than the are
KRP

Then, since the ratto PO OU

a 13 greater than the ratio PO OT,

or (what 15, by simular tnangles,

equal $01t) the ratio of PR to the perpendicular from O on PR, we can draw
3 hine OQF, meeting the circle 1 @ and RP produced in F, such that

FQ PQ=PO OU [Prop 7]
Let OF meet the spiral 1n Q*
We havo then
FQ Q0=PQ OU
<(arc PE) farc KRP), by hypothesis
Campanendo,
FO QO<(arc KRQ) (arc KRP)
<0@ QP {Prop 14]
But Qo=0pP
Therefore FO <0Q', which 1s impossible
Hence OT'* (arc KRP)

(2) The proof that 07 < (arc KRP) follow s the methad of Prop 18,1 (2),
exactly as the above follows that of Prop 18, T (1)

Since then OT 18 nerther greater nor Jess than the arc KRP, 1t 13 equal to 1t

I¥ Ji P be on the second turn, the same method shows that

OT =p3-(arc KRP),
and, sirmlarly, ne have, for a potot P on the ath turn,
OT'=(n~1)p4-(arc KRP)
ProrosrTions 21, 22, 23

Green an arca bounded by any are of ¢ sprral and the lines joining the extremuties
of the arc to the origin, 12 15 possible to ctreumscribe about the area one figure, and
10 tnscride wn 12 another figure, each consishing of simular scelors of circles, and
such that the cireumscribed figure exceeds the tnscribed by less than any assigned
area

For let BC be any arc of the spiral, O the ongin Draw the cirele with centre
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0 and radius OC, where € is the “fornard” end of the are

Then, by bisecting the angle BOC, bizecting the resulting angles, and soon
contmually, we shall nitimately grmve at
an angle COr cutting off o sector of the
etrele lees than any gssigned axea Let COr
be this sector

1at the other lines daviding the angle
BOC mto equal parts meet the spiral
P,Q, ond let Or incet 1110 B With O ns
centre and radn OB, OP, 0Q, Ot vespec-
fively deserbe nres of arcles By, bBy/,
PO, qRe’, cach meeting the adjacent
radn as showan 1 the figure In each case
the gre m the “fornard” direetion from
each pomnt wall fall withm, and the are
1n the “backward” ducction outside, the
spiral .

We have now & crcumsenbed fimire and an msenbed figure each consisting
of sunnlar sectoss of cireles To compare thewr aress, we take the sucresshe
sectors of each bemnmng from OC, and compare them

The sector OCr 1 the arcumsertbed figure stands alone
And (sector ORY) = (sector ORc’),

{sector OQp) = (scetor OQ",
{rector OPbY={(settor OP¢"),

while the sector OBy 1 the msenbed figuse stands afone

Hence 1f the equal sectors be tahen away, the difference between the e
cumsenbed and mmseribed fighres 15 cqual to the difference between the sectors
Ofr and OB3', und this diiference 15 Iess than the sector OCr, nhuch s el
fess than amy assigned area

The proof 15 exactly the same nhateser be the number of angles to shick
the sngle BOC 15 diveded, the only difference being
that, when the are begms from the ongmn, the
smaliest sectors OPb, OPg 1n each figure are equal,
ang there 1s therefore no msenbed sector standing
by atself, so that the difference botween the tir
cumsecbed and nsenbed figures 13 equal to the
sector OCr itsell

Thus the propositian is umversally true

Cor Swmee the zrea bounded by the spiral s
mtermediate m magmtude between the cireum-
senbed and mscbed Ggaves, it follows that "

(1) @ figure can be circumscribed to the arco such that 1t exceeds the vl b s
than any essigned space

{2y @ figure can be mscribed such that the aren exceeds b by fess than any
assigned space

Froeosirion 24

The urea bounded by the first turn of the spural dnd the wmtral Bne 19 equel @
ong-third of the “first cerele” [ = $r{2aa)?, where the sprral 15 regf}
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[The same proof shows equally that, if OP be any radius veclor 1n the first
turn of the sprral, the arca of the portion of the sprral bounded thereby 1s equal to
one {hird of that seclor of the crrcle drawn with radius OF which 15 bounded by the
il line and OP, measured in the “forward” direction from the 1nthial hine]

Let O be the ongin, OA the imttal hne, 4 the extremuty of the first turn

Draw the “first circle,” 1 ¢ the circle with O as centre and 04 as radus

Then, if Cy be the area of the first circle, R that of the first turn of the spiral
bounded by 04, we have to prove that

Ri=3C

For, 1f not, B; must be erther greater or less than €

1 If possible, suppose Ry <iCx

‘We can then ewrcumsenbe a figure about E; made up of sumilar sectors of
cireles such that, if F be the area of this figure,

=R <5C—B,

whence F <10,

Let OP, 0Q, be the radn of
the ctrcular sectors, beginning from
the smallest The radius of the largest
18 of course OA

The radn then form an ascending
anthmetical progression 1z which the
common difference 13 equal to the
least term OP If n be the number of
the sectors, we have [by Prop 10,
Cor 1}

n 0A*<3(0P*4-0Q 4049,
and, since the stmlar sectors are pro-
portional to the squares on ther
radu, 1t follows that

Cy<3F,
or F>1i0
But ths 1s impossible, since F was less than 1C;
Therefore RBi4i0
I If possible, suppose B>30

We can then inscribe a figure made up of sumlar sectors of circles such that,
Af fbe its area

whence £5 16, RBi—f<Ri—1Cy,
1f there are (n—1) sectors, their radu, as OP, 0Q, , form an ascending
anthmetical progression 1n which the least term 15 equal to the common differ-
ence, and the greatest term, a5 OF, 12 pqual fo fo—1)OP
‘Thus [Prop 10, Cor 1
n 0A*>3(0P*+0Q*+ +0Y3),

whence Ci>3f,
or <3Gy
which 1s impossible, since I >§Cx'
Therefore 10
Since then R 1s neither greater nor less than 3C,,
Ri=1C,
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s
PROPOSITIONS 25 27 o7

{Prop 253 [f Axde the e’ *

second turn and OA - ety

the ratio of {ratd - .o .« < suae of the “irst ond

“gecond" ¢wrcles resp

{Prop 261 1 BC be any arc measured i the* foruord" direction on any trnt of
o spral, not bemng greater than the complete turn, and 1f & cirele be drmen with O
as centre and OC as radius mecting OBt B, then

(area of sprral belucen OB, OC) < {scetor OB'C)
={0C 0B+4OC~-0BY :0(?

[Prop 27} 3f Ry be the area of the first turn of the spival bounded by the inihal
e, Ry the arvea of the ring added by the second complete turn, Rathat of the nng
added by the third turn, and o on, then

Ry=2Ry, Re=3Ry, Rewils, , Ra=(n—~DR:
Alsa Ry=0GRy

{Archunedes’ proof of Prap 2518, mutafis mutandis, the same as hus proof of
the more genersl Prop 26 The latter will accorkagly be gnen bere, and
apphed to Prop 25 as & particular case |

Let BC be an arc measwsed 1 the “forward” direction on any turn of the
spiral, CKB’ the mircle drann with & as centre and OC as yndws

Take s arcle such that the square of its raduus 15 equal to
0 0B+30C~0BY,
and let ¢ be & sector in 1 whose eentral angle 19 equal to the angle B0C
Thus o tsecior OB'C)=|0C OB+HOC—~0B) 00,
and we have therefore to prove that
{areq of sprral OBC) =«
For, 1 not, the area of the spiral OBC {which we sl ealt §) must be exthet
greater or less thon o
1 Suppose, i posaible, S<e
Circumsenbe to the are 8 2 figure made up of symilar sectors of csreles, such
that, f # be the ares of the figure,
F-8<o~8,
whence P
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Let the radn of the successive sectors, starting from OB, be OP, 0Q, 0C
Produce OP, 0Q,  to meet the arcle CKB,

If then the lines OB, OP, 0Q,  OC be n1n number, the number of sectors
m the cireumsenibed figure will be (n—1), and the sector OB’C will also be
divided mto (n—1) equal sectors Also OB, 0P, 0@, OC wili form an ascend-
mg anthmetical progression of n terms

Therefore [see Prop 11 and Cor]

(n—1)0C? (0P*+0Q*+ -+0C)<0C" {0C 0B-+3(0C—0B)}
< (sector OB'C) o, by hypothess
Hence, since simlar sectors are as the squares of their radn,
(sector OB'C) F <(sector OB'C) o,

5o that F>a
But tlus 13 impossible, hecause  F <o
Therefore S

II Suppose, if possible, §>¢

Insenibe 1n the area S a figure made up of stmular sectors of circles such that,
1f f be 1ts area,

S—f<8—0,

whence >0
Suppose OB, OP,  OY to be the radu of the successive sectors making up
the figure f, bemg (n—1) 1n number

We shall have in this case [see Prop 11 and Cor ]

(n—1)0C? (0B*+0P*- +0Y%)>0C* {0C 0B+3(0C—0B),

whence (sector OB’C) f> (sector OB'C) o,
50 that I<e
But this 15 1mpossible, because I>o

Therefore

Stre
Since then § 15 nexther greater nor less than o, 1t follows that

S=0¢
In the particular case where B comeides with Ay, the end of the first turn of
the spiral, anc o M e NPT comes
the complete
Thus

={ron+ira~m)?} r?

=(2+3) 4 (sincere=2r)

=7 12

Agamn, the area of the spiral bounded by OAs 1s equal to Ri+Rs (i e the area
bounded by the first turn and 04, together with the nng added by the second

turn) Also the “‘second cirele” 1s four times the “first aircle,” and therefore
equal to 12 R,

Hence (Ri+-Rs) 12R=7 12,
or Bit+-R;=7R
Thus

Ry=6R [¢))
Next, for the thurd turn, we have
(Ri+-Ro+-Ry) (* third earcle”) == {rs rak-Y(ra—ra)?] 13

=3 241 3*

=19 27,
and (“third aircle’ ) =9(“first eircle™)

=21k,
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therefore Byt Ret-Ry=108,
and, by (1) ebove, 1t follows that
Ry=12R,
= 2Ry, &3]
and so on
Generally, we have

(Ri+Rat- +R) (nih arcled= {r, a3 {ra~ra)t} n3
(RitBat  FR.) (Re1th aircle) = {ra reoa b d{raa~7asdt] Ty

and {nth aircle) (7~ 1th arcle)sr? 7o’
Therefore
(RitRet+ +R) (BBt - +Bat)
={n(n~1}+4} ((n—-1){n~2)+3}
={3a(n—1}+1} Bn-Dn-+1}
Danimendo,

R (BitRat  +Bea)=0n~1) {3n—D{n~2)+1} &
Srmitarly
Rea {Ri4Rpd  +Re9)=8{n-2) {3{n—2¥n—-3}41},

from which we denve
Boy (RidRok $Ra)
=6(n~2) [6{n=2)+3(n~2)(n—~3)+1
=6(n~2) {8(n~1)(n~2)+1} ®
Combintng («) and (), we obtamn
By Baa=(n—-1) {n-2)

Thus
Ry, R: Bi B, are i the ratio of the successine numbers 1, 2,3 (n=-1)

Prorosrrion 28

11 0 be the oregin and BCany arc measured wn the “foruard"” direction on onyfurt
of the sparal, let Euo cireles be draun (1) wath cenire O, and radius OB, memn’g
0C e €', and (2) wath centre O and radws OC, meetimg OB produced . B
Then, 1f E denote the area bounded by the larger circular are B'C, the lint ,B B
and the spiral BC, while F denotes the area bounded by the smaller are BC', the
line CC and the spral BC
B P {OB+HOC~0B)) 10B+}0C~0B))
Let o denote the area of the lesser sector OBCY,

then the larger sector OB C1s equel to o +F+F
Thus [Prop 26} s
(o+F) (c+F+E)=
{0C DB+MOC-0BP) O (1)

whence
E (o+F)={0C(0C ~0B)—3(0C —0B)*}
{0C OB+4-3(0C~0B)%
= {OB(0C~0B)+ H0C~0B)3
{0C OB-+XOC-0B)} (2)
Agun
(¢+P+EB) o=0C* OB
Therefore, by the firat proportion above ex arqualy,
(e+I) ¢={0C OB+}{OC-0By} 0B,
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whence
(c4F) F={0C O0B+43{0C~0B)%}
{0B(0C—~0B)+4(0C—-0B)}
Combining this with (2) above we obtam
E F={0B(0C-—-0B)+§(0C—~0B)}} |0B(OC—~0B)+3(0C~-0B)%}
= {OB+HOC—-OB)} {OB+4-3(0C~0B)}



ON THE EQUILIBRIUM OF PLANES OR
THE CENTRES OF GRAVITY OF PLANES

BOOK ONE

“I posruLate the following”

1 “Equsl neights st equal distances are 12 equiltbrium, and equal weghts
at unequal dat; are not 1 i1l but mchne towards the neight
which 13 at the greater distance *

RIS
-~ Pilin  ~ whén thae aeonaf

their centres of gravity similarly conerde ”

5 “In figures which are unequal but sumlar, the centres of gravty wall be
stntlarly situated By pomts simularly situated i relation to stmpler figures 1
n}x]ean paomts suck that, 1if straight hnes be dm'\m from them to the equal angles,
4 B PR It 1w

((? apmtudes
equa

7 “Inapy figure whose perimeter s coneave in {one and) the same dyrection
the centre of gravity must be within the figure

Proposiriov t
Weghts uhich bolance at equal distances are equal
For, of they are unequal, take away from the greater the difference betteen
the two The remanders will then not balance [Post 3], which1s absurd
Therefore the weights cannot be unequal

Prorostriov 2
Unequal werghts at equal dustances well nat balance but will incline towards the
greater werght
For take anay from the greater the difference botw cen the two The equa!
remarnders will therefors balance [Post 1] Hence, if we add the differtnee
agun, the seights will not balance but meline towards the greater [Post 2}

Prorositiov 3
Unequal uerghts wall balanoe at unequal drstaticos, the greater weght beng @ the
lesser distance .
Let A, B be two unequal weights (of which 4 15 the greater) balancing abou
€ at histances 4C, BC respectively
502
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Then shall AC be less than BC
For, if not, take away from 4 the
weight (4—B) The remamders
will then mchne towards B [Post
Fy & B 8] But ths s impossible, for (1)
1f AC=CB, the equal remamders
will balance, or (2) if AC>CB,
they will mnchine towards 4 at the
greater distance [Post 1]

Hence AC<CB
Comeersely, 1f the weights balance, and AC<CB, then 4A>B

PROPOSITION 4

If two equal weights have nol the same centre of grataty, the centre of gravity of both
taken together 1s at the muddle pont of the line jormang thewr centres of gramty
{Proved from Prop 3 by reductio ad absurdum ]

ProrostTioN 5

If three equal magnstudes have thewr cenires of gravly on a strarght line af equal
distances, the centre of gravity of the system wnll coincde wuth that of the middle
magntude

[This follows immediately from Prop 4]

Cor 1 The same s true of any odd number of magnatudes of these uhich are at
equal distances from the muddle one are equal, while the distances betueen thewr
centres of gramty are equal

Cor 2 If there be an even number of magmitudes with thewr centres of gravety
suuated at equal distances on one straight line, and 1f the two middle ones be equal,
whale those which are equidisiant from them (on each side) are equal respectizely,
the centre of grasaty of the system 1s the middle pont of the line jornang the centres
of gramty of the two ruddle ones

ProrostrIONS 6, 7
Tuo des, whether ble[Prop 6] or ble[Prop 7],
s 4 e 7 f

We have then to prove that,if A
be placed at E and B at D, C1s the
centre of gravity of the two taken

A 8 D ° together
Since 4, B are commensurable,
soare DC, CE Let N be a common
measure of DC, CE Make DH, DK
& % each equal to CF, snd EL (on CEF
produced) equal toCD Then EH =
CD, since DH =CE Therefore LH

=

15 bisected at E, as HK 1s bisected at D
Thus LH, HA must each contain N an even number of times
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1ske o mugutude O such that O 18 cantamed as many times 1w 4 asd
contaped 1 LH, whence
A O=LH N
But B A=CE DC
=HAK LI
Henee ex aeguale B O=HA N, or 01 contwned tn B ns many times as v
15 contatned m HA
Thus O 13 a common measurc of 4 B
Divide LH HA to parts each equat ta A and 4 Binto parts each equal
100 The parts of A will therefore be equal in pumber to those of LH, snd the
parts of B equal 1 wumber to those of JFA Place one of the partsof 4 at the
middle powmnt of each of the parts A af LI and one of the parts of B at the
muddle pont of each of the parts N of HA
Then the tentre of gravity of the parts of 4 placed at equal distances on LH
will be ot £, the mddle pomt of LH {(Prop 5 Cot 2) snd thecentre of gramly
of the parts of B placed at equal distances along HA will be at D, the puddle
pownt of HA
Thoos we ay suppose 4 usHif apphied at B and B tself apphed at D
But the svsienx formed by, the parts 0 of 4 and B together 1 a system of
equal magmtudes even in number and placed 4t equal distances along L&
And sunce LE=CD aod EC=Dh LC=Ch sothat C1s the middle powt of
LA Therefore € 1s the centre of gravity of the system ranged sloug LA
Therefore A ncting at £ and B acting at D balance about the powt €
I Sup the ma des to be ble and let them be (A0
and B sespectively Let DE be a hne divided at © so that
(A+a) B=DC CE
Then if (4-+a) placed at & and
B placed st D ado not balance o E
about C (4 42} 1s esther too grent
10 balance B or not gre « cnough
Suppose of possable that (At +a)
1stoo great to balance B Tahe from
{4 +a) a magnstude a smaller than
the deduction which would make
the remamder balance B but such
that the remundes 1 and the magmtude B ore commensurable
Then since A B are commensurable and
A B<DC CE
A and B will not: batance {Prop 6] but D « 1l be depressed
But this 18 impossible since the deduction a was an msufficient ded eti?
from {A4-a) to produce equibbrium 50 that £ was stell depressed b
Thetefore (A-+a) s not too great to balante B, and siumlusly 1t may e
proved that B 1s not too great to balance (4 +0)
Hence (A+a) B taken together have therr centre of gravity at 4

Prorosirion 8
1] AB be o magraty de w pse contre of gratity 13 € and AD a port of # "'hfz
centre of gravits 15 T then the contre of gramiy of the remaaning pert wall be a P
@ on FC produced such that
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GC CF=(AD) (DE)
L For,1f the centre of gravity of the re-
F

] der {DE) be not G, let 1t be a pomt
H Then an absurdity follows at once
from Props 6,7

Proposrrion 9

The centre of gravily of any parallelogram hes on the straight line joining the
nuddle pownts of opposite sides

Let ABCD be a parallelogram, ard let EF jom the middle points of the
opposite sides AD, BC

If the centre of gravity does not lie on ET', suppose 1t to be H, and draw HA
parallel to AD or BC meeting EF m K

Then 1t 1s possible, by bisecting ED, then

A E_L o bisecting the halves and so on continually,
toarnive at alength EL less than KH Dhivide
both AE and ED mto parts each equal to
EL, and through the pomnts of division draw
parallels to AB or CD

We have then a number of equal and stmi-
lar parallelograms, and, if any one be apphed
to any other, their centres of gravity comerde [Post 4] Thus we have an

v e . PR} . 4

B ¥ c

ograms [Prop 5, Cor 2}
But this 1s impossible for H 1s outside the muddle parallelograms
Therefore the centre of gravity cannot but he on EF

Prorosiriov 10

The centre of granty of a parallelogram 1s the point of wnfersection of us diagonals
Teroa . m each of the lines
therr ntersection,

Alternatue proof

Let ABCD be the given parallel , and BD a d 1 Then the tn-
angles ABD CDB are equal and stmilar, so that [Post 4] 1f one be apphed to
the other, their centres of gravity wll fall one upon the other

Suppose F to be the centre of gravity of the
trniangle ABD Let G be the middle point of BD
Jon FG and produce 1t to H so that FG=GH

If we then apply the inangle ABD to the tn
angle CDB go that AD falls on CB and AB on
CD, the pomt F will fall on H

But {by Post 4] F will fall on the centre of gray-
ity "uf CDB Therefore H 1s the centre of granity of CDB

& <
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Provosimion 11

If abe, ABC be tuo sumilar triangles, and g, G twe pownts w them sovlarly nid-
aled wath respect do them respectuely, then, of g b the centre of gravty of the
triangle abe, G st be the centre of gravly of the triangle ABC

Suppose

ob te ca=AB BC CA

A

The propostton 1s proved by
an obn1ous reductze od cbsurdum a
For, f G be not the centre of
gravity of the tnangle ABC, sup-
pose H to be its centre of gravity &

Post 5 requires that g, X %
shall be sumiarly stuated with

) ¢ [3 <

respect to the tnangles respece
twvely, and this leads at once to
the sbsurdity that the angles HAB, GAB are equal

Prorosition 12

Guen tuo smilar trangles abe, ABC, and d, D the muddle pownts of ke, BC
vespertiely, then, +f the contre of grauly of abe lie on od, that of ABC will lie
on AD

Let g be the pownt onad which
1s the centre of gravity of abe

A
Take G on AD such that a
ad ag=AD 4G,
ang‘};‘om gb, g¢, GB, GC
en, since the triangles are
similar, and 3d, BD are the “. “-
hatves of be BC respeetnels, ¢ [ “ s ° ©
ab W=AB BD,
and the angles abd ABD are equal

Therefore the tnangles abd ARD are stular, snd

Lbgd= LBAD
Also ba ad=BA AD,
while from above, ad ag=AD AC

Therefore ba ag=Bd4 AG, while the angles bag, BAG sre equal
Henee the tnangles bag, BAG are siumnlar, and
Zabg= LABG
And smce the angles abd, ABD are efjud 1t follows that
Lgbd= LGBD
In eractly the same manner we prove that
Lgac= LGAC,
Lacg= £ ACG,
Zged= LGCD
Therefore g, G are sumiarly sstuated with respeet to the trangles Fespec
tavely, whenee [Prop 11] G 15 the centre of grasity of A5C
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ProrosrrioN 13

In any irtangle the centre of gravily les on the strarght line youming any angle lo
the middle pownt of the opposiie side

Let ABC be 2 tnangle and D the middle point of BC Join AD Then shall
the centre of gravity e on AD

For, 1f possible, let this not be the case, and let H be the centre of granty
Draw HI parallel to CB mecting AD mn [

Then, 1f we bisect DC, then
bisect the halves, and so on, we
shall at length armve at a length,
as DE, less than HI Divide
both BD and DC imnto lengths
each equal to DL, and through
the pomts of division draw lines
each parallel to DA meeting BA
and ACn pontsas K, L, M and
N, P, Q respectively

Jomm MN, LP, R, which
hnes will then be each parallel
to BC

We have now a series of parsllelograms as F@Q, TP, SN, and AD bisects
oppostte sides 1n each Thus the centre of gravity of each parallelogram lies
on AD [Prop 9], and therefore the centre of giavity of the figure made up of
them all kes on AD

Let the centre of gravity of all the parallclograms taken together be O Join
OH and produce 1t, also draw CV parallel to DA meeting OH produced m 1

Now, if n be the number of parts into which AC 1s dinided,

AADC (sum of triangles on AN, NP, )=AC? (AN*+NP*+ )

=n n
=n 1
=4C AN
Sunilarly
AABD (sum of trnangles on 4M, ML, )=AB AM
d AC AN=AB AM
It follows that

AABC (sum of all the small As)=CA AN

>V0 OH, by parallels

Suppose OV produced to X so that
AABC (sum of smali As)=X0 OH,

whence, dirdendo,

i LN werr orra

Prop 8 that the centre of gravity of the remamming portion consisting of all the
small tnangles taken togetheris at X

But this 1s 1mpossible, since all the tnangles are on one side of the hne
through X parallel to AD

Therefore the centre of gravity of the tnangle cannot but lie on AD
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Alternatue proof

Suppose, if possible, that I, not Yying on AD, 15 the centre of gravity of the
tnangle ABC Join AN, BH, CH let E, F be the nuddle ponts of C4, 4B
sespectively, and jon DE, LT, FD Let EF weet AD 1n AL

Draw FK, EL parallel to AH meeting BH,
Ol 1n K, L vespectively Jon KD, HD, LD,
AL Let KL meet DH w N, and Jom MN

Since DE 13 parallel to AB, the tnangles
ABC, EDC are ssmlar

And, sinee CE=E4, and Bl s parallel to
AH, 3t follows that CL=LH And CD=DRB
‘Thercfore BH 15 parailel to DI

Thus 10 the soular and stularty situated
triangles ABC, EDC the strmght lines AH,
BH are respectsvely parallel to EL, DL, and st
follows that H, L are silsrly mtuated with
respect to the tnangles respectin ely

But H 1s, by bypothesis, ihe centre of grasity of ABC Therefore L s the
centre of gravity of EDC [Prop 11

Stmiarly the point K 18 the centre of gravity of the trangle FRD

And the tnangles FRD, EDC are equat so that the centre of gravity of both
together s at the nuddle pomt of AL, 1e st the powt N

The remaimder of the tnangle ABC, after the trnangles FBD, EDC are de-
ducted, 15 the paraflelogram AFDE, and the contre of gesvaty of thus paral
lelogram 13 at 31, the interseetion of its dhagonals

It follows that the centre of gravity of the » hole tnangle ABC must ke on
N, thet 15, MN must pass through H, which 1s mposaible (since ALV 13
prallel to AH)

Therefore the centre of gravity of the triangle ABC cannot but he on AD

Prorostrrov 14

It follons at once from the last praposition that the centre of granty of any
irangle 15 at the wndersection of the Lnes drawn from any two angles to the nuddle
ponts of the oppostie sides respectively

Prorosrrion 15
If AD BC be the t1s0 puraliel sdes of a trapezrum ABCD, AD beng the smaller,
and of AD, BC be bisected at £ F respectnely, then the centre of gronity of the
fropenum s at a point G pn BF such that
GF GF=(2BC+4D) {24 D+ BC)

Produce BA CD tomeet at O Then FE produced will also pass through O,
siace AE=ED and BF =pC

Now the centre of gras sty of the trangle 04D will fte on OF, and that of the
trnangle OBC will e on OF Frop 131

It follows that the centre of gravity of the remarader, the trapezum ABCD,
wilt also be an OF [Prop 81

Jotn BD, and dinde 3t at L, M wnto three equal parts Through L, M dwg
PR, RS pusallel to BC meeting B4 w P, & FE w ¥, ¥, and €D 1 &
respectnely
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Join DF, BE meeting PQ m H and RS m K respectively
Now, since BL=1BD

of the trnangle ADB

Therefore the centre of gravity of
the tnangles DBC, ADB together,
1e of the trapezium, Les on the line
HK

But 1t also lies on OF

Therefore, 1f OF, HK meet n G, G
18 the centre of gravity of the trape-
zum

Hence [Props 6, 7}

ADBC AABD=KG GH

=V@:GW
But ADBC AABD=BC AD
Therefore BC AD=VG.GW

1t follows that
(2BC+AD) (24D+-BC)=(2VG+GW) (CW+VE)
=EG.GF QED



ON THE LQUILIBRIUM OF PLANES
BOOK TWO

ProrosiTion 1

If P, P’ be tuo parabolic segments and D, E thewr centres of gravly respectucly,
the centre of gravily of the (o segments taken logether wrll be at a pownt C on DE
determaned by the relation
P P'=CE CD
In the same straight line with DE measure EH, EL each equal to DC, and
DK equal to DH, shence 1t follows at once that DK =CE, and also that
KC=CL

Apply a rectangle WN equal 1n area to the parabolic segment P to a brse
equal to KH, and place the rectangle so that KX bisccts 1t, and 15 parallel
to 1ts base

Then D 1s the centre of gravity of MW, since KD=DH

Produce the sides of the rectangle which are parallel to XH, and complete
the rectangle NO whose base 1s equal to JIL Then E 1s the centre of gravity
of the rectangle NO

Now (MN) (NO)=KH HL

But P
Therefore NOY=P"

Also, see € 18 the mddle point of KL, € 1s the centre of gravity of th:
whole parallelogram made up of the two parallelograms (MA), (N0), e
are equal to, and have the same centres of gravity as, P, P’ respectively

Hence C 1s the centre of gravity of P, P’ taken together

510
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DEFINITION AND LEMMAS PRELIMINARY TO PROPOSITION 2

Ing segments triangles be Inseribed 1M e saMe MAleL, lel Lhe restiling Lgute
be sa1d to be inseribed wn the recognised manner m the segment

“And 1t 15 plan”
(1) “that the lines gormng the tuo angles of the figure so nscribed which are near-
est lo the teriex of the segment, and the next pairs of angles in order, will be parallel
to the base of the segment,”
{2) “that the said lines will be busected by the dvameter of the segment, and”
(3) * that they wall cut the diameter wn the proporiions of the successite odd num-
bers, the number one having reference o [the length adjacent io) the vertez of the
Segment

“And these properties will have to be proved mn thewr proper places ™

PROPOSITION 2

If a figure be “unscribed 1n the recognised manner” wn a parabolic segment, the
centre of grawmty of the figure so wnscribed utll hie on the diameter of the segment
For, 1n the figure of the foregoing lemmas, the centre of gravity of the
trapezium BRrb must hie on X0, that of the trapezium RQgr on WX, and so
on, while the centre of gravity of the trniangle PAp lies on AV
Hence the centre of gravity of the whole figure lies on AQ

ProrosiTioN 3

If BAB', bad’ be tuo similar parabol: whose di are AO, ao
Tespectitely, and 1f a figure be inscribed wn each segment “sn the recogmised man-
ner,” the number of sudes 1n each figure being equal, the centres of granty of ihe
nseribed figures uall duade AO, ao in the same ratio *

Suppose BRQPAP'Q'R'B’, brgpap’g'r’t’ to be the two figures mscribed “mn
the recogmsed manner ” Jomn PP, QQ’, RR’ meetmg A0 m L, B3, N, and pp’,
9¢', 7' meeting gom I, m, n

Then [Lemma (3)]

AL LM MN NO=1 3 5 7
=al Im mn no,
80 that A0, a6 are divided 1n the same proportion
Also, by reversing the proof of Lemma (3), we see that
PP’ pp'=QQ' of =RR' r'=BB' by

Swce then RR! BB’=r' b, and these ratios respectively determine the
Proportion i which NO, no are divided by the centres of gravity of the tra~
pezia BRR'B’, brr't’ [1 15],1t follows that the centres of gravity of the trapema
dwide NO, no 1n the same ratio

Sinlarly the centres of gravity of the trapezia RQQ'R’, rgg’r’ divide AN,
mn 1n the same ratio respectively, snd so on

this as true of sumuar segments but 1t 13 equally true
of segments which are not stmlar as the course of the proof will show
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Lastly, the cenires of gravity of the trangles PAP', pap’ divade AL, of
respectively 1n the same ratio

-]

Moreover the correspondimg trapezia and trangles are, each to each, m the
same proportion (smee their sdes and hewghts are respectively proporttonally
wiile A0 o are dhided in the same proportion d

Therefore the centres of gravity of the complete tnseribed figures dide
AOQ ¢o1n the same proportion

Prorosrrion 4

The centre of grawmty of any perabohic segment cut off by a strawght line lies on the
dtameler of the segment

Let BAB bt o parabolic segment 4 its
vertex and AQ its drameter

Then if the centre of gravity of the seg-
ment does not lte an AQ suppose it 1o be,
if possible the powt # Draw £% paraflef
to AD meeting BB m &

Ingsenbe 1 the segment the tnangle
ABB having the same vertex and height £
as the segment and take an area § sueh 4 i
that

AABB S=~BE EO

We can then mscribe 1a the segment “mn
the recogmised manner & figuye such that
the segments of the parabols left over are 4
together less than 83

Ui

ments.
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Let the msenbed figure be drawn accordingly, its centre of gravity then hes
on AQ {Prop 2] Let it be the pomt &
Jow HF and produce 1t Lo meet 1 K the line through & paraliel to AQ
Then we have
{mscnibed figure) . {remainder of segmt )> HABE . §
>BE EO

>EF FH
qiﬁ;!)p;se L taken on HEK produced 55 that the former ratio is equal to the ratso
H

Then, stice H 15 the centre of gravity of the inserbed figure, and F that of
the segment, [, must be the centre of gravity of 1l the segments taken together
which form the remamder of the onginal segment {1 8

But this 15 mmpossible, since all these segments Lie on one mde of the hne
drawn through L parallel to AQ (Cf Post 7]

Hence the centre of gravity of the prgment csanot but he on AQ

Prorosrrion §

If o poradolic segment o figure be ansersbed “en the recogmsed maunner the

cenlre of grawmty of the segment 18 rearer la the terlex of the seyment than the tentre
of grauily of the tnserdded figure 18

Yot BAB' he the given segment, and 40 18 diames

ter Furst, let ABB' be the tuangle meenbed * 1 the

B
recogmsed monner »
/ Drode A0 10 F 5o that AF=2FD, F 15 then the
ash o centre of gravity of the tnangle ABB’
'r Biseet AB, AB’' m D, I¥ respectively, and jon DD’

meeting AC 1n £ Draw DG, D'Q’ parallel to 04 1o

o meet the curve QD,Q'D wll then be the diameters of

‘ the segments whose bases are AR, AB’, and the cen-

o tres of gravity of those segments will ke zrespectyvely
1

on QD D' {Prop 4] Lat them be H, ', and joun
HA' mesting A0 m K

Now @D, &0 are equal,? and therefore the seg-
ments of which they are the diameters are equal [On
Conprds and Spherovds, Prop 3]
H ;}]Eo, snece QD, Q'IF ure paratiel, and DE=RDY, K i3 the mddle pomt of

Hence the contre of gravity of the equal segments 4GB, AQ'B’ taken to-
gether 1s ¥, where K hes betneen E and A And the centre of gravity of the
trisngle ABB s F

It follawa ek shecrntae of gravy, o tha wholasegmank BAR heshabonern
K and F, and 1s therefore nearer to the vertex A than F g

Secondly toke the fire-nded figure BGAQ'E wacnbed “n the recogmsed
ian;ff." QD, D bemg as Lefore, the diameters of the segments AQB,

‘Then, by the first part of this propesition, the centre of gravity of the seg-
ment AQR Gyrag of course on QD) 1a nearer to Q than the centre of gravity of

*This may either be inferred from Lemma (1) shove (smes ¢Q° DD are both paratiet to
BB, or trom Prop 19 of the Quadrafure of the Parubols, which applies equally to Q or @
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the tnangle AQB 13 Let the centre of gravity of the scgment be H, and that of
the tnangle 7

Simnilarly let H” be the centre of gravity of the seg-
ment AQ'B’,and I’ that of the inangle AQ'B’

1t follows that the centre of gravity of the two seg-
ments AQB, AQ'B taken together 1s K, the mddle
pomt of HH', and that of the two tnangls AQB,
AQ'B' 18 L, the muddle pomnt of 17”

If now the centre of gravity of the tnangle ABB' be
F, the centre of granity of the whole segment BAB’
{te that of the trangle ABB’ and the two segments
AQB, AQ'B’ taken together) 15 & pomnt @ on KF de-
termured by the proportion
{sum of segments AQB, AQ'B’} AABB'=FG GK

)y

And the centre of gravity of the mserthed figure

BQAQ B 1s a pont F’ on LF deterruned by the proportion

(AAQB+AAQYBY : AABR' =TF * F'L {167
[Hente FG GK>FF' F'L,
or GK FG<I"L FF,

and, compenends  FK : FG<FL FF’,whiec FK>FL}
Therefore FG>FF’, or G lies nearer than F’ to the vertex 4

Ustng this last result, and proceeding sn the same way, we can prove the
proposttson for any figure insenbed “un the recogmsed manner 7

Prorosition §

Guen a segment of a parabala cut off by @ straght line, 181 possible to snscriben
2t an the recognised manner” 6 figure such that the distance between the centres of
granaty of the segment und of the wseribed figure 48 less than any assigned length

Let BAB' be the segment, A0 its diun-
eter, ¢ 1ts eentre of gravity, and 488"
the trangle msenbed “in the recogmsed
reauner ”

Let D be the assigned length and § an
aren such that

AG D=AABB S

In the segment weenbe “1a the recog-
nised manner ’ a figure such that the sum
of the segments left qver w less than §
Let F be the centre of gravity of the m-
senbed figure

We shall prove that FG<D

For, «f not, I'G must be either equal to,
or greater than, D

And cleaxly

(mserbed fig) (sum of remaining segmts )
>Ad4BE S
>AG D
>AG F@, by hypathess {smer FGLD)
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Let the first ratio be equal to the ratio KG FG (where K lies on GA pro-
duced), and 1t foliows that K 1s the centre of gravity of the small segments
taken together 18]

But this 15 impossible, since the segments are all on the same side of a line
drawn through K parallel to BB

Hence FG cannot but be less than D

ProrosiTioN 7

If there be fuo sumilar parabolic segments, thewr centres of gravily dunde thewr
diameters 1n the same ratio
Let BAPB’, bab’ be the two simlar
B segments, A0, ao therr diameters,
and G, g their centres of gravity re-
spectively
Then, if G, g do not divide AQ, ao
respectively n the same ratio, suppose
H to be such a point on A0 that
HG=ag go,
and mscnbe m the segment BAB’ “mn
the recognised manner” a figure such
that, 1f F be its centre of granity,
GF<GH [Prop 6]
B Inscnibe 1 the segment babd’ ‘i
the recogmised manner” a smlar
figure, then 1f f be the centre of gravity of this figure,
[Prop 5]

B

ag<af
And, by Prop 8, af fo=AF FO
But AF FO<AH HO
<ag go, by hypothesis
Therefore af fo<ag go, which 1s impossible
It follows that @, ¢ cannot but divide A0, ao m the same ratio

ProrosiTION 8
If A0 ke the diameter of a parabolic segment, and G 1és centre of gravity, then
AG=3G0

T oo -~ -

trnangle ABB’ ‘m the recogmsed

D Q' parallel to OA to meet the
curve, so that QD, Q’D’ are the diameters of the segments AQB, AQ'B’
Trespectively

Let H, H' be the centres of gravity of the segments AQB, AQ'B’ respective
Iy Jom QQ', HH' meeting AO n V, A respectively
A 15 then the centre of grawity of the two segments AQB, AQ B’ taken

together
Now AG GO-QH HD, [Prop 7]
whence A0 0G=QD HD

But AO=4QD [as 15 easily proved by means of Lemma (3), p 511]
Therefore 0G=4HD
and, by subtraction, AG=4QH
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Also, by Lemma (2), QQ' 1s parallel to BB’ and therefore to DD’ It follows
from Prop 7 that HH’ 13 also parallel to QQ’ or
DD,

and hence QH=VK
Therefore AG=4VEK,
and AV4+EG=3VK
Measuring VL along VK so that VL=14V, we have
KG=3LA (1)
Again AQ=44V {Lemma (3)]
=3AL, since AV=3VL,

whence AL=3}4A0=0F 2)
Now, by 1 6,7,

AABB' (sum of segmts AQB, AQ'B’)=KG GF,
and AABB'=3(sum of segments AQB, AQ’B’)
[since the segment ABB’ 13 cqual to $AABB'
(Quadrature of the Parabola, Props 17, 24)]

Hence KG=3GF
But KG=3LK, from (1) above
Therefore LF=LKh+KhG+GF
=5GF

And, from (2),
LF=(A0—AL—-OI=3}40=0F.

Therefore OF =5GF,
and 0G=6GF
But A0 =30F=15GF

Therefore, by subtraction,

AG=9GF
=360

Prorosition 9 (LEMMA)

If a, b, ¢, d be four lines tn continued proportion and tn descending order of magn!
tude, and +f

d (@a—d)=z Ela—c),
and (2a+4b+6¢-+-3d) (5a+10b4-10c+5d)=y (a—c),
ot 18 required lo proie that
zty=%a

[The following 1s the proof given by Archimedes, with the
only difference that 1t 15 set out m algebraical mstead of geo-
vt nvwaviun Tos 18 done 1n Yne partieir vwse wIaphy
m order to make the proof easier to follon Archimedes exhi- 1
bits hus Iines 1n the figure reproduced in the margin but, now °

that 1t 18 possible to use algebraiea! notation there 1s no advan- i
tage 1n using the figure and the more cumbrous notation which " A
only obscures the course of the proof The relation between ¢
Archimedes’ figure and the letters used below 1s as follows lz

AB=g, IB=b, AB=¢ EB=d, ZH=z, Ho=y, A0=2]

We have L [¢}]
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a=b_b—c c~d

whence T T T
and theref a—b_b-c_a b ¢
b~¢ c—d b ¢ d
Now 2(a+b) at+b a4db b _awe b—e a—c

€ b ¢ be¢ e~d c—d
And 1 bke maxmer,
bie bte g ave
d ¢ d c—d
1t follows from the last tvo relations that
a—¢ 2a+3bte
=TT
Suppose  to be s0 taken that
%a4+4b+4c+ 2 _a—c
w¥d 7
5o that 2< (g—~d)
a—ctz  Qa4-4b+6e+3d

Therelore imc ~HatdFIOFe"

And, by hypothess,

a~¢_ 5a+d)+10(b-+c)
¥y 26+4b+6ei3d *
a—-c+z Be+d)+10b+e) 5
&0 that 2@t Filb+e) 2
Agam, diwnding (3) by (4) erogswise, we obtmn
Lz 2at3bte
e=d 2a+d)+4{b-+c)’
¢~d~z b4-3e4-2d
nhence “o=d T IR TGS

But, by (2),
——d LO=h 3b-e) 2fe-d)
B I
50 that, c—d L{o=b)+3(b~c)42(c—d)
b+-3c+2d
Cembisng (6) sad (7), we have
¢—d~z _{a~b)+3(b~c)+2c—d)
d 2a+d)+aB+e) 7
v Dol U
whencs I EE =

And, since (by (1)}
e—~ad edd
e bsve e ==
whence ~d _a+2b+24+d _ 2Aatd)+4lb+e)

e a+2b+e 2a+ei+4b
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Thus a—d ~2(atd)+1(d+o)
He—c)” F(ate)+ab] *
and therefore, by hypothests,
4_2(at-d)d(bte)
z° H2atq+a8) ©
e~z 3a+6b-+3¢
But, by (), KA T G
and 1t follows, ex aequali, that
¢~z 3atad6h 53 5

= Y{2latoj+4b] "3 575

g—etz 5
And, by (5), =3
5
Therefore §=;§_“y‘,
or z+y=ta

Propostriov 10

If PP'B'B be the partion of o parabola intercepted betw een tuo parallel chords
PP, BB busected respectisel, yain N, 0 by the diameter ANOQ (& being nearer than
O lo A, the rertex of the segments), and 1f NO be duided o fire equal parls of
whack LM 25 the muddle one (Z beng nearer than M to N}, then, of G be @ posnt
on LAI such that
LG GM=Bp: PN+BO) pA (2BO+-PN),
G wall be the contre of gravty of the area PP'B'R
Take 5 hine a0 equal to 40, and an on 1t equal to AN Let #, ¢ be pownts oo
the line ao such thag
a0 ag=aq an, n
a0 an=aq ap, @
{nhence ao 9=eq an=non ap, or ao, €9, an, ap are lnes i continued pro-
portion and mn descending order of magmtude]
Measure along G4 a length GF such that
op ap=0L GQF ®
Then, since PN » BO are ordimnates to ANO,
BO* PN*=40 AN
=40 an
=ao? ag? by (1)
so that BO PN=go aq? v ®
and BO PNY=qpt ng®
=(ao ag) (ag an) (en ap)
ag

&)
=a0 ap
Thus (segment BABY) (segment PAP’)
=ABAB" APAP’
=80 PN?
=a0 ap,
whence

(area PF'B'B) (segment PAP y=op ap
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=0L GF, by (3),
=30\ GF ()

2on

BO® (2PV-+BO) BO®
={2PN+B0O) BO
={2ag+aa} ao by {4,

BO* PV}

=0 ap, by (5},
d

an:
e e ma PAY P\° (2BO-LPN)
= RN w % PN (2BO+PN)
=aq {(2e0+ag) by (4)
=ap {(2an-+ap) by (2)
Hence, ¢x acqualt,
BO® 2PV-+B0) FPA*
4 (2BO+PVNYy=1{22q+4a0)

(2an-+ap),
so that by hypothesie

16 GV = (2aq+ua) (”(m-Hzp)
and multsplying the

1y 8
ON GM= {5(a0+ap)+10(rxq+un)l {2an+ap)

[of e

But
OV Q=5 2={5{ao+ap)+10{ag+an)} {2(ao-ap)i-a{vgtan)}
It follows that
OV 0G={5(ao+ap)+i0{agt+an)} (200+dag-+6ant-3ap)
Therefore

{200-4ag-+Gan-+3ap) 15(ao+ap)+l()(aq+an)]=g(-‘ oN
=04 on

o
And ep {go—ap)=op op
=0F OL by hypothesis
=QF fon
while a0 g an op axe m continued proporton
Therefore by Prop 0
GF +0G=0F =3n0=304
Thus # 1 the centre of gravity of the segment 848 p 8]

{Pr
Let H be the centre of gravity of the s segment PAP sothat AH= §AN
And mince AF =340

webave by subirachion HF =30V
But by (6) above
{urea PP B B} (segment PAP )=30N GF
=HF ¥G

Thus since £ H ar the centres of gravty of the segments BAR PAP v
Rr}mmeb 1t follows [by I § 7] that G s the centre of gravity of the area
PL BB



THE SAND-RECKONER

“TiERE are some, King Gelon, wha think that the nuwmber of the sand is
mfimte 1n mulistude, and I mean by the sand not only that which ewsts sbout
Syraeuse and the rest of Swaly but also that whch s found m every regon
whether mhabited or yumnhabited Again there are some who, without regard-
g it ns infinste, yet thank that no number has been named which 18 great
enough to exceed 3ts multitude And it 1s clear that they who hold ths view, »f
they imagined a mass made up of sand mn other respects as large as the mass
of the earth, meluding 1o 1t olt the sens snd the hollows of the earth filled up
to o height equal to that of the highest of the mountains, » puld be many times
further sull from recognistng that any number could be expressed which ex-
ceeded the multitude of the sand so taken But ! vall try toshow you by means
of geometrieal proofs, which you will be able to follew, that, of the numbers
named by me and given 1 the work which I sent to Zeuappus, some eveced
not only the pumber of the mass of sand equal m magnitude to the earth filled
up 1 the way desenbed, but also that of & mass equal sn magntude to the
universe Now you are aware that ‘unn erse’ 1s the name given by most astron-
omers to the sphere whose centre 1s the centre of the earth and whose radws 15
equal to the straight line between the centre of the sun and the centre of the
earth This 1§ the common account (ravpedbpera), a5 you have beard from
astronomers But Anstarchus of Samos brought out a booh consisting of some
hypotheses, i which the premisses Jead to the result that the un erse s many
times greater than that now so called His hypotheses are that the fived stas
angd the sun remamn unmoved, that the earth revolves abont the sun s the
circumference of o circle the sun lying 1 the mddle of the orbit, and that the
sphere of the fived stars, stuated about the same centre as the sun, 1s 50 great
that the airele in which he supposes the earth to reyolve bears such a propor-
fron to the distance of the fived stars as the centre of the sphere bears to 13
surface Now 1t15 easy to see that this 1s mupossible, for, stace the centre of the
sphere has 00 magmtuge, we cwnot cuncen et Lo bear any ratwo whaterer to
the surface of the sphere We must however take Anstarchus to mean this
since we conceive the earth to be, as 1t were, the centre of the universe the
ratio which the earth bears to what we describe as the ‘umverse” s the same 88
the ratio which the sphere contamng the eirels m which he supposes the earth
to revolve bears to the sphere of the fived stars For he adapts the ‘proafs of s
results to a hypothesis of ths kind, and m particular he appeats to suppose che!
magnitude of the sphere 1n which he represents the earth as moviag to be equ®
to what we call the ‘universe’

“I say then that, even if a sphere were made up of the sand, as great ’;ﬁ
Amistarchus supposes the sphere of the fixed stars to be, I shall still prove that,

820
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of the mimbers named i the Principles,! some exceed 1 multitede the number
of the sand which 15 equal 1 magmtude to the sphere referred to, provided
that the following assumptions be made ”

1 “The perumeter of the earth 15 about 3,000,000 stadia and not greater

“It 15 true that some have tried, as you are of course aware, to prove that the
smd perimeter 15 about 300,000 stacia But I go further and, putting the mag-
mtude of the earth at ten times the size that my predecessors thought it, I
suppose tts pertmeter to be about 3,000,000 stadia and not greater ”

2 “The diameler of the earth 1s greater than the diameter of the moon, and the
diameter of the sun 1s greater than the diameler of the earth

“In this assumption T follow most of the earhier astronomers ¥

3 “The diameler of the sun 1s about 30 times the diameter of the moon and not
grealer

“It 18 true that, of the earhier astronomers, Eudoxus declared 1t to be about
Tine times as great, and Pheidias my father twelve times, winle Anstarchus
tried to prove that the diameter of the sun 1s greater than 18 tumes but less
than 20 times the diameter of the moon But I go even further than Anstar
chus, 1n order that the truth of my proposition may be estabhshed beyond
dispute, and I suppose the diameter of the sun to be about 30 trmes that of the
moon and not greater

4 “The drameler of the sun 19 greater than the sude of the chiliagon tnscribed in
the greatest circle in the (sphere of the) unicrse

“I make this p because A hus d d that the sun ap-
peared to be about rigth part of the eircle of the zodiac, and I myself trned, by
a method which I wall now describe, to find expenmentally ($pyavinds) the
angle subtended by the sun and having its vertex at the eye ”

{Up to thus pomnt the treatise has been literally translated because of the
Tustorical mterest attaching to the tpsissima rerba of Archimedes on such a
subject The rest of the work can now be more freely reproduced, and, before

ding to the math 1 of 1t, 1t 1s only necesgary to remark

that Archimedes next describes how he arnved at a higher and 2 lower Lt
fortheans v+ 110 . N ' : * *

fastening (

tion of the .

1t), then putting the cylinder at such a distance that 1t just concealed, and
Just failed to conceal, the sun, and lastly the angles subtended

by the cylinder He explaing also the correction which he thought it neces~
sary ﬁc]t make because “the eye does not see from one pomnt but from & certain
areg

The result of the expenment was to show that the angle subtended by the
dizmeter of the sun was less than yizth part, and greater than z§4th part, of a
night angle

To prote that (on this assumption) the diameter of the sun 1s greater than the
sude of a chilingon, or figure with 1000 equal sudes, wnseribed an a greot curcle of the
“uniterse

Suppose the plane of the paper to be the plane passing through the centre
of the sun, the centre of the earth and the eye, at the time when the sun has

*4 Jost work of Archimedes.
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just nisen pbove the honzon Let the plane cut the earthin the airele EHZ and
the sun m. the arcle FAG, the centres of the earth and sun bang C, O respec
tnely, and E beng the position of the eye

Further, let the plane cut the sphere of the t unerse’ {1 ¢ the sphere whose
centre 13 € and radus CO) in the great ewcle AOB

Draw from & two tangeats ta the arcle FAG touching it at P, @ zad from
C draw two other tangents to the same urcle touching it 1o F, G respectuely

Let CO meet the sections of the earth and sun w H, A respectively, and fet
CF, CG produced meet the great cirele AQBwn 4, B

Jom EO OF, OG, OP, 0Q AR and let AB meet COm M

Now 0> EQ, simce the sun 15 just aboy e the honzon

Therefore LPEQ> LTCG
bu;,\nd ‘PEQ:$§}“MW R represents s nght angle

Thus LECG<ydxR a fortiore
and the chord 4 B subtends an arc of the great crcle which 1s Jess than whuth
of the crreunaference of that circte 18
AB < (smde of 656-nided poly gon 1seribed n the aurcle)
Now the perimeter of any poly gon 1nseribed i the great prele 1s Jess than
.

€0 [Cf Measurement of o curcle Prop 31
Therefore AB CO<1) 1148
and a Jortion AB<LCO (=)
Agams since © 1=C0 and A 1s perpendicular to CO whle OF 18 perpent
dicular to CA AM=0OF
Therefore AB =241 = (damecter of sun)
Thus {diameter of sun)} < y$C0 by (a), 2
and ¢ fortiont (diameter of earth) <4500 {Assumption
Hence CH+ 0k <1430

so that A > %00
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or CO HA <100 99

And CO>CF,

while HE<IQ
Therefore CF EQ<100 99 ;)]
Now 1n the nght-angled tnangles CFO, EQC, of the sides about the nght

angles, OF =0Q, but EQ<CF (smce EO<CO)

‘Therefore LOEQ <ZOCF>C0 LO,

but <CF EQ‘

Doubhing the angles,
ZPEQ LACB<CF EQ
<100 99, by (B) above

But £PEQ>z¥sR, by hypothesis
Therefore LACB>gfssoR

>zhal

It follows that the arc AB 1s greater than zizth of the circumference of the
great circle AOB

Hence, a fortiors,

AB> (side of chiiagon insenbed n great arcle),
and AB 13 equal to the diameter of the sun, as proved above
The following resulls can now be proved
{drameter of “‘unuerse’) <10,000 (diameter of earth),

and (dwzmeter of “unuerse”) <10,000,000,000 stadia

(1) Suppose, for brevity, that d. represents the diameter of the “umverse,’”
d, that of the sun, d, that of the earth and d. that of the moon

By hypothests, d,330dm, {Assumption 3]
and d.>dn, [Assumption 2)
therefore d,<30d,

Now, by the last proposition,
d,> (s1de of chhagon msenbed n great eircle),
8o that (penimeter of chiliagon) < 1000d.
<30 000d.

But the pertmeter of any regular polygon with more sides than 6 nseribed
1n 2 circle 15 greater than that of the inscnibed regular hexagon, and therefore
greater than three times the diameter Hence

(perimeter of chihagon)>3d.

1t follows that d,<10,000d,

(2) (Penmeter of earth) 33,000,000 stacia [Assumption 1]
and (penmeter of earth) >3d,
Therefore d,< 1,000,000 stadha,
whence du < 10,000,000 000 stadia

Assumplion 5

Suppose a quantity of sand taken not greater than a poppy-seed, and sup-
pose that 1t contans not more than 10 000 grams

"The proposttion here assumed 13 of course equivalent to the trigonometnical formuls
which states that, if @ 4 are the eireular measures of two angles, each Jess than a right angle,
of which a 15 the greater then

tana_ o sma2
tanp” g~ amB
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Next suppose the dameter of the poppy-seed to be not less than Zyth of &
finger-breadth

(RDERS AND PFRIODS OF NUMBFRS

1, We have tradztional names for numbers up to £ mynad (1O a
therefore express numbers up to & mynad wy--"' - . e
numbers be ealled numbere of ¢t ©

Buppose - 7 - :
order con. ..t

Let thr : NPT A
000,000); , < order of numbers endiog
with {100, . os we will gall P

II Supp e numbers from 1 to P just descrsbed to form the first period

Let P be the umt of the first order of the second persod, and let thus consist of
the numbers from P up to 100,000,000

Let the last number be the umt of the second order of the second period, and
Tet this end wath (100,000,000)*P

We can go on 1 this way till we reach the 100,000,000tk order of the second
period ending wath (100,000,000)10 %0 P g p3

I Taking P* as the umt of the firet order of the third persod, we proceed n
the ;:;xxxe way till we reach the 100,000,000tk order of the thard perod ending
Wit

1V Telang P* as the umt of the first order of the fourth perod, ne continue
the same process until we aris e at the 100,000,000¢% arder of the 100,000,000k
persod endimg with Pie @0 Ths last number 15 expressed by Archimedes 85
“gmyned mynsd umts of the mynad-mynad-th order of the my riad-mynad-th
period {al &s weptbbov vaw pBudv goplas poprddes),”
which 18 easily seen to be 100,000,000 times the product of (100,000,000}
S8 and pro s ) o PO

Ocrins

Consider the series of terms in continued proportion of which the first 131
snd the second 10 {1e the geometneal progresson 1, 10%, 102, 105} The
Jfirst octad of these terms [re 1, 10%, 10, 107 fall aceordingly under the first
order of the first period above deseribed, the second octad [te 105, 10%  10°]
under the second order of the first pertod, the first term of the cetad beng the
umit of the corresponding order 1n each case Sumilarly for the therd oclod, and
5o on We can, 1n the ssme way, place any number of octads

THEOREM

1f theve be any number of ferms of @ series 1 conhinued proportion, 33y Ay Ar
As, " Ay Amgnety of uhich A, =1, A4=10 [so that the senef
forms the geometnical progresmon 1, 104, 10, 10, 10~ 105
), and tf any twa terms as Am, A, be laken and multiplied, the produc! An 4n
will be o term in the some series and uall be as many ferms dustand from A 08 Am
13 distant from Au, also 1t uall be distant from A, by @ number of ferms less by ane
than l‘ﬁc sum of the numbers of terms by whick A,, and A, respectuely aré dustant
from Ax
Take the term. which 1s distant from A, by the spme number of terms 83 An
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is chstant from A; This number of terms 15 m (the first and last bemng both
counted) Thus the term to be txker s m terus distant from 4., and 1s there-
fore the term Anynat
We have therefore to prove that 4
- » == A gy
Now terms equally distant from other terms 1 the conhinued proportion ate
proportional

An _ Anens
Thos A TTA
But Am=Aw Ay, nince Ar=1
Therefore Anpea=Aun Au 1)

{
The second result 13 now obvious, since A, 18 m terms distant from 4, 4,
13 9 terms distant from Ay, and Ampr 18 (mtn~1) terms distant from 4y

AYPLICATION TO THE NUMBER OF THE SAND
By Assumption 5 [p 5231,
{dizm of poppy seed) < fy{finger breadth),
and, sinee spheres are to one apother in the trpheate ratio of therr diameters,
1t follows that
{sphere of diam 1 finger breadth)$ 64,000 poppy-seeds
64 000 10,000
}640 000,000
6 units of second|grains
order+-40,000,000} of
umts of first order | sand
{a fortiorr) <10 units of second
arder of vumbers
We now gradually merense the d ter of the supposed sphere, multiplying
1t by 100 each time Thus, remembering that the sphere 15 thereby multiphied
by 100% or 1,000,000, the number of graws of sand which would be contamed
m 2 sphere with each suceesuve diameter may be arrived at os follows

Drameter of sphere Cerresponding number of groins of sand
1) 100 finger breadths <1 000,000 X 10 units of second order
< {7th term of senes) X(10th term of senes)
< 3Bth term of senies fie 109

<{10° or} 10,000 000 wunsts of the second order
2} 10,000 finger breadths <1 000,000 ¥ (last number)
< (7th term of genes) X (16th term)
<22nd term of seres re 108
< {10* or} 100 D00 umts of therd order
(3) 1 stadwm < 100,000 umis of thsrd order

(<10 600 finger breadths)
{4) 100 stadia < 1,000 000X {last number}
<{7th term of seres) X(22nd terw)
<28th term of series {107}
<{10° or] 1,000 umta of fourth order
{5) 10,000 stadia < 1,000 000 X (last number)

<(Fth term of series) X(28th term)

<34th term of sertes f10°]
<10 ymits of fifth order
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(6) 1,000,000 stadia < (7th term of senes) X{34th term)
<40th term [10%]
<[107 or] 10,000,000 units of fifth order

(7) 100,000,000 stadia <{7th term of senes) X (40th term)
<46th term 1105}
<[10¢ or] 100,000 urts of suxth order

(8) 10,000,000,000 stacia <{(7th term of series) X (46th term)
<52nd term of senes [10%]
<[10° or] 1,000 umts of sezenth order

But, by the proposition above [p 523),
(diameter of ““umn erse”) <10,000,000,000 stacia
Hence the number of grains of sand which could be contained 1n a sphere of the
size of our “unuerse” 18 less than 1,000 umits of the seventh order of numbers
[or 105
From this we can prove further that a sphere of the size atirsbuted by Anslar-
chus o the sphere of the fized stars would contain a number of gratns of sand less
than 10,000,000 unats of the eighth order of numbers [or 10°5+ =10%]
For, by bypothesis,
(earth) (“umverse”)=(“unnerse”) (sphere of fixed stars)
And [p 523]
(diameter of “unnverse”)<10,000 (diam of earth),
whence
(diam of sphere of fixed stars) <10,000 (diam of “universe”)
Therefore
(sphere of fixed stars) <(10,000)® (“universe”)
1t follows that the number of grains of sand which would be contamed 1n 2
sphere equal to the sphere of the fied stars
<(10,000)*X1,000 unts of serenth order
<(13th term of senes) X (52nd term of series)
<64th term of senes [re 10%)
<[107 or] 10,000,000 units of exghth order of numbers

CoNcLusioN

“I conceve that these things, King Gelon, wll appear incredible to the
great, majonty of people who have not studied mathematics, but that to those
who are conversant therewith and have gmven thought to the question of the
distances and sizes of the earth, the sun and moon and the whole umwerse, the
proof will earry conviction And 1t was for this reason that I thought the sub-
Ject would be not iappropnate for your consideration ”



QUADRATURE OF THE PARABOLA

MAPCHIVEDLS to DosrenrEvs greehing

“When I heard thay Conon, who was my fnend i us hietime was dead, but
that you nere acquisnted with Conon and withal versed 1 grometry, while I
grieved for the loss not only of 2 friend but of an 2dmirable mathematician, 1
et mysclf the task of comrmumentng 10 you, a5 1 had miended to send to
Conon, & cortum geometrical theorem whieh had not been investigated before
but has now heen it estigated by me, sad whieh I first discovered by means of
mechanes and then edubsted by means of geometry Now some of the earber
geometers tried to prove st possible to find a rectihneal area equal to & given
arcle and o gven segment of & arcle, and after that they endravoured to
square the aren bounded by the section of the whole cone snd a streaght hne,
assyrmng lemmas not eanly conceded, so that i was recognised by most people
that the problem was not solved But T am not aware that any one of my
predecescors tes attempted to square the segment bounded by & steaight hine
and a section of & nght-angled cone [s parabola), of which problem 1 have now
discotered the solution For 13 here shown that every segment bounded by a
straight Ine angd & section of & nght-asgled cone {a parabola) 1s four thirds of
the tnangle which has the saue base and equal hesght with the segment, and
for the demosnstration of this property the following lemme 15 assumed that
the excess by which the greater of {two) unequal areas exceeds the less can, by
bemg added to stsel be made to exceed any mven finite area The earher
geometers have also used this lemma, for 1618 by the use of thes same lemma
that they have shown that eireles sre to one another 1a the dupheate ratie of
thewr drameters, and thas spheres re to aue another 1 the tapheate ratio of
therr drameters, and further that every pyramad 15 one thard part of the prism
winch hag the same base with the pyramd and equal height, also that every
cone iy ane tard part of the cvimder having the same base a3 the cone and
equal height they proved by assurmng o certan lemma siralar to that afore-
smd And, i the result, each of the aforesud theorems has been accepted no
less than these proved without the lerama As therefore ey work now pub-
wshed hos satufied the same test as the propositions referred to, [ have wniten
out the proof and send 1t to you, first 85 imvestigated by means of mechames,
and afterwards too as demonstrated by geometry Prefived are, slso, the ele-
mentary proposstions m comes which are of servies 1w the proof Farewel ™
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Prorosirioy 1
1f from a pownt on o parabola a straight line be drawn which 15 exther atself the axis
or parallel to the axis, as PV, and 1f QQ’ be a chord parallel to the tangent to the
parabola at P and meeting PV i V, then
QV=vqQ
Conversely, of QV=VQ', the chord QQ’ wnll be parallel to the tangent ol P

Q

Prorosrrion 2
If 1n a parabola Q@ be a chord parallel to the tangent at P, and 1f a strasght line be
draten through P whach 1s evther atself the axis or parallel to the axs, and which
meets Q@' in V and the tangent at Q to the parabola 1n T, then
PV =P

qQ
ProposiTioN 3
If from @ pownt on a parabola  strarght line be drawn which us exther visclf the 2313
or parallel to the azis, as PV, and +f from two other pornts Q, Q' on the P”""b"l,ﬂ,
strarght lines be drawn parallel to the fangent at P and meeting PV 12 Vs ¥
respeciiely, then PV PV'=QV? QV?
“And these proposilions are proved wn the elements of concs ¥’

Prorosrriov 4 4
If Qqe the base of any segment of  parabola, and P the vertez of the segment, an S
#f the drameter through any other potnt R meet Qg wn O and QP (produced ¥

necessary) wn F, then QV VO=0OF FR
Draw the ordinate RTV to PV, meeting QP 1z K
‘Then PV PW=QV* RW?,

whence, by parallels PQ PK=PQ* PF*

N 1n the treatises on comes by Fuclid and Anstaeus.
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Tn other words, PQ, PF, PK are in continued proportion; therefore

PQ.PF=PF:PK
=PQ+PF:PF+PK
=QF ‘KF.

Hence, by parallels, QV :V0=0OF:FE.

PROPOSITION §

If Qq be the base of any segment of @ parabola, P the vertex of the segment, and PV
s diameter, and 1f the diameler of the parabola through any other point R meet
Qg 11 O and the tangent at Q n E, then

Q0 0¢=ER RO.
Let the diameter through R meet QP

m
Then, by Prop 4,
QV.V0=0F FR
Since QV =V, 1t follows that
V .90=0F :OR M
Also, 1f VP meet the tangent in T,
PI'=PV, and therefore EF=0OF.
Accordingly, doubling the dents

in (1), we h:v(‘a
Qg *q0=0E *OR,
whence QO Og¢g=ER RO

ProrosiTioNs 6, 7%

Suppose a lever AOB placed horvzontally and supported at vis middle pornt O. Let

« tnangle SCD i which the angle C1s right or obluse be suspended from B and (J,

50 that C 1s attached to O and CD 1s 1n the same rertical line with O Then, 1f P be

such an area as, when suspended from A, will heep the system wn equilibrium,
P=}ABCD

. In Prop, 6 Archumedes takes the separate case in which the angle BCD of the tnangle 1s
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Take a pomnt E on OB such that BE=20E, and dras EFH parallel to 0CD
meeting BC, BD 1 F, H respectively

Let G be the mddle pont of FIH A o__E
Then @ 1s the centre of gravity of [3

the tnangle BCD <
Hence, 1f the angular points B, C be

et free and the trangle be suspended H

by attaching F to E, the tnangle will
hang 1n the same position as before,
because EFG 1s a vertical straight line “For this 18 proved 't
Therefore, as before, there will be equilibrium
Thus P ABCD=0E A0
=1 3,
or P=3}ABCD

ProrosrTions 8, 9

Suppose e leer AOB placed horizontally and supported at 1ts middle point O Let
a trangle BCD, righi-angled or obtuse-angled at C, be suspended from the points
B, E on OB, the angular point C beng so attacked to E that the side CD 15 tn the
same werlical line with E Let Q be an arca suck that

A0 OE=ABCD @

Then, +f an area P suspended from
A keep the system in equilibrium,
P<ABCD but>Q

‘Take G the centre of gravity
of the tnangle BCD, and draw
GH parallel to DC, 1¢ vertically,
meeting BO wm H

We may now suppose the tn-
angle BCD suspended from H, o'
and, since there 13 equiibrium

ABCD P=A0 OH, &
whence P<ABCD

Also ABCD Q=A0 OE
Therefore, by (1), ABCD Q>ABCD P,
and P>Q

Prorosirions 10 11

Suppose a lecer AOB placed horizontally and supported at O, 1ts middle pownt
Let CDEF be  trapezium whick can be so placed that its parallel s:des CD, F.
are rertical, while C 15 vertically below O, and the other sides CF, DE meet ml;
Let EF meet BO in H, and let the trapez: be ded by hung F 10
and C to O Further, supposc Q to be an area such that

O OH=(trapezvum CDEF) Q .
Then, 1f P be the area which, when suspended from A, keeps the system it equt
librium,

P<Q

1Doubtless in the lost hook xesl foyiy
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The same 18 true 11 the portculer case where the angles at C, F are night, and
consequently C, F eomncade with O, H respecinely
Divide OH m K so that
(20D4-FE) . (QFE+CD)=HK KO
Draw KG parallel to 0D, and
let G be the middle pont of the

A oKX H B
7 porbion of KG intercepted with-
< 1 the trapezum Then @ 1s the
3 centre of gravity of the trape-
o [On the equilibrem of
E planes, 1. 15}
5

Thus wemsy suppose the tra-
pezum suspended from K, and

the equlth will remain

Therefore 40 QK= (trapenum CDEF) P,
and, by hypothests, 4Q OH =(trapezsum CDEF}) @
Bwce OK <OH, 1t follows that

P<@

Prorostrions 12, I3

If the trapezrum CDEF be ploced as wn the lost proposidions, except that CD
sertecally below a pownt I on OB 1nsicad of being below O, and the trapezvwm 15
suspended from L, H, suppose that Q, B are areas such that

AO OH ={trapenum CDEF) Q,
and AQ OL=(trapezum CDEF) It
If then an area P suspended
Jrom A hecp the system an equalid-

A o hal B reum,
P>Rbut<Q
< Teke the centre of gravity &
4 of the trapezium, as n the last
proposttions, axd let the hne
through G parallel to DT meet
OBm K

[I} o Then we may suppose the tra~
penum suspended from K and

there will stall be equiibrium

a Yod

Therefore (trapezum CDEF) P=40 OK
Henee (trapeziam CDEF) P> {trapezium CDET) @,
byt <(trapezum CDEF} R
1t follows that P<@but >R

Prorosmrtons 14 15

Let Qg be the base of any segment of 2 parsbola Then, if tno hmes be drawn
from @ ¢ each parallel o the axis of the parabola and on the same side of Qg
asthesegment 1s esther (1) the angles so formed at @ ¢ ave both nght angles,
a5 (2} one 13 aeute and the other obiuse In the latter case let the angle at ¢
be the obtuse angle

Dsvide ¢g mto any number of equal parts at thepomnts 0, 05, €
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through g,0, 02,  On dizmeters of the parabola meeting the tangent at Qin
E, Ey, By, E.and the parsbola itself 1 ¢, 1y, By, Ra Jon QBy, @Ry
QR. meeting gF, OuFy, 02F1, OasBeam P, Py, By, Fas
Let the chsmeters £, Fi0y,  En0,mcet a strasght hine Q04 drawn through
Q perpendicalar to the diameters in the pomts O, Hy, Hs,  H, respectuvely
(In the particular case where Qg13 1tself perpendcular to the dinmeters g will
coinerde with O, O; with X3, snd so on )
It 18 required to prove that
(1) AEqQ <3(sum of trapenia FOy, Fi0y, FaiO. and AE.0.Q),
(2) ALQ>3(uum of trapena Ri0: ReGy,  RayO, and ARQG)

A 5 W My Her W@

N ;z :
5

-

2f JEea

S e

Ed

Suppose AQ made equal to 0Q, and concerve GOA as a Jever placed hor”
zontally and supported at O Suppose the trangle EgQ suspended from 0012
the posttion. drawn, apd suppose that the trapeznum EO, 1o the posttwn drae?
18 balanced by an area Pysuspended from 4, the trag EyQ; tn the posittit
drawn is balanced by the area P suspended from 4, and so on, the trangle
E.0.2 bemg n hike manner balanced by Py, d

Then Py+ Pyt Py will balance the whole triangle Eg@ as drawn, 8%

therefore PybPot 4 Pua=3inEQ [Props 6,
Agam AD OH=QOD 0H,
=03 40

=Ey0; O:R, {by means of Prop 5]
=(trapezium EOy) (trapezmm FO»),
whenee [Props 10, 11} {(FO)> Py
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Next A0 OH\=I0; O:R:
=(E\07) (R:0y), (&)
while AO OH3;=E,0, O:R,
=(E:01) (Fi09), (
and, smce (@) and (8) are simultaneously true, we have, by Props 12, 13,
(F102) > Py > (B:02)
Simularly 1t may be proved that
(F205) > Ps> (R204),

and 50 op

Lastly [Props 8, 9] AEL.0>Pr> AROQ

By addition, we obtamn

) (FO)+F O+ +(F»_10,)+AE..O..Q>P1—EPg+ +Poi

IAEQQ,
or AEQ <B(FOHF10:+ +F.._x0.+AE 0.9)
2) (RO HRO)+ + (R0 +AROQ<Pyt+Pst  +Pasx
<Pi+Pyt+  +Pay, afortiors,

<3AEqQ,
or ABQ>3(Ri0:+R:On+  +RosOntARO.Q)

Prorosrrion 16

Suppose Qq 1o be the base of a parabolic segment, g being not more distant than Q
Jrom the vertex of the parabola Draw through q the siraight line ¢E parallel to the
axs of the parabola to meel the tangent at Q 1 E It 15 required to prave that
(area of segment) =3 AEqQ

For, 1f not, the area of the segment must
be either greater or less than 3AEQ

I Suppose the area of the segment greater
than 3AEgQ Then the excess can, if contin-
ually added to1tself, be made to exceed AEgQ
And 1t 13 possible to find a submultiple of the
inangle Eq) less than the said excess of the
segment over AAEqQ

Let the tniangle Fg@ be such a submultiple
of the tnangle E¢Q Divide Eqinto equal parts
each equal to ¢F, and let all the points of divi-
sion ncluding F be joined to @ meeting the
parabolam 1 B2 R.respectively Through
R, Ry  R.draw diameters of the parabola
meeting ¢Q 1o Oy, O0s, O, respectively

Let O4R, meet QRq1n Fy

Let O;R, meet @Ry 1n D, and QRs 10 Fy
3 Let O;R; meet QRy 1n D; and QR4 1 Fy,

and so on

‘We have, by hypothesis,
AL FgQ <({ares of segment) —3AEqQ,
or (ares of segment)— AT'9Q>3AEqQ ()
va, smce all the parts of ¢E, as gF and the rest, are equal, OB, =Rif,
0:Dy=DhRy=R;F4, and 5o on, therefore
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AFQQ=(FO+RO:+D0s+ )
OO, +FuDurt AERD)
But (area of segment)<(FO1+Fi0:+  +F..0.+AE0.Q)
Subtracting, we have
(atea of segment)~ AFGQ< (Ri01+R:0s+  +RaiOnt AR0Q),
whence, a fort:or:, by (a),
1AEQ< (RO +R0s+  +RauiOnt ARO.Q)
But this 1s impossible, since [Props 14, 15]
IAEQQ> (R0:+R-0s+  +Rass0u+AR0Q)
Therefore (ares of segment) >3 AEqQ
11 If possible, suppose the area of the segment less than JAEqQ
Take a submultiple of the trangle Eq@Q, as the tnangle Fgf, less than the
excess of 3 AEqQ over the arca of the segment, and make the same construc-
tion as before
Since AFgQ <2 AEqQ~ (aren of segment),
1t follows that
AFqQ+(area of segment) <3 AFqQ
<(FO+F 01+ +FuiOntLEOQ
[Props 14, 15)
Subtracting from each side the area of the segment, ne have
AFgQ < (sum of spaces gFRy RiR:,  EJR.Q)
<(FO+FDi+ +FuaDaatAERQ), 8 fortion,
which 1s impossible, because by (8) above,
AFQQ=FO 4D+ +FoaDu i+ AERQ
Hence (area of segment) €3AEQQ
Since then the arca of the segment 13 netther less nor greater than $AEeQ:
1t 15 equal to1t

Prorosrrion 17

It 18 now mamifest that the area of any segment of a parabola 15 four-thards of the
Iriangle which has the same base as the segment and equal height.

Let Qg be the base of the segment, P 1ts vertex °
Then PQq 1s the mscnbed trangle with the same

v
base as the segment and equal height 9
Since P 1s the vertex of the segment, the diame- \
ter through P bisects Qg Let V be the pomnt of bi-
section

Let VP, and oF drawn parallel to1t, meet the tan-
gent at Q m T, E respecttvely

Then, by parallels, T
qE=2VT,
and PV=PT, {Prop 2]
s0 that VI=2PV
Hence AEqQ=4APQq
But, by Prop 16 the area of the segment 1s equal to
1AEQ

Therefore (area of segment) =4 APQq 4

¢
Der “In segments bounded by a straight Line and any curve I call th
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straight hne the base, and the herght the greatest perpendicular drasen from the
curve to the base of the segment, and the 1erfex the pomnt from which the

greatest perpendseular 15 drawn ™
a

e

Prorosrrion 18

If Qq be the base of a segment of a purabola, and V the
middle pownt of Qg, and of the diameter through V meet the
curie 1 P, then P 13 the tertex of the segment

For Qg 1s paraliel to the tangent at P[Prop 1] Therefore,

of all the perpendiculars which can be drawn from pomts
on the segment to the base g, that from P 15 the greatest
Hence, by the defimtion P 13 the vertex of the segment

Prorostrion 19

1f Qq be a chord of a parabola bisected wn V by the duameter
PV, and of BAM be a diameler usecting QV sn M, and RV
be the ordinaie from B 1o PV, then

PV=4R3

For, by the property of the parabola,
PV PW=QV* RW?
=4BW: RWVY,

50 that PV =4PW,
whence PV =4RN

Prorosirion 20

If Qg be the base, and P the rertex, of a parabolic segment,
then the tnangle FQq 15 greater than half the segment
P

7

For the chord g 13 parallel to the tangent at P, and
the tnangle PQq1s half the parallelogram formed by Qg,
the tangent at P, and the cameters through @, g

Therefore the trnangle PQq s grester than hslf the
segment

Con It follows that 1 13 possible to tnserebe tn the seg-
meni o polygon such that the seqments left over are together
less than any assigned area

Prorosrrion 21

11 Qq be the base and P the terter of any parabalic seg-
ment and 1f B be the vertex of the segment cul off by PQ,
then
APQe=8SAPRQ

The diameter through B will bisect the chord PQ,
and therefore also QV, where PV 13 the diameter bisect~
mg Qg Let the diameter through R bisect P ¥ and
QV m A Jomn PM

By Prop 19, PV =4RAL,
Also PV =2YM
Therefore YA[=2RY,
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and APQM=2APRQ
Hence APQV=4APRRQ,
and APQe=8APRQ
Also, if R, the ordwmate from R to PV, be produced to meet the curve
agan 1n 1, RW=rl¥,
and the same proof shows that
APQy=8APrg

Prorostrion 22

If there be o series of areas A, B, C, B, each of which ts four times the nesiin
order, and 1f the largest, A, be equal to the trangle PQq nseribed 1n parabolic
segment PQq and having the same base with 1t and equal heght, then
(A+B+C+D+ )< (area of secgment PRY)
For, sinee APQg=BAPRQ=8APyr, where R, r are )
the vertices of the segments cut off by £Q, Py, 85 the
last proposition,

[
APQg=4{APQRA AP
Therefore, stnce APQq=A4,
APQR+APgr=B 14 v

In hke manner we prove that the trisngles sumularly in-
senbed 1n the remaning segments are together equal to
the area €, and so on

Therefore A+B-++C+D+ 15 equal to the area of
& certamn msenbed polygon, and 1s therefore less than 7
the aren of the segment

Prorositioy 23
Guen a sertes of areas A, B, C, D,  Z, of which A 18 the greatest, and eack 18
equal to four himes the next 1n order, then
A+B+C+  +Z2432=44
Take areas b, ¢, d,  such that
=1B,
¢=31C, a
d=1D, and 5o on
Then, since b=18,
and =34,

Smilarly C+e=1B r
Therefore i ﬂ

B+C+D+ +Z4btedd+ Az

3A+B+C+ 4+ .
o e e
btetd+  ty={B+C+D+ +¥)

Therefore, by subtraction,

BAC+D+  +Z42=i4
or A+BHC+  +Z437=14
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e 21
, ~ ¢bords of the

Suppose .
where P 1s the vertex of the segmens, .. ¢ the ares
of the segment s equal to K
Qa For, if the segment be not equal to K, 1t must esther be
greater or less,
n I Suppose the arex of the segment greater than K
1f then we mscribe 1n the segments l‘:ut oﬁ" l‘)y !"Q, Py

angles 1n the same manner, 80a §0 OB, W bliall NNALY have.
segments remamnmg whose sum 18 less than the area by
which the segment PQq exceeds K

¢ Therefore the polygon so formed must be greater than
the ares X, which 15 impossible, snce [Prop 23}

A+BO+  HE<44,
where A=APQg
Thus the nrea. of the segment cannut be greater than K

PRI A w2

sue
=K
Now, aince & exceeds A4+B8+C+  +X by an ares less than X, and the
area of the segment by an area greater than % 1t follows that
A4+B4C4 41> (the segment),
\vl\mh o) xmposslble, by Prop 22 above



ON FLOATING BODIES
BOOK ONE

POSTULATE 1

“Let 1t be supposed that o flwd 15 of such a character that, its parts lymg
cvenly and bemg continuous, that part which 1s thrust the less1s dniven along
by that which 15 thrust the more, and that each of 1ts parts 1s thrust by the
flmd which 15 above 1t m a perpendicular direction 1f the fluid be sunk in any-
thing and compressed by anything else

Prorosrrion 1

If o surface be cut by a plane aluays passing through @ certain point, and 1f the
section be always a circumference [of a circle) whose centre 1s the aforesard pount,
the surface 1s that of a sphere

Tor, 1f not, there will be some two lines drawn from the point to the surface
which are not equal

Supposc O to be the fixed point, and 4, B to be two ponts on the sarface
such that 04, OB are uncqual Let the surface be cut by a plane passios
through OA, OB Then the scetion 1s, by hypothesss, o ctrele whose centre 18 0

Thus OA =0B; which 1s contrary to the assumption Therefore the surface
cannot but be g sphere

Prorosrrion 2

The surface of any flurd at rest 1s the surface of a sphere whose cenire 13 the sameé
as that of the earth

Suppose the surface of the flud cut by a plane through O, the centre of the
earth n the curve ABCD

ABCD shall be the circumference of a circle 1

For, 1f not, some of the lines drawn from O to the curve will be unequ®
Take one of them, OB, such that OB 1s greater than some of the Lines from
to the curve and less than others Draw g circle with OB as radis Let it
EBF, which wmill therefore fall partly withm and partly without the surface
of the flud

Dran OGH msking with OB an angle
equal to the angle EOB, and meeting the
surface 1n H and the circle in @ Draw also
1n the plane an arc of a circle PGR with
centre O and within the flud

Then the parts of the flud along PQR
are umform and continuous, and the part
PQ 1s compressed by the part between it BH
and AB, while the part QR 1s compressed by the part between QR and

538
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‘Therefore the parts along Q, QR will be unequally compressed and the part
winch 15 compressed the less will be set 1n motion by that which 13 compres-
sed the more

Therefore there will not be rest, which 13 contrary to the hypothesis

Hence the sectson of the surface will be the eireumference of a cirele whose
centre 1s 0, and so will all other sections by planes through 0

Therefore the surface 18 that of o sphere with centre O

ProrosiTiov 3

Of solids those whueh, size for size, are of equal weight with a flurd wall, of et down
wito the flurd, be tmmersed so tha they do not project abore the surface buf do not
sind, lower

¥ posmible, let a certam sohd EFHG of equal weight, volume for volume,
with the flurd remain inmersed 1n 14 50 that paxt of 1it, EBCF, projects above
the surface

Draw through O, the centre of the earth, and through the solid a plane cut
ting the surface of the fluid in the arcle ABCD

Concerve & pyramid with vertex O and base a paralielogram at the surface
of the fimd, such that 1t mncludes the immersed pottion of the sohd Let thus
pyramud be eut by the plane of ABCD . QL,
O3 Also let 8 sphere within the flurd and be-
low GH be descnibed with centre 0, and let the
plane of ABCD eut this sphere m PRR

Conceive also another pyramd 1n the fd
with vertex 0, eontinuous wth the former
pyramd and equal and simlar to 11 Let the
3 pyramid so descnbed be cut i O3, ON by

Pthe phm‘e of ABCD

T oar ot oy wry

ot be at yest, which 15 contrary to the hypothess
Therefore the sohd will not stand out above the surface

Nor wilt 1t swk further, because all the parts of the fnid will be under the
same pressure

ProposiTIoN 4
A sohd Dghter than a flnd will of tmmersed tn 1t ot be completely submerged,
but part of 1t will project aboe the surface
Sm ttus Gise after tne manner of The previons proposmon we agsume the
sohd 1f possible to be completely submerged and the fimd to be at rest 1n that
P e a N o

[

e

this {atter pyramid equal to the immersed sohd 1n the other pyramid {4) &
sphere with centre O whose surface 1s below the immersed solid and the part
of the flard 1n the second pyramd corresponding thereto We suppose a plane
1o be drawn through the centre O cutting the surface of the fiwd i the circle
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ABC, the solid 1n S, the first pyramd in 04, OB, the second pyramd iz 0B,
0C, the portion of the flmd 1n the second pyr-
amid 1n K, and the inner sphere m PQR

Then the pressures on the parts of the flmd
at PQ, QR are unequal, since S 13 highter than
K Hence there will not be rest, which 1s con-
trary to the hypothess

Therefore the sohd S cannot, 1n a condi-
tion of rest, be completely submerged

Prorositron 5

Any solid highter than a flurd wall, of placed wn the flund, be so far tmmerned thot
the weight of the solid wnll be equal lo the weght of the flurd drsplaced
Tor let the sold be EGHF, and let BGHC be the portien of 1t mmmersed

pose o portion of the flmd STUV at the
base of the second pyrammd to be equal and
simlar to the smmersed portion of the solid,
and let the construction be the same as in
Prop 3

Then, since the pressure on the parts of
the flud at PQ, QR must be equal i order
that the flimd may be at rest, 1t follows that
the weight of the portion STUV of the flid must be equal to the weight of
the solid LGHF And the former 13 equal to the weight of the fiuid displaced
by the immersed portion of the solid BGHC

Prorosirion 6

If a solid highter than a flurd be forcibly tmmersed n 1t the sohd wall be drisént
upuards by a force equal to the difference between 1ts weight and the ueight of the
Jflurd displaced
For let A be completely immersed 1n the fuid, and let G represent the wesght
of A anl (O thavwawbtb Afama 1 31— £21 4 3 m1 qeddD,
that
will

Luelelole Uit welght ol the Nnd displaced 1s 5
(G4-H) and hence the volume of the flmd displaced
15 the volume of the solid A There will accordingly
be rest with A immersed and D projecting

Thus the weight of D balances the upward force
exerted by the flud on 4 and therefore the latter
force 18 equal to I, which 1s the difference between
the weight, of 4 and the weight of the flud which 4
cisplaces
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Prorosrrion 7
A solid heavier than « flurd will, 1f placed 1n 4, descend fo the bottom of the flurd,
and the solid weull, when weighed 1n the fluzd, be lighter than s true weight by the
wewght of the flurd displaced
{1) The first part of the proposition 18 obvxous,‘su‘xce the part of the flwmd
PR 8 wooe T oa
parts

. - nd let

{G+H) represent s weight, while @ represents the weght of the same volume
of the flmd

Take 2 sohid B bghter than the same volume

of the flwd, and such that the weght of Bis G,

whle the weight of the same volume of the fimd

G 18 (G+H)
8 Tet 4 and B be now combined into one sohd
“ and wmmersed Then, since (44B) will be of the

same weight as the same volume of flud, both
weights beng equal to (GHH)+G, 1t follows
that (44-B) will reman stationary 1o the flmd

Therefore the force which causes 4 by itself to sink must be equal to the
upward force exerted by the fimd on B by itself Thus latter 15 equal to the
ifference betneen (G-+H) and G [Prop 6} Hence 4 15 depressed by a force
qua;to H,1e s neght n the Awd 1s H, or the difference between (G+H)
and G

POSTULATE 2

*“Let 1t be granted that bodies which are forced upwards n a fluid are forced
upwards along the perpencheular {to the surface] which passes through ther
centre of granty

Prorosrrion 8

If @ solid 1n the formn of  segment of & sphere, and of @ substance hghler than o
Jhurd, be smmersed wn 1t so that 118 base does nol touch the surface, the solid will rest
n such a posilion that its axis 13 perpendicular {0 the surface, and, 1f the solid be
Jorced tnio such a posihion that s base louches the flund on ane side and be then
set flree, 1t wrll not yemamn wn thet posthion but will return o the symmetrical
posilion

ProrosrrioN @

1f @ sohd 1 the form of o segment of a sphere, and of o substance Lighter than o
Jund, be smmersed 1n 1t so that s base s completely below the surface, the solid
PR M B v

oo ean -

Suppose, first, that the segment 1s greater than & hermisphere Let 1t be cut
by a plane through ste axs and the centre of the earth, and, of possible, let 2t
be at rest 1m the position shown 1n the figure, where AB 1s the intersection of

h
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the plane with the base of the segment, DE 1ts axas, € the centre of the sphere
of which the segment 1s o part, O the centre of the earth

The centre of gravity of the portton of
the segment outside the flud, as F, hies on
OC produced, 1ts axi1s passing through €

Let @ be the centre of gravity of the
segment Jon FG, and produce it to H so
that
FG@ GH=(volume of immersed portion)

(rest of solid)

Jomn OH

Then the weight of the portion of the
solid outside the flud acts along FO, and
the pressure of the flurd on the immersed portion along O, while the
weight of the immersed portion acts along 20O and 1s by hypothests less than

-~ ~Nnrr

owards 4
N ’ ition per-
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BOOK TWO

Prorosrrion 1

1If a solad highter than a flund be at rest 1n b, the weight of the solrd will be (o that of
the same volume of the fuad as the immersed poriron of the solid 1s fo the whole
Let (A+4-B) be the solid, B the portion immersed in the fud
Let (C4D) be an equal volume of the fiwmd,
" € bemng equal m volume to 4 and B to D
Further suppose the line E to represent the

weight of the sobd (A+B) (F+G) to repre-
© sent the weight of (C-+-D), and  that of D
- en
v weight of (44-B) weght of (C-+D)}=
E (F+6) [¢3]

And the vweight of (4+B) 18 equal to the
weight of a 1olume B of the lmd [T 5}, 1e
to the waight of J

a

That 13 to say, E=G
Hence, by (1),
weight of (A+B) weght of (C4+D)=G F+4G
=D C+D

=B A+B
Prorostrion 2

If @ mght segment of a parabolurd of retolution whose azis ts not greater than Ip
{uhere p 15 the princrpal parameter of the generating parabola) and whose specific
graeity 18 less than that of a fired be placed in the flurd unth ats azes snclined o the
rertsical at any angle but so that the base of the scgment does not touch the surface
of the flusd the segment of the paradolond wnill not remarin tn that posutton but will
refurn {o the position wn which 1fs axis 18 vertical

Let the axis of the segment of the paraboloid be AN and through AN draw
a plape perpendicular to the surface of the fld Let the plane intersect the
parsbolond ta the perabols ZdZ  the buse of the segment of (e pambolosd
1 BB and the plane of the surface of the flmd i the chord QQ of the
paraboly

Then smee the avs AN 1s placed m a ponition not perpendicular to Q,
BB will not be paraliel ta QQ

Draw the tangent PT to the parabola which 1s parallel to QQ, and let P be
the poing of contact ¢

*The rest of the proof 18 given e brachets a3 supplied by Commandinus

53 /
S
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{From P draw PV parallel to AN meeting QQ' mn V' Then PV will be o
digmeter of the parabola, and also the axs of the portion of the parabolowd
mmmersed n the flud

Let € be the centre of gravity of the pa-
raboloid BAB', and F that of the portion
smmersed n the flud Jom FC and produce
1t to H so that H 1s the centre of grawity of
the Temamng portion of the parabolord

above the surface

Then, since ~ AN=34C,
and AN®3p,
it follows that  AC };

Therefore, 1if CP be joined, the angle CPT
18 acute Hence,1f CK be drawn perpendicular to PT, K will fall between P
and T And,f FL, HM be drawn parallel to CK to meet PT, they wil each
be perpendicular to the surface of the flud

Now the force a»ctjmg on the immersed portion of the segment of the pgmb}:)-

- 1oL Tm T 1. 1 + “he

m e ttas o
B
will nse and 537 will fall, until AN takes the vertical position ]

ProrosiTion 3

If @ rght segment of a parabolowd of revolution whose azis 1s not greater than ir

(uhere p 15 the parameter), and whose specific gravty 18 less than that of a flud,

be placed wn the flusd wnth 1ts azis inclined at any angle fo the rerhical, but so that

als base 15 entirely submerged, the solid will not remawn n that poshon but will

return {0 the position 10 which the ares 18 rertical
. S s

Tk stn v -

tlnd 1n the chord QQ’ of the parabola

Then, since AN, as placed, 1s not perpen-
dicular to the surface of the flud, QQ' and
BB’ will not be parallel

Draw PT parallel {o Q@' and touching the
parabolaat P Let PT meet NA produced in
T Draw the diameter PV bisecting QQ' n V"
PV 15 then the avis of the portion of the
parabolowd above the surface of the fimd

Let C be the centre of gravity of the whole
segment of the paraboloid, F that of the por-
tion above the surface Jown FC and produce
1t to F so that If 15 the centre of gravity of the immersed portion

Then, smce AC}% the angle CPT 15 an acute sngle, as 1n the Jast pro?”

osition
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Hencs, if CA be drawn perpendicular to PT, K will fall between P and 7.
Also, if HM, FL be drawn parallel to CK, they will be perpendicular to the
surface of the flud

And the force acting on the submerged portion will act upwards along HA,
while the weight of the rest will act downwards along LF produced

Thus the paraboloid will turn until 1t takes the position 1n which AN 18
vertical

ProrostrION 4
Gwen a right segment of a parabolord of rerolution whose axis AN 1s greater than
v ey -1 » A

1ts base does not touch the surface of the flurd, 1£ wnll not remawn 1n that postlion but
wrll return to the posthon wn which 13 ars s Lertical

Let the ax1s of the segment of the paraboloid be AN, and let a plane be
drawn through AN perpendicular to the surface of the flmd and intersecting
the segment 1n the parabola BAB’, the base
of the segment 1 BA’, and the surface of
the fluid mn the chord Q@' of the parabola

Then AN, as placed, will not be perpendtc-
ular to Q'

Draw PT parallel to QQ’ and touching the
parabola at P Draw the diameter PV bisect-
ng QY m ¥V Thus PV will be the axis of the
submerged portion of the sohd

Let C be the centre of gravity of the
whole solild F that of the immersed portion
Jomn FC and produce 1t to H so that H 1s the
centre of gravity of the remaimng portion

Now, since AN=34C,
and AN>3p,
1t follows that 4c>E
Measure CO along CA equal to ’—; and OR along OC equal to 240
Then, since AN=34C,
and AR=3A40,
we have, by subtraction, NR=40C
That 1s, AN—AR=30C
=3ip,
or AR=(4N~1p)
Thus (AN—3p)* AN?=AR* AN?,

and therefore the ratio of the specific gravity v tue solid to that of the fluid 1s,
by the enunciation, not less than the ratio AR? AN?

But, by Prop 1, the former rato 1s equal to the ratio of the immersed por-
tion to the whole solid, 1 ¢ to the ratio PV? AN?[0n Conoids and Spheroids,
Prop 21]

Hence PV* AN*$ARY ANY,
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or PV4AR
It follows that PF(=3PV)<43AR

<44

1i, therefore, OK be drawn from O perpendicular to 04, 1t will meet PF be-
tueen Pand F

Alo, if CK be jomed, the tnangle ACO 18 equal and similar to the tnangle
formed by the normal, the subnormal and the ordinate at PP (since CO=4p or
the subnormal, and KO 15 equal to the ordinate)

‘Therefore CK 1s parallel to the normal at P, and therefore perpendicular to
the tangent at P and to the surface of the fluid

Hence, 1f parallels to CK be drawn through F, H, they will be perpendicular
to the suriace of the fluid, and the foree acting on the submerged portion of the
solid mll act upwards along the former, while the weight of the other portion
wll act downwards along the latter .

Therefore the solid will not remain 1n 1ts position but will turn untit AN
assumes o Vertical positron

Prorostrion 5

Guen a right segment of @ parabolotd of revolutton such that 1ts axts AN s greater
than $p (where p 15 the parameter), and s spectfic gratily 1s less than that of @
fhud but 1n @ ratio to 1t not greater than the ratio {AN*—(AN —1p)t} ANY, if
the scgment be placed 1n the fnd woulh ots azis tnchned at any angle to the verticaly
but so that 1ts base s complelely submerged, 1t will not remain wn that posilon but
will return to the position wn which AN 15 terlical

Let a plane be drawn through AN, as placed perpendicular to the surfac'c
of the flnd and cutting the segment of the paraboloid 1n the parabols BAB',
the base of the segment 1 BB’, and the e
plane of the surface of the fluid in the chord
QQ’ of the parabola

Draw the tangent PT parailel to QQ,
and the diameter PV, biseeting QQ’, wall
accordingly be the axis of the portion of the
paraboloid aboyve the surface of the fluid

Let F be the centre of gravity of the por-
tion sbov e the surface C that of the whale
solid, and produce FC to H, the centre of
gravity of the immersed portion

4
As1n the last proposition, AC>§ and we measure €O along CA equal to g/
and QR along OC equal to } 40
Then AN =3AC, and AR=340,
and we dernve as before, AR=(AN—-1{p)
Now, by hypothesis
(spe¢ granity o ohd) (spec gravity of flmd)
PIANT—(AN—3p)t} AN?
P (AN?=AR?) AN?
Therefore
(portion submerged) (whole solid)
B(AN*—ARY) AN?,
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and (whole sohd) (portion sbove surface)
p AR?
Thus AN?® PV2RAN® AR,
whence PVLAR,
and PPYLIAR
<A0

Therefore, 1f a perpendicular to AC be drawn from 0, 1t will meet PF n
some point K betneen P and F

And, since CO=3p, CK will be perpendicular to PT, as m the last prop-
osition

Now the force acting on the submerged portton of the solid will act upnards
through H, and the weight of the other portion downwards through F, 1n direc
tions parailel 1n both cases to CK, whence the proposition follows

Prorosrriov 6

If a right segment of @ parabolord Lighter than a flurd be such that ws axts AM 1s
greater than 1p, but AM 3p<15 4, and 1f the segment be placed wn the flud
uath s ax1s so anclined to the vertical that ats base touches the flurd, 1t will nerer
Temain wn such a position that the base touches the surface i one point only

Suppose the segment of the paraboloid to be placed in the position desenibed,
and let the plane through the axis A M perpendicular to the surface of the fluid
intersect the segment of the paraboloid 1n the parabolic segment BAB' and the
plane of the surface of the flud 1n BQ

Take C on AM such that AC=20M
{or so that C 13 the centre of gravity of
the segment of the paraboloid), and
measure CK along CA such that

! CK=15 4

Thus AM CK>AM ip, by hypo-
thesis, therefore CK<3p

Measure CO along CA equal to ip
Also draw AR perpendicular to AC
meeting the parabola m B

Draw the tangent PT parallel to BQ,
and through P draw the diameter PV bisecting BQ 1p V and meeting KR n [

Then PV PISRM Ah,
“for this 18 proted »

And

7T

CK =AM =34C,

whence AR=AC~CR=3AC=34M
Thus KEM=3AM
Therefore KM=3AK
It follows that PVO;')%PI A

50 that PIC 21V

Let F be the centre of gravity of the immersed portion of the paraboloid, so
that PF=2FV Produce FC to H, the centre of gravity of the portion above
the surface
Draw OL perpendicular to PV -~
i
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Then, smee CO=1ip, CL must be per-
pencheular to PT and therefore to the
surface of the fluid

And the forces scting on the immersed
porkion of the parabolowd and the portion
ahovethe surface act respectively upwards
and downwards along lmes through F and
H parallel to CL

Hence the paraboloid cannot remsan in
the posttion 1 which B just touches the
surface, but must tumn in the direction of
mereasing the angle PTA{

The proof 15 the same in the case where
the pomt 7 1s not on VP but on VP pro-
dueed, 23 10 the second figure

Provosimion 7

Gisen o right segment of @ parabolord of rerolution hyhter than a flnd and such
that its azes AM 15 greater than Ip, but AM p<15 4, of the segment be ploced
0 the flwd so that ots base 13 entirely submerged, 1t will never rest in such & post
twn that the base touckes the surface of the fluid at one point enly

Suppose the solid so placed that one pomnt of the base ondy (B) touckes the
surface of the fluid Let the plane through B and the axs AM cut the gohd in
the parabolic segment BAB' and the plane of the surface of the flud n the
chord B of the parabola

Let C be the centre of gravity of the segment, go that AC =20}, and mmeas-
ure CK along CA such that

AM CK=15 4

It follows that CK<3p

Measure €O along C4 equal ta ip
Draw KR perpendicular to 43! mesting
the parsbola in B

Let PT, touching at P, be the tangent
1o the parabola which 18 paraitel to BQ,
and PV the diameter hisecting BQ, te
the axis of the portion of the parabolod

above the surface ¥
Then 2310 the last propositian we prove that
PV L EPI,
and PL 7V,

Let F' be the centre of gravity of the portion of the sohd above the surface, 1%
FC and produce @ to JI, the centre of gravity of the portion submergee
Draw 0L perpendicular to PV, and, as before, since CO=~§p, CL 18 P“Pir_
dicular to the tangent PT And the lines through , F perallel to CL Neeg o
pendioular ta the surfece of the fimd, thus the proposition is establseh
before ol
The proof 1s the same 1f the pont [ 13 not on V2 bat on VP produ
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Prorosrrion 8

Guven a solid 1 the form of a right segment of a paraboloid of retolulion v hose azis
AN 15 greater than 3p, but such that AM 3p<15 4, and whose specific gravty
bears to that of a flund a ratso less than (AM —3p)? ABMP, then, of the solid be
placed sn the flnd so that ots base does not touch the fnnd and tts azis 1s inclined
atan angle to the tertical, the solid will not return fo the position wn which 1s azxis
s ertical and wrll nol remain 1n any positron except that an whick its azis makes
with the surface of the flurd a cerlain angle to be described

Let am be taken equel to the axis
AM, and let ¢ be a pomt on am
such that ac=2Zem Measure co
along ca equal to p, and or along
oc equal to ao

Let X -+Y be s straight hne such
that
(spec gr of sohd) (spec gr of

fimd)=(X+Y)? am?, (a)

and suppose X =2Y

Now ar=3a0=31(}am~}p)

=am—{p
=AM-3ip
Therefore, by hypothesis,
(X+Y) am*<ar® am?,

whence (X-+Y)<ar, and therefore

X<ao
Measure ob along oz equal to X, and draw bd perpendicular to ab and of such

length that bd*=%co ab
Jomn ad
Wam? 2z R A A P

Draw the tangent PT parallel to QQ , touching at P, and let PV be the
dizmeter bisecting QQ 1n V' (or the aws of the immersed portion of the solid),
and PN the ordinate from P

Measure AO along AM equal to ao, and OC along OV equal to oc, and draw
OL perpendicular to PV

I Suppose the angle OTP greater than the angle dab

Thus PN?* NT*>dh* bat
But PN* NT'=p 44N
=co NT,
and db* bat=lco ab, by (8)
Therefore NT <2ab,
or AN <ab,
whence NO>bo (since ao=A40)

>X ~
Now (Y+Y¥)* am?=(spec gr of sokd) (spec gr of fhud) ‘
={portion immersed} (rest of solid) i

o
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=PV? AM?,
80 that X+Y=PrV
But PL{=NO)>X
>3{(X+Y), since X=2Y,
>3PV,
ot PV <iPL,
and therefore PL>2LV
Take o point F on PV so that PF=2FV,1¢ so that F1s the centre of grav-
1ty of the immersed portion of the sold
Also AC=ac=2am=2A4M, and therefore C 15 the centre of gravity of the
whole solid
Jow FC and produce 1t to H, the centre of gravity of the portion of the sobd
above the surface
Now, since CO=1p, CL 1s perpendicular to the surface of the flud,
therefore 5o are the parallels to CL through ¥ and H But the foree on the
immersed portion acts upwards through F and that on the rest of the solid
downwards through H
Therefore the solid wall not rest but tum
the direction of diminishing the angle M TP
II Suppose the angle OTP less than the
angle dab In this case, we shall have, 1n-
stead of the above results, the following,
AN >ab,
NO<X
Also PV>3PL,
and therefore  PL<2LV
Make PF equal to 2FV, so that F 1s the
centre of gravity of the immersed portion
And, proceeding as before, we prove mn
s case that the sohd will turn m the di-
rection of wncreasing the angle MTP
III When the angle MTP 13 equal to the angle dab, equahtlesA mlzlf‘c‘g

desenbed

PrerosiTioN 9
£ ol d ok £ fa . . P PN . v Lansarit

the solad be placed 1n the flurd unth 1ts azes tnchned at an angle to the verlical VUt
so that sfs base 13 enlirely below the surface, the solud wll not return to the 1705”“7:
1 uhich 1is axis 18 terlical and will not remamn 1n any postion except Ihlllb:
which 1ts axts makes wnth the surface of the flurd an angle equal to that des™
n the last proposition M

Take am equal to AM, and take ¢ on am such that ge=2cm Measure
along ca equal to 4p, and or along ac such that ar=3a0

Let X+ be such a Jine that
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(spec gr of sold) (spec gr of flud)={am*—(X+Y)}} am?,
and suppose X =2V
Now ar=4ao
d =1(3am—ip)
/ —AM—3p
ab e r¢ i Therefore, by hypothes:s,
ami—ar? am*< {am*—(X-+Y)?} am?,
y whence X+Y<ar,
and therefore X<ao
X Make ob (measured along oa) equal
to X, and draw bd perpendicular to ba
and of such length that
bd*=4co ab
Jomn ad
Now suppose the solid placed as 1n
the figure with 1ts axis AM 1nchned to
thevertieal Let the plane through AM
perpendicular to the surface of the
& flud cut the solid in the parabola BAB’
and the surface of the fluid in QQ
Let PT be the tangent parallel to QQ , PV the diameter hisecting QQ’ or)
;he axis of the portion of the paraboloid above the surface), PN the ordinate
rom P
I Suppose the angle MTP greater than the angle dab Let AM be cut as
before in C and O so that AC=2CA, OC=1p, and accordingly A3, am are
equally divided Draw OL perpendicular to PV
Then, we have, as m the last proposition
PN? NT*>db* ba?,

whence co NT>%co ab,
and therefore AN <ab
Tt follows that NO>bo

>X
Agam, since the specific gravity of the sohd 15 to that of the flud as the
1mmersed portion of the solid to the whole
AMI—(X+Y) AM*=AM~PV? AN,
or (Y+Y)* AM*=PV? AM?
That 18 X+Y=PV
And  PL (or NO)>X

so that PL>2LV
Take I' on PV so that PF=2FV Then F
1s the centre of gravity of the portion of the
solid sbove the surface
Also C'1s the centre of gravity of the whole
sold Jown I"C and produce 1t to H, the cen-
tre of gravity of the immersed portion
[ Then since CO=1p, CL 13 perpendicular
to PT and to the surface of the flud, and
the foree acting on the immersed portion of the solid acts upwards along the
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parallel to CL through H, while the neght of the rest of the sold acts down-
wards along the parallel to CL through F
Hence the solid will not rest but turn n the direction of dimimshing the
angle MTP
- ‘ — -= ~4hes £shaangle MTPbe
but will tum

. v Wl rest 1o that
R ) act along the
one lme CL.

ProrosiTIov 10

Guen o solid tn the form of @ right segment of a paraboloid of rerolution in whick
the axis AM 1s of @ length such that AM 3p>15 4, and supposing the soltd

placed 1 a fand of greater spearfic gravely so that 1s base 13 enfirely abore the
surface of the flurd, lo 1nrestigate the positions of rest

(PRELIMINARY)
- o ' '+ v st egplane through its avus
- : the base
‘ . " CK along CA so that
AM CK=15 4, (o)
whence, bv the hypothesis, CK>3p
Suppose €O measured along g MM, D ' L
CA equalto Ip, and take a pomt
R on AM such that
MR=3CO

Thus AR=AM-MR
=3AC-C0)
=340

Jom BA, draw KA, perpendicu-

far to AM meeting BA 1n A,,

biseet BA 1n Ay, and draw A2M,,

AsMy parallel to AM mecting

BM m M,, M respectively

On A.M. AM,; as axes de-
scribe parabolic segments simi-
lar to the segment BA B, (It fol-
lows, by similar tniangles, that

BM will be the base of the seg-

ment whose axis 1s A:My and

BB, the base of that whose axis

18 AsM>, where BB,=2BM, )

The parabola BA.B: will then
pass through ¢

F

or
BM: M:M=BM, 4K
=KM AK
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=CM+CK AC-~CK
=@41AM (F—oPAM
=9 6 (8)
=MA AC
Thus € 15 seen to be on the parabola BA:B; by the converse of Prop 4 of the
Quadrature of the Parabola ]
Also if a perpendicular to A3 be drawn from 0 1t will meet ’ﬁhe par‘a‘al:ola

=2 5 by means of (8) above
And BM MB,=BM (2BM.—BM)
=5 (6-5) by means of {g),
=51
It follows that QQ: :0:=2 1
or @:Q:=20:Q»
Smularly F1Ps=2P:P3
Also swce MR=3C0~—3p
AR=AM~MR
=AM-3p
(Exuncrarion)

If the segment of the parabolod be placed wn the flusd with tis base entirely abore
the surface then
@y
(spec gr of solid) (spec gr of faud) L AR* AM?
[€(AM~3p)* AN,
ihz(;olz)d will rest wn the position wn whach tts azes AM 15 wertical,
1)
(spec gr of sold) (spec gr of fand)<AR? AM?
but>Q QF AM?
the solid wnll not rest wath 1ls base touchvng the surface of the fand wn one pount
only but un such a position that its base does not touch the surface at any pount
and 1s axrs makes tuth the surface an angle greater than U,
(I a) o
(spec gr of solid) (spec gr of flurd)=QuQs* AAL,
the solid wnll rest and remain wn the positzon 1n which the base fouches the surface
lz l{}e Jowid at one pownt only and the azis makes wnth the surface an angle equal

(111 ) +f
(spec gr of solid) (spec gr of furd)=P1Py* AM?,
the solid wnll rest with ats base touching the surfoce of the flwd at one point only
and wth s azes inclined fo the surface ot an angle equal lo T4, /
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avyqf
(spec gr of solid) * (spec gr of fuad)> PP - AM?
bul <QiQs® . AM?,
the solid wall rest and remain 1n a position wath ils base more submerged,
RAY]
(spec gr of solid) * {spec gr of faud)<PiPs* AM™
the solid wall rest tn @ posttion 1n which 1ls a2 18 tnclined to the surfuce of e
Jiud at an angle less than Ty, but so that the base docs not eren touch the surface
at one point

{Proo¥)

(1) Since AM>3p, and

(spec gr. of solid) : (spec gr of flud) ¢ (AN ~Tp)2 . AN

1t folfows, by Prop 4, that the sohid will be 1n stable equiibnum with sts sug
vertical

(IT ) In ths ease

(spee gr of sold) (spec gr of flud)<AR? AM?
but>QiQst AML

A M__Be =

Suppose the ratio of the speaific pravities to be equal to 12 . AM? 50 that
L<AR but>QiQ,
Flace P’V between the two parabolas BAB, BP; Q,M equaltol and pard-
lel to AM, and let P'V” meet the intermediate parshola m F7
Then, by the same proof s before, we obtary
PR =28y

P%,,‘ B - t MA In T, and It
J ¢ Lot QP mect
PV ¢

Now, smee, in tno stmilar pnd similarly <ttuated parabelic segments “‘d:
bases BM, BB11n the same straight line, B, B’ are drawn moking the s
angle with the pases,

BV' BQ'=BM BB,

50 that BY'= V'Q',
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Suppose the segment of the parabolord placed m the flnd, o5 deseribed, wath
1ts ans nchned at an angle to the
vertical, and withits base touckung
the surface at ove punt B only
Let the sobd be cut by o plane
" through the avis and perpendicu-
lar to the surface of the flaud,
and let the plane intersect the
sohd m the parabole segment
a. V.. je BAB’ and the plane of the sur-
fare of the flmd 10 BG
Take the pomnte C, 0 on 43 as

e before desenbed Drow the tap-
gent paraliel to BQ toucking the
parabola 1 P asd meeting AM
1 T, and let PV be the dameter
bisecting, BQ 1 ¢ the axis of the
immersed portion of the sohid)

Then B AM2=(spec gr of sohd) (spec gr of flmd)

= (partion wamersed)  {vhole sohd)
~ PV AMY,

whenee PY =l=PFV

"Thus the segments 1m the two figures, namely BP'Q, BPQ, are equal and
sunlar

Therefore LPTN = LPT'N

Also AT = AT, AN = AN', PN=P'N’

Now, i the first figure, P <2V

Thercfore, ¥f OL be perpendscular to PV in the sevond figure,

PLL2LY

o

Ca

Tabe F on LV so that PF=2I"V,x ¢ so that Fis the centre of gravity of the
wnmersed portion of the sohd And C s the centre of gravity of the whole sobd
er{x FC and produce 1t to J7, the centre of gravity of the portian sbove the
surface

Now, simee CO=1p, CL 1» perpendscular o the tangent st P and to the
surface of the flmd Thus, as before, ne prove that the sokd wll not rest with &
touchmg the surface, but will turn 1o the direction of mereasing the angle

?

Hence, tn the posttion of rest the axs 4 I must make with the swrface of
the flwud an engle greater thap the angle &/ which the tangent at Q; mahes
with AAf

(11 o} In this case

{spec gr of eohd) {sper gr of fludi=Q@* AN

Let the segment of the parabolmd be placed 1n the fluid so that its base
nowhere totches the surface of the fiwd, and 1ts 0vs 15 nekned at an angle
to the sertieal

Let the plane through 4 U perpendscular to the surface of the fuxd cut the
parbolod mn the parabola 848° and the plane of the sutface of the fud
QO Let PT be the tangent paraliel t0 QQ', PV the diameter Wisectng ¢
PY tbe crdinate at £ I
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Divide AM as before at € O
In the other figure let QN be the ordinate at Qu Jomn BQs and produce 1t
to meet the outer parabola m ¢ Then BQy=Qsq and the tangent QU s
paraliel to By Now
QQs AM?=(spec gr of sold) (spec gr of flmd)
=(portion immersed) (whole solid)
=P}? AM?
Therefore Q Qy=PV and the
segments QPQ BQig of the
paraboloid are equal n volume
And the base of one passes
through B while the base of the
other passes through @ = point M
nearer to 4 than B1s
It folla vs that the angle be- o
tween QQ and BB 15 less than
the angle B,Bq B,
Therefore ¥ v
LU< LPTN Q
whence AN > AN,
and therefore
N Oor Q Q) <PL "
where OL 1s perpendicular to
PV P T
It follows smee Q Q:=20Q.Qs
that &

,_
&5

PL>2LV

Therefore F the centre of
gravity of the immersed portion
of the sohd 1s between P and
L while as before CL 1s per
pendicular to the surface of the
flmd

Producing FC to H the cen
tre of gravity of the portion of
the sohid above the surface we
sec that the solid must turn n
the direction of dimunishing the
angle PTN until one point B of
the base just touches the surface
of the flmd

When thisis the case we shall

A pe angle PTY

¢, Harealli®
onc vertieal straight line e
Thus the parabolord will remam 1n the position 1n which one pomt Bof o
base touches the surface of the fluid and the axis makes with the surface
angle equal to U
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{11t B) In the cose where
{spec gr of robd) z (spec gr. of fwd)=PiP* AXL,
we can prove ip the same way that, if the sold be placed in the find so that its
2wy s mchned to the vertical and1ts base does not anywhere touch the surface
of the fud, the sohd Wil take up and rest in the poution 1 which one pont
only of the bzse touches the surface, and the axs 1s mehned to1b at an angle
equal to 79 {in the figure on p 552)
(IV) In ths case
(spee gr. of sobd) - (spee gr of fwd)>PuPy? AM1
bt < Qs AM?
Suppose the ratio to be equal to I* 432, so that [ 1s greater than PPy but
loss than QuQs
" Place P'V’ between the pa~
ot f tabolas BPi(h, BPs Qs so that
PV’ 1s equal to | and parailel
1o AM, and let 'V’ meet the
mtermediate parabola m F
and OFPrin
% Jomx BV and produce 1t to
¥ meet the cuter parabola mn ¢
X I\ Then, a5 before, BV =V'g,
and accordingly the tangent
P’T’ at P13 parsliel to By Let
[y PN’ be the ordinate of P’
N 1 Now ley the segment be
\A placed in the flwd, first, with
1ts axs so mchned to the ver-
tieal that is base does not

&

anywhere touch the surface of the fusd
Let the plage through AM perpendicular to the surface of the fimd cut the
parsboloid 1n the parabola BAB' and the plane of the susface of the find m
QQ° Let PT be the tangent par-
B allel to QQ, PV the diameter
hiseeting Q' Dinide 4M at C,
O ag before, and draw OL per-
pendicular to PV
Then, as hefore, we have PV
=l=PV
Thus the segments BP ¢ QPQ of
the parabolod are equal w vol-
ums, and 1t follows that the angle
between Q@ and BB 1s less than
the angle BiBq
Therefore
LP'T'N’ < LPTN,
und hence AN’>A4N,
o that NO>NO,
1e PL>P'Y
P F’, a fortiom
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Thus PL>2LV, so that F, the centre of gravity of the immersed portion of
the solid, 15 between L and P, wlule CL 1s perpendicular to the surface of the

flud

If then we produce £C to H, the centre of gravity of the portton of the solid
abote the surface, we prove that the solid will not rest but turn wn the diree-
tron of dimimishing the angle PTN

2 Nevt let the parabolord be so placed in the flwd that its base touches the
Zlgface of the flmd at one powt & only, and let the construction proceed a8

ore
8 n__m »,

Then PV =P’V’, and the segments BPQ, BP'q are equs'\l and simular, 50 that

LPTN=LP'T'N'
It follows that AN=AN’, NO=N'0,
and therefore PI=PL,
whence PL>2LV
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Thus F again lies between P and L, and, as before, the parabolord will turn
1n the direction of dimmyshing the angle PTA, 1€ so that the base will be more
submerged

(V) In ths case

(spec gr of sobd) (spec gr of flmd) <P, Ps* AM?
1f then the ratro 1s equal to /> AM?, [<P:P; Place PV’ between the parabo-
12s BPygh and BPQ; equal m length to ! and parallel to AM Let PV’ meet
the intermediate parabola in ¥/ and OPsmn I

Jomm BV’ and produce 1t to meet the outer parabola 1 ¢ Then, as before,
BV’'=V'q, and the tangent P’T’ 1s parallel to By

1 Let the paraboloid be so placed in the flmd that its base touches the sur-
face at one pomnt only

Let the plane through Af perpendicular to the surface of the fluid cut the
Dparabolard 1 the parabolic section BAB’ and the plane of the surface of the
flud 1n BQ

Making the usual eonstruction, we find

PV=1=P V",

and the segments BPQ, BP;g are equal and sumilar
Therefore ZPTN=LP'T'N',

and AN=AN', N'O=NO

Therefore PL=P1,

whence 1t follows that PL<2LY

Thus F, the centre of gravity of the immersed portion of the solid, lies between
L and ¥, while CL 15 perpendicular to the surface of the lmd

Producing F'C to H the centre of gravity of the portion abave the surface,
e prove, as usual, that there will not be rest but the solid will turn 1n the
direction of increasing the angle PTN, so that the base will not anywhere
touch the surface
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2 The solid will however rest in & position where 1ts axs makes with the »
surface of the fluid an angle less than T

w

LAl

For let 1t be placed so that the angle PTN 1s not less than Ty
Then, with the same construction as before, PV =[=F'V",

And, since T4 LTy,
ANTAN,,

and therefore NO<N,0, where PiNy 1s the ordinate of Py
Hence 1Py
But PP>PF
Therefore PL>3PV,

s0 that F, the centre of gravity of the immersed portion of the golid, hies be-
tween P and L

Thus the soid will turn sn the direction of dimuushing the angle PTN unt!
that angle becomes less than T;
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Proroarron 1

If two curcles touch at A, and +f BD, EF be parallel diamelera sn them, ADF 130
straaght hine

Tet O, € be the centres of the cireles and let
OC be joined and produced to A Draw DI par-

sllel to AQ mesting OF m H
‘Then since OH=CD=~CA,
aad OF =04,
we have, by subtraction HF=C0=DH
Therefare LHDF=LHFD

Thus both the tnavgles CAD, HDF are isos-
celes and the third angles ACD, DHF 1 each
are equal Therefore the equal angles in each
are equsl to one another, snd

£LADC~ LDFH
Add to each the angle CDF, and it follows that
LADC+ LODF = LCDF+ £DFH
= {two nght angles)

Hence ADF 18 a strught bine
The sama proo! npphes f the aircles toueh externally

Prorosimion 2

Let AB be the dameter of a semcrcle, and let the fangenis o 1t a2 B and of any
ather posnt D on st meet in T If now DE be drawn perpendiwculor to AB, and f
AT, DE meet 1n P,

DF=FE

A € ]

Produce AD to meet BT produced in H Then the angle ADB 1 the semi~
aurcle ss nght, therefore the angle BDH 1= also nght And 7B, TD are cqunt

Therefare T 1s the centre of the senucircle on BH ps dismeter, wiich passes
through D

Hence HT=TB
And, mnce DE 11B are paraliel, 3t follows that DF = FE

54t
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ProrosiTion 3
Let P be any point on a segment of a circle whose base 13 AB, and let PN be per
pendiclar to AB Take D on AB so that AN=ND If now PQ be an arc equal
{o the arc PA, and BQ be joined,
BQ, BD shall be equal
Jow PA, PQ, PD, DQ

Then, since the ares P4, PQ are equal, 2
PA~PQ e
But, since AN=ND, and the angles at,
N are nght,
PA=PD
Therefore PQ=PD,
and LPQD= £PDQ ¥ y

Now, since 4, P, Q, B are concy clic,
ZPAD+ £PQB=(two rght angles),

whence Z£PDA+ ZPQB=(two nght angles)
=/PDA+ LPDB
Therefore LPQB= LPDB,
and, since the parts, the angles PQD, PDQ, are equal,
£BQD= £BDQ,
and BQ=BD

ProrostrioN 4

If AB be the diameier of @ semicircle and N any point on AB, and of semacircles
be described unthan the first semicircle and hating AN, BN as diamelers respec-
tuely, the figure included between the circumferences of the three semicircles 18
“what Archimedes called an &pfinhos” ! and 118 areq 15 equal to the curcle on PN
as diameter, where PN 1s perpendicular to AB and meets the original senmcurele
n

For -
AB*=AN*+NB*+24AN NB

=AN*+NB*42PN*

But cireles {or semuctrcles) are
to one another as the squares
of therr radn (or diameters)

Hence
(semiairele on AB)=(sum of

serucircles on AN, NB)
~+2(semicircle on PN

That 1s the circle on PN as diameter 15 equal to the difference between the
sermerrele on AB and the sum of the semicircles on AN, NB,1 & wequelto the
area of the dpfnhes

A N e

ProrositioN & ”

Let AB be the dameter of a semucircle, C any pont on AB, and CD perpendict Er
to 1, and let semicrreles be described within the first semscirele and hanng 46,
asdiameters Then, of tuo circles be drawn touching CD on different sudes and eac’
touching tuwo of the semicarcles, the circles so drawn wnll be equal the

Tet one of the circles touch €D at I, the semieircle on AB m Fy and
semteircle on AC in G

pfnhes 18 literally & shoemaher s knufc
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Draw the diameter EH of the cirele, which will accordingly be perpendicular
to CD and therefore parallel to AB

Jomn FH, HA, and FE, EB Then, by Prop 1, FHA, FER are both straight
lines since EH, AB are parallel

For the same reason AGE, CGH are straight hnes

Let AF produced meet CD 1 D, and let AE produced meet the outer sem-
arclem I Jow BI, ID

Then, stnce the angles AFB, ACD are right, the straight lines AD, AB are
such that the perpendiculars on each from the extremity of the other meet in
the point E Therefore, by the properties of triangles, AE 13 perpendicular to
the hne joinmg B to D

R

But AF 1s perpendicular to B

Therefore BID 13 a straight line

Now, since the angles at G I are nght, CH 1s parallel to BD
b

Therefore B.BC=AD
=AC HE,
80 that AC CB=AB HE
In hke manner, if d 15 the diameter of the other crele, we can prove that
AC CB=4B 4

Therefore d=HE, and the circles are equal

ProrosrTION 6

Taam o1, . o .

Ct
produced meet 4B i N, P respectively
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Now, 1 the tnangle AGC, the perpendiculars from A, € on the opposite
stdes meet 1n L Thercfore, by
the properties of tnangles, GLN
18 perpendicular to AC D
Stoularly HMP 13 perpend:-
cular to CB
Again, since the angles at I,
K, D are nght, CK1s parallel to X
AD, and CI to BD
Therefore AC CB=AL LH M
=AN NP,
and BC CA=BM MG °
=BP PN
Hence AN NP=NP PB,
or AN, NP, PB are 1n continued proportion

Now, mn the case where AC=1CB,
AN=iNP=%PB,

whence BP PN NA AB=4 6 9 19
Therefore GH=NP=144B

And sumilarly GH can be found when AC  CB 13 equal to any other gived
ratio

PROPOSITION 7
If cureles be curcumscribed about and wscribed 1 @ square, the cireumscribed
crrcle 18 double of the inserzbed corcle
Tor the ratio of the circumseribed to the nseribed circle 1s equal to that of
the square on the diagonal to the square itself, 1e to theratio 2 1

Prorosrrion 8

If AB be any chord of g carele whose centre 13 0, and 1f AB be produced to C so thet
BC 15 cqual to the radus, 1f further CO meet the curcle 1n D and be produced 10
rlr;gt the circle a second frme in E, the arc AE wnll be equal to three times the arc
Draw the chord EF parsllel to 4B, and
jom OB, OF
Then smce the angles OEF, OFE are
equal,
£COF=2LOEF
=2/£BCO by parallels,
=2 £ BOD, eince BC=BO
Therefore
£BOF=3/£BOD,
s0 that the arc BF 1s equal to three times the arc BD
Hglx)ce the arc AE, which 13 equal to the arc BF, 1s equal to three trmes the
are

Provrosrrion 9

If i a circle tuo chords AB, CD which do not pass through the centre enlersect o
r1ght angles, then
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(arc AD)+(arc CB)=(arc AC)+(arc DB)
Let the chords intersect at O, and draw the diameter EF paralle]l to 4B
mtersecting CD m H EF will thus hisect CD at
nght apgles 12 H, and
(arc ED)=(arc EC)
Also EDF, ECF are semicircles, while
(arc ED)=(arc EA)+(arc AD)
Therefore
(sum of arcs CF, EA, AD)=(arc of a semicirele)
And the ares AE, BF are equal
Therefore
(arc CB)-+(arc AD) (arc of a semmrcle)
Hence the r he
sum of the ares AC, DB 13 also equal to & seml-
aircle, and the proposition 1s proved

Prorosrrion 10

Let AB meet T'C 1n F, and join BE
Now the angle 7dB 1s equal to the
N angle 1n the alternate segment re
o . LTAB=ZADB
= £ AET, by parallels
Hence the tnangles EAT, AFT have
one angle equal and another (at T) com-
mon They are therefore sumilar and
FT AT=AT ET
Therefore ET TI'~—TA*®
—TB?
It follows that the tnangles EBT, BFT
gre stmular
Therefore LTEB= LTBF
=ZLTAB
But the angle TEB 1s equal to the angle EBD, and the angle TAB was
proved equal to the angle EDB

‘Therefore ZEDB= LEBD
And Ype angles at ¥ are ngnt angles
It follows that BH=HD

Prorosirron 11

If two chords AB, CD 1 @ curcle antersect at right angles in @ pownt 0, not being
the centre, then
AQ*+B0*4-C0*+-DO0*= (diameler)?
Draw the diameter CE, and jouz AC, CB, AD, BE
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Then the angle CAO1s equal to the angle CEBn <.

the same segment, and the angles AOC, EBC are & ‘& B
nght; therefore the tnangles AQC, EBC are similar,
and
ZLACO= LECB
It follows that the subtended ares, and therefore
the chords 4D, BE, are equal
Thus  (A0*+D0%+(B0O*+C0%)=AD*+BC?
=BE*+BC(?
=CE? o E

Prorosrrion 12

If AB be the diameter of a semicircle, and TP, TQ the tangents lo ol from any
pownt T, and 1f AQ, BP be joined meeting 1n R, then TR 15 perpendicular to AB
Let TR produced meet AB 1n M, and join P4, QB
Simce the angle APB 1s nght,
£LPAB+ ZPBA =(a nght angle) P
=/AQB T 7
Add to each sude the angle RBQ, and
£PAB+ £QBA =(extenor) ZPRQ
But
£TPR= /PAB, and ZTQR= ZQBA,
1 the alternate segments,
therefore ZTPR+ £ZTQR= LPRQ
It follows from this that
TP=TQ=TR
[For, 1if PT be produced to O so that TO=TQ, we have
£LTOQ=£TQO
And, by hypothesis, £PRQ=/TPR+TQR
By addition, ZPOQ+ LPRQ= LTPR+-0QR
It follows that, 1n the quadnlateral OPRQ, the opposite angles are together
equal to two nght angles Therefore a eircle will go round OPQR, and T1513
centre, because TP =T0=1Q Therefore TR=TP]
Thus LTRP=/TPR= LPAM
Adding to each the angle PRM,
ZPAM+ LPRM= £ TRP+ LPRM
= (two nght angles)
Therefore ZAPR+ £ AMR=(two nght angles),
whence £AMR=(a night angle) R

ProrosrionN 13 Q
If @ diameter AB of a errcle meet any chord CD, not @ <’

A M 8

diameler, in E, and +f AM, BN be drawn perpendicu-
lar to CD, then
CN=DM
Let O be the centre of the circle, and OH perpen  ©
dicular to CD Jomn BAM, and produce HO to meet
BMmK
Then CH=HD [3
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And, by parallels, since BO=04,

BE~KM,
Therefore NH=HM
Accordingly CN=DM

Prorosrrion 14

Let ACB be a semcercle on AB as diameler, and let AD, BE be equal lengths
measured along AB from A, B respectiuely On AD, BE as diameters describe
semacercles on the side towards C, and on DE as diameter a semicircle on the op-

erences of all the semi~

By Bucl 11 10, since ED 15 bisected

at O and produced to 4,
EA24-AD*=2(E0*-04?),
and CF-~0A+OE=EA

Therefore

AB*+DE'=4(E0*+04%) =
2(CF*+AD")

But crcles (and therefore semi-
circles) are to one another as the
squares on their radn (or diameters)

erefore

(sum of semucireles on AB, DE)
= (etrele on CF)-(sum of semicircles

on 4D, BE)

Therefore
(ares of “salinon”) = (area of arcle on CF as diam )

Prorosrriov 15

Let AB be the diamster of a curele, AC a side of an inseribed yegular pentagon, D
the maddle pornt of the arc AC Join CD and produce 1t to meet BA produced
E, joun AC, DB meeting wn F, and drow FAM perpendicular to AB Then
EM = (radwus of curce)
Il\}et 0 be the centre of the cirele and jom DA, DM, DO, CB

ow £ ABC=%(night angle),
and PPN § i Wi
whe
T .
* . bein ual and
BL . g eq
Bug £BCD+ £ BAD=(two nght angles)
=ZBAD+ £DAE
=/BUD+ £DV4,
so that £DAE=£BCD,
and ZLBAD= £ AMD

Therefore AD=\D
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Now, in the tnangle DAMO,
£ MOD =%(nght angle),
£DMO=4%(nght angle)

[

D,
f
!
]
€ ATH M (3 )
‘Therefore £0ODYM =%(nght angle)=A0D,
whenee OM =MD
Agan £ EDA =(supplement of ADC)
= £CB4A
=%#(nght angle)
= LODM

Therefore, n the tnangles EDA, ODM,
LEDA= LODM,
LEAD=~ LOMD,
and the sides AD MD are equal
Hence the triangles are equal n all respects, and
EA=MO

Therefore EM=A0

Mo nTonn o
mserikt
at D1
n the
side of the decagon mscnbed 1n the same aircle be put together, the whole
straight ne »s drvaded 1 extreme and mean ratio and the greater segment
the side of the hexagon ]



THE METHOD TREATING OF MECHANICAL
PROBLEMS

“Archimedes to Eratosthepes greeting

“I sent you on a former some of the tt discovered by me,

merely wniting out the enunciations and mvitmg you to discover the proofs

which at the moment I did not give The enunciatsons of the theorems which I

sent were as follows
-

1

drawn and the other the plane in which the base of the cylinder 15 and the
surface being that which 1s between the said planes, and the segment cut off
from the cylnder 1s one sixth part of the whole prism

o v

3 mel - 1 . T L f
| ' ' ' | '
' L 1 «
Now these theorems duffer m character from those ted before,
for we compared the figures then m question conotds and spheroids 2nd seg
H T ..

by planes The proofs then of these theorems I have wnitten 1n this book and

means of mech This durets, I am ded no less useful even for
the proof of the theorems themselves, for certam things first became clear to
me by a mechanical method although they bad to be demonstrated by geom-
'The parallelograms are apparently squares
e squares

569
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etry afternards because their investigation by the smd method did not furmsh
an actual demonstration But 1t 1s of course easier, when we have previously

namely that the cone 15 o third part of the cylinder, and the pyramd of the
prism, having the same base and equal height, we should give no small share
of the credit to Democritus who was the first to make the assertion with regard
L e - N N 1t 1 am myself 10 the postion of
orem now to be published [by the
to expound the method partly be-
cause I have already spoken of 1t and I do not want to be thought to have
uttered van words, but equally because I am persuaded that 1t wll be of 0o
ittle service to mathematics, for I apprehend that some, either of my contem-
poranes or of my suceessors, will, by means of the method when once estab-
lished, be able to discover other theorems 1n addition, which have not yet
occurred to me
“First then I will set out the very first theorem which became known to me
by means of mechanics, namely that
"‘:'iny segment of a scction of o right-angled cone (2 e @ parabola) 15 four thirds

the propositions]
[Ikp)rcmlse the following proposttions which I shall use sn the course of the
wor
1 “If from [one magmtude another magnitude be subtracted which has not
the same centre of gravity, the centre of gravity of the remainder 13 found byl
producing [the straight line joining the centres of gravity of the whole magnt®
tuLde' and of the subtracted part in the drrection of the centre of gravity of ﬁlc
“ o A ~

2 “If the centres of gravity of any number of magmtudes whatever be o1
the same straight line, the centre of gravity of the magmtude made up of ol
of them will be on the same straght line » {Cf Ited T )

3 "“The centre of gravity of any straught line 1s the pomnt of bisection of the
straight hine [CE Itid 1 4

4 “The centre of gravity of any tnangle 1s the pomt in which the straght
Trne dun m 6o e ek =V - tsof the tnengle to the suddle pants of the

[Ibid 1 13 14
1y parallelogram 1s the powmnt 1 which the
diagonals meet ’ [Ibd 1 10}

6 *““The centre of gravity of a circle 1s the pomnt which 1s also the centre fof
the cirele] ” s

7 “The centre of grayity of any cyhnder 1s the point of bisection of the 808

8 “The centre of granity of any cone s [the pomnt which divides 1ts 833 80
that] the portion [adjacent to the vertexs] tniple [of the portion adjacent 10
the base} ”
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[All these propositions have already been] proved ! [Bes:des these I require
also the following proposttion, which 1s easily proved

If m two seres of mngmtudcs those of the ﬁrst. seres are, n order, propor-

PR

the same ratio which the sum of the magmtudes of the second series has to the
sum of the ( ly) selected des of the fourth semes” [On
Conords and Spherords, Prop 1]

Prorosrriov 1

Tet ABC be 2 segment of o parabola bounded by the strasght line AC and
the parabola ABC, and let D be the middle pomnt of AC Draw the strasght line
DBE parallel to the axis of the parabola and join AB, BC

Then shall the segment ABC be # of the tnangle ABC

From 4 draw AKF parallel to DE, and let the tangent to the parabola at ¢
meet DBEm E and AKFin F Produce OB to meet AT n K, and agam pro-
duce CK to H, making KH equal to CK

Consider C}I as the bar of a balance, K being 1ts middle point

Let MO be any straght line parallel to ED, and let 1t meet CF, CK, AC i
M, N, O and the curve i P

\m\ since CF 15 o tangent to the parabola and CD the ser1 ordinate,

EB=

=BD,
T “for this 15 proved 1n the Elements [of Comes] ”’2
H Since FA, MO are parallel to ED 1t follons that
G FK=KA, MN=NO

Now, by the property of the
pambola, “proved m a lem-
m&
MO OP=CA 40 [Cf Quad-

rature of Parabola, Prop 5]
{ KN

[BEuct v 2}
=HK KN

Take a straight line TG
equal to OP, and place 1t with
1ts centre of gravity at H, so
that TH=HQ, then since N
13 the centre of gravity of the
straight hine M0, and

MO TG=HK RN,

1t follows that TG at H and MO at N will be 1n equihbnum about K [On the
Equilibrium of Planes, 1 6, 7}

The pmbk-rn ot finding the centre of gravity of & cone 18 not solved 1n any extant work
of Archimeds

he thew orLs on comies by Arstaeus and Euchd
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Similarly, for all other straight lines parallel to DE and meeting the arc of
the parabola, (1) the portion intercepted between FC, AC with 1ts mddle
pont on AC and (2) 2 length equal to the intercept between the curve and AC
placed with 1ts contre of gravity at H will be m eqmbbrium about K

Therefore X 1s the centre of gravity of the whole sy stem conssting (1) of all
the straight lines as MO imntercepted between FC, AC and placed as tllley

- Pt equalto

e MO,
and the segment CBA 15 made up of all the straight hines like PO within the

curve
1t follows that the triangle, placed where 1t 13 1n the figure, 13 1n equilbnum
about A with the segment CBA placed with 1ts centre of gravity at H
Divide KC at ¥ so that CK=3AW,
then 17 15 the centre of gravity of the tnangle ACF, ¢ for thisis proved i the
books on equilibrium (& 7ols loopporrtkols}
[Cf On the Equilibrium of Planes 1 15)

Therefore AACF (segment ABC)=HK AW
=3
‘Therefore segment ABC=3AACF
But AACF=4AABC
Therefore segment ABC=4AABC

‘Now the fact here stated 1s not actually demonstrated by the argument
a e e

Prorosrrion 2

Ve can mvestigate by the same method the propositions that

(1) Any sphere 13 (1n respect of solid content) four times the cone with base equal
2o a great curcle of the sphere and height equal to us radws and

(2) the cylinder with base equal to a great circle of the sphere and hewght equal
1o the diameler 13 1% Limes the sphere

(1) Let ABCD be a great aircle of a sphere, and AC, BD diameters at nght
angles to one another

Let a cirele be drawn about BD as diameter and 1 a plane pcmend“’“l“
fo AC wnd, onthes ostde 20 hase b w wore oo desvniad, with 4 28 et
the surface of thus cone be produced and then cut by a plane through 4 P”““el
to1ts base, the section will be o carcle on EF as dismeter On this eircle as base
let a cylinder be erected with height and axs AC, and produce CA to H,
mahing AH equal to CA

Let CH be regarded as the bar of a balance, 4 being 1ts middle pont

Draw any strught Line AN 1n the plane of the cirele ABCD and parallel to
BD Let MN mect the circle 1n 0, P the diameter AC m 8, and the struight
Lines AE, AF m Q R respectively Jomn AQ

Through MN draw a plane at nght angles to AC,



THE METHOD TREATING OF MECHANICAL PROBLEMS 573

this plane will cut the eylinder i a circle with diameter AN, the sphere in a
arcle with dismeter OP, and the cone m a circle with diameter QR
Now, since MS=AC, and QS=48,
M8 8Q=CA AS
=40
=08*+8¢%
And, simce HA=AC,
HA AS=CA AS
=MS 8Q
=M§* MS SQ
=M§* (084507,
from above,
=MN? (OP*+QR?)
=(cwrele,diam MN) (ercle, diam OP
+crcle, diam QR).
That 13,
HA AS=(ewrele 2 cylnder) (circle m sphere-circle 1n cone)
Therefore the circle in the cylinder, placed where 1t 15,1 m equilibrium,
about A, with the eircle n the sphere together with the circle m the cone, if
both the latter circles are placed
T with their centres of gravity at H
Simlarly for the three corre-
sponding sections made by a plane
perpendicular to AC and passing
through any other straight line mn
the parallelogram LF parallel to
EF

If ve deal in the same way with
all the sets of three circles i which
076 |8 RNP planes per dicular to AC cut the
8. o cylinder, the sphere and the cone,

and which make up those solids re~
spectively, 1t follows that the cyhn-
der, 1n the place where 1t 15, will
be m h about 4 with

£ < the sphere and the cone together,
when both are placed with their centres of gravity at H
Therefore, since K 1s the centre of gravity of the cyhnder,
HA AK=(cyhnder) (sphere-+cone AEF)
But HA=24K,

therefore ¢y inder=2(sphere+cone AEF).
Now cyhnder=3(cone AEF), [Euel = 10]
therefore cone AEF=2(sphere)

But, since EF=2BD,
cone AEI"=8(cone ABD);
therefore sphere =4(cone ABD)
(2) Through B, D draw VBV, XDY parallel to AC,
and imagine a cyhnder which has AC for axis and the circles on VX, WY a3
diameters for bases
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Then cyhnder VY =2(cylinder VD)
=6(cone ABD) [Eucl xur 10}
=4$(sphere), from above
QED
“From this theorem, to the effcct that o sphere 1s four times as great as the
cone with a great circle of the sphere as base and with height equal to the
radius of the sphere, I concetved the notion that the surface of any sphere1s
four times as great as a great crele m 1t, for, Judging from the fact that any
arcle 15 equal to a trangle with base equal to the circumference and height
equal to the radius of the cirele, T apprehended that, 1n hike manner, any sphere
15 equal to a cone with base equal to the surface of the sphere and height equal
to the racs "

ProrosiTiov 3

By thiz method we can also investigate the theorem that

A cylinder wath base equal to the greatest circle in g spherowd and height equal
{o the axas of the spherowd 13 1} times the spheroud,
and, when this 15 established, 3t 13 plain that

If any spherod be cut by a plane through the centre and at right angles to the
az1s, the half of the spheroid 13 double of the cone which has the same base and the
same azis as the segment (1 ¢ the half of the spheroid)

Let a plane through the axis of a spheroid cut 1ts surface m the ellipse
ABCD, the diameters (1 ¢ axes) of which are AC, BD, and let K be the centre

Draw a etrcle about BD as diame-
ter and m a plane perpendicular to
AC, mmagne a cone with this circle as
base and A as vertex produced and
cut by a plane through € parallel to
1ts base, the scction will be a circle in
a plane at nght angles to AC and
about EF as diameter

Imagne a eyhinder with the latter

X G
arcle as base and axs AC, produce r A
CA to H, making AH equal to CA
Let HC be regarded as the bar of a N

balance, 4 being 1ts mddle point
In the parallelogram LF dran any B, o
straight line MN parallel to ET meet- K
g the ellipse m O, P and AE, AF,
AC1n @, R, S respectively
If now a plane be drawn through
MN at nght angles to AC, 1t wall cut C Y F
the cylinder 1n a circle with diame-
ter MN, the spheroid 1 a circle with diameter OP, and the cone 1 3 €
with diameter QR

rele
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Smee HA = AC,
H4 AS=CA A8
=EA .AQ
=8 8¢
Therefore
HA AB=A15* MS 53¢
But, by the property of the ethpse,
A8 8C S(=AR® AB?
=481 S0t

therefore 8Q* 80'=A8 A8 3¢
=8Q* 5Q O,
and accordngly S50°=3Q QM

Add S2 40 each sule, and we bave
SO*+8Q=8Q 83
Therefore, from above we have
HA A8=M§* (80°*+8¢*)
=MN? (OP*+QRY
={eircle, hiom MN) {awcle, ham OP +-arcle, cham QF)
That 1s,
HA AS=(cwrcle w eylinder) (arrele m spheroid~+eircle in cane)
Therefore the crrele 1n the eylinder, mn the place where 1t 15, 15 m equilibrium,
about 4, with the errcle 1t the gpherosd and the exrcle m the cone together, i
both the latter errcles are placed with thewr centres of gravity sty H
Symilarly for the thyee corresponding sections made by a plane perpendicn-
tar to AC snd passing through any ather straight lime i the paralielogram LF
parallel to BF
3f we deal 1 the same way with all the sets of three circles in which planes
verpendscular to AC cut the cyhinder, the spheroid and the cone, and which
make up those Higures respectively, 1t folows that the eplinder 1o the place
where 1 18, will be 1 equibibrium ahout 4 with, the spherad agd the cone
together when both are placed with 4herr centres of gravity at J
Therefore, smce I vs the centre of gravity of the cy hinder
HA AR ={cylinder} (spherad+-cone AEF)
Buot HA=24K,

therefore cyhnder=2(spheroid+cone AEF)
And oy hnder=3(cone ABF), {Buel xir 10}
therefare cone 4 EF =2{(spherard)

But, sce BF=2BD
tone AEF =%{cone ABD),
therefore sphermd =4(cone ABD},
and half the spheroid =2(cons ABD)
Through B, D draw VBIV, 3 Y paraliel to AC,
and smagine & cyhnder which has AC for axis and the aircles on VX, WY as
dameters for bases
Then eylinder VY ~2({¢ybader 1 D)
=G{cone ABD)
=4§(spherord}, from above QEPD
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PROPOSITION 4

Any segment of a right-angled conord (1 & a parabolord of revolution) eut of bya
plane at right angles o the ax18 15 13 times the cone whick has the same base and
the same azis as the segment

This can be investigated by our method, as follows

Let a paraboloaid of revolution be cut by & plane through the axis m the
parabola BAC,
and let 1t also be cut by another plane at right angles to the aas and mtersect-
1ng the former plane 1n BC Produce DA, the axis of the segment, to H, making
HA equal to AD

Imagmne that HD 1s the bar of a balance, 4 being 1ts middle pont

The base of the segment beng the arele on BC as diameter and 1n s plane
perpendicular to AD,
magne (1) & cone drawn with the latter
arcle as base and A as vertex, and (2) &
cyhinder with the same circle as base and
AD as axis

In the parallelogram EC let any straight
line MN be drawn parallel to BC, and

through AN let a plane be drawn at nght 3 A
angles to AD, this plane will cut the eyln-
derin a aircle with diameter MN and the 4, o, J G
paraboliowd 1n a circle with diameter OF

Now, BAC being a parabola and BD, ®
OS ordmates

DA AS=BD* 08,

or HA AS=MS* $S0? D

Therefore

HA AS=(arcle, rad MS) (crcle, rad 08)
=(circle 1n eyhnder) (ercle in paraboloid)

Therefore the circle in the cylinder, 1 the place where 1t 15, will be 1n equi
Tibnum about 4 mith the arcle i the paraboloid, if the latter1s placed with
1ts centre of gravity at H

Simlarly for the two corresponding eircular sections made by a plane per
pendicular to AD and passing through any other straight line m the parallelo-
gram which 1s parallel to BC

Therefore, as usual 1f we take all the eircles making up the whole cylinder
and the whole segment and treat them i the same way, we find that the
cylinder, 1n the place where 1t 15 18 1n equilibrium about A with the segment
placed with 1ts centre of gravity at H

1t K 1s the middle pownt of AD K 15 the centre of gravity of the cyhnder,

therefore HA AK={(cylinder} (segment)
Therefore cylinder = 2(segment) o]
And c3 linder =3(cone ABC), [Euel X1 !

herof,

#(cone ABC)
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ProposrTioN §
The centre of gramty of a segment of @ rght-angled conowd (1 ¢ a parabolord of
recolution) cut off by a plane at right angles fo the ax1s s on the straight Line which
18 the az1s of the segment, and duwdes the seid straight line wn such a way that the
portion of 1t adjacent to the vertex 13 double of the remanang portion
This can be ivestigated by the method, as follows
Let 2 parabolod of revolution be cut by a plane through the axis in the
parabola BAC,
and let 1t also be eut by another plane at nght angles to the axis and mntersect~
1ng the former plane n BC
Produce DA, the axis of the segment, to H, making HA equal to AD, and
magme DH to be the bar of a balance, 1ts muddle pomt being A
The base of the segment being the eircle on BC as diameter and 1n a plane
perpendicular to AD,
1magine 2 cone with this circle 2s base and A as vertex, so that AB, AC are
generators of the cone
In the parabola let any double ordinate
OP be drawn meeting AB, AD, ACn @, S,
R respectively
! Now, from the property of the parabola,
BD* 08*=DA-AS

A
Therefore HA AS=08* QS$?
K =0P* QR?
If now through OP a plane be drawn at
night angles to 4D, this plane cuts the par-
C aboloid m a crcle with diameter OP and
the cone 1n & arcle with diameter QR
We see therefore that HA AS=(circle, diam OP) (crcle, diam QR)
=(arcle 1n paraboloid) (eircle in cone),
and the circle in the paraboloid, 1n the place where 1t 15, 13 1n equibbrium about
A with the cirele 1 the cone placed with 1ts centre of gravity at H
Sumularly for the two corresponding circular sections made by s plane per-
Pendicular to AD and passing through any other ordinate of the parabola
ealing therelore i the same way with all the eireular sections which make
up the whole of the segment of the bolotd and the cone ly, we see
that the segment of the parabolasd, 1n the place where 1t 18, 18 1n equltbnum
about A4 with the cone placed with 1ts centre of gravity at H
Now, since 4 15 the centre of gravity of the whole system as placed, and the
centre of gravity of part of 1t, namely the cone, as placed, 1s at H, the centre
of gravity of the rest, namely the segment, 1s at & pomt K on H4 produced
such that HA AK=(segment) (cone)
But segment = i (cone) [Prop 4]+
”

5
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Therefore HA=3AK,
that 18, K divides AD 1n such a way that AK=2KD

ProrosiTion 6

The cenire of granty of any hemisphere [1s on the straxght line which] 18 1is azs,
and dundes the said straight line 1n such @ way thal the portion of 1t adjacent fo the
surface of the hemasphere has lo the remaining portion the rato which 5 hasto3
Let a sphere be cut by = plane through 1its centre 1n the aircle ABCD,
let AC, BD be perpendicular diameters of this circle,
and through BD let a plane be drawn at nght angles to AC
The latter plane will cut the sphere mn a circle on BD as diameter
Tmagmne 2 cone with the latter circle as base and 4 s vertex
Produce CA to H, making AH equal to CA, and let HC be regarded as the
bar of 2 balance, A bemng 1ts middle point N
In the semieircle BAD, let any straight ine OP be
drawn parallel to BD and cutting AC in ¥ and the two oM
generators, AB, AD of the cone n Q, R respeetively
Jomn AQ
Through OP let a plane be drawn at nght angles to

this plane will cut the hemsphere in a circle wath di-
a.ml\(;ter OP and the cone 1n a circle with diameter QR
ow
HA AE=AC AE
=A0* AE?
=(0E*+-AEY) AE?
=(0E*+QE?) QE:
=(circle, diam OP+arrcle, diam QR)
(arcle, diam QR)
Therefore the circles with diameters OP, QR, m the <
places where they are are mn equbnum about A with the ercle with
diameter QR if the latter 1s placed withts centre of gravity at
And, since the centre of gravity of the two arcles with diameters OF, QR
taken together, m the place where they are, 15
{There 15 a lacuna here, but the proof can easily be completed on the hines
of the corresponding but more difficult case 1n Prop 8
We proceed thus from the pomnt where the circles with diameters op, QR,
m the place where they are, balance, about A, the circle with diameter Qr
placed with 1ts centre of gravity at H
A simular relation holds for all the other sets of circular sections made by
other planes passing through points on AG and at night angles to AG
Taking then all the eircles which fill up the hemisphere BAD and the cone
ABD respectively, we find that
the hermsphere BAD and the cone ABD, 1n the places where they are, together
balance, about 4, a cone equal to ABD placed with 1its centre of gravity at
Let the cylinder M+ N be equal to the cone ABD 1
Then, since the cylinder M +N placed with 1ts centre of gravity ot H 2!
ances the hemisphere BAD and the cone ABD i the places where they ’“cé
suppose the+ *he portion M of the ¢y hinder, placed with its centre of gravity

s
<
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H, balances the cone ABD (alone) in the place where 1t 13, therefore the por~
tion N of the cylnder placed with 1its centre of gravity at H balances the
hemisphere (alone) m the place where 1t 15
Now the centre of gravity of the cone 1s at a pomt V such that AG—4GV,
therefore, since M at # 15 1n equlibrium with the cone,
M {cone)=3AG HA=3AC AC,
whence M =3(cone)
But 34N =(cone), therefore N =§(cone)
Now let the centre of gravity of the hemisphere be at I, which 1s somewhere
on AG
Then, smmee N at H balances the hemisphere alone,
(hemisphere) N=HA AW
But the hermsphere BAD =twice the cone ABD,
{On the Sphere and Cylinder 1 34 and Prop 2 above]
and N =§(cone), from above
Therefore 2 §=HA AW
=24G AW,
whence AW =3AG, so that ¥ divides AG 1 such a way that
AW WG=5 3]

ProrosiTIoN 7

We can also mvestigate by the same method the theorem that
[Any segment of a sphere has) to the cone [with the same base and heght the ratio
which the sum of the radus of the sphere and the hewght of the complementary
segment has fo the height of the complementary segment |
[There 15 a lacuna here, but all that 1s missing 1s the construction, and the
construction 1s easity understood by means of the figare BAD 1s of course the
segment of the sphere the vol-
H ume of whieh 1s to be compared
with the volume of a cone with
the same base and height ]
The plane drawn through
MN and at right angles to AC
will cut the cyhnder 1n a circle
with diameter AN, the seg-
ment of the sphere in a circle
with dismeter OP, and the
S cone on the base £F mn a circle
w with diameter QR
In the same way as before
v [ef Prop 2] we can prove
that the eircle with diameter
: CEE) G CEG AN, 1n the place where 1t 15 18
n h about A with
the two arcles with diameters
OP, QR if these cureles are both
moved and placed with therr
centres of gravity at H
The same thing can be proved of all sets of three circles in which the cylin-
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der the segment of the <phere and the ¢one with the common height AG are
ali cut by apy plane perpendicular to AC

AW =WU AY =dyu
Therefare TV will be the centre of gravity of the ¢y inder and ¥ will be the
centre of grovity of the cone
Sinee nov the bodies are in equiltbrium as deseribed
(cyhnder) (cone AEF--segment BAD of sphere)=J14 AW

{The rest of the proof 12 lost but 1t can easily he supphed thus
Vie have
(cone AEP-+segmt BAD) (cyhnder)=AW AC
=AW AC AL?
But (cyhnder) (cone AEF)=AC* LEG*
=ACT J4G?

Therefore ex cequniz
{¢cone AEF +-segint BAD) (cone AERY=AW AL 340(°

=340 340G,
whenee (segmt BAD) (cone AEF)={JAC~3406) 346
Agmin (cone AEF) (cone ABD)=EGt Dt
=AG* AG GC
=AG GO
=34G 160

Therefare ez aequal
(segment BAD) (cone ABD)=(34C~34G) IGC
=(310-46) GC
=(AC+HGO) ol qrn}

Prorosimion 8

{The epunpation the setting out and a few words of the construction are
MSSIng

Tt e enuncsation however can be supphed fram that of Prop 9 with shich
3 must be wentical except that it cannct refer fo  pny sogment  8nd the
presumption therefore 13 that the proposition was enuncigted with yeference
¢0 on¢ kmnd of segmcnt only 1e either o segroent greater than a hequsphere
or & pegment lesg than o hemsy here

275 e — —~ ar than a hemt

the sphere
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Draw KL, through any pomt Q on AG, parallel to EF and cutting the seg-
ment m A, L, and AE, AF 1n B, P respectively Jom AK
Now
HA AQ=CA AQ
=AK* AQ?
=(KQ*+Q4%) QA
=(KQ™+PQ") PQ*
=(ctrcle, diam KZ--circle, diam PR) (eircle, diam PR)
Imagmne g circle equal to the eircle with diam-
N eter PR placed with 1its centre of gravity at H,
" " therefore the circles on diameters KL, PR, m
the places where they are, are m equlibnum
about 4 with the curcle with diameter PR
placed with 1ts centre of gravity at H
Simlarly for the corresponding errcular sec-
tions made by any other plane perpendicular
to AG.,
Therefore, taking all the areular sections

Ak, the places where they are, are 1 equi~
lbnum with the cone AEF assumed to be
placed with its centre of gravity at H

Let the cylinder A +N be equal to the cone
AEF whch has 4 for vertex and the circle on
EF as dhameter for base
o Divide AG at V so that

AG=4VG,

U:;mfcre V 1s the centre of gravity of the cone 4 EF, “for this has been proved

ore

Let the cylnder M+ N be cut by a plane perpendicular to the sxis m such
away that the cylmder Af (alone) placed withits centre of gravity at H 1sm.
equilibnum with the cone AEF

Since M+ N suspended at H 1s 1n equilibrium with the segment ABD of the
sphere and the cone AEF 1n the places where they are,
while 2f, also at /, 1510 equulibrium with the cone 4 EF 1n the place where1t 1s,
1t follows that

N at H 15 10 equilibrium wath the segment ABD of the sphere mn the place
where 1t 15

Now (segment ABD of sphere) (cone ABD)=0G GC,

* for this 1s already proved [Cf On the Sphere and Cylinder 1 2 Cor as well
23 Prop 7 ante]

And (cone ABD) (cone AEF)
=(emrcle, diam BD) (aircle, diam EF)
=BD* EF*
=BG* GE*
=CG GA GAt -
=CG GA N
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Therefore, ex acqualz,
(segment ABD of sphere} (cone AEF)=0G+GA
Take a pomt I¥ on AG such that
AW : WG =(GA44GC) - (GA+2GC)
We have then, mversely,
G WA=(26C+GA) (4GC+GA),

G4 AW=(0GC+2GA) (4GC+G4A)

and, componendo,

But GO =1(6GC+-264), for GO—GC=3(0G+6A)]
and CY=31(HGC+GA),
therefore GA AW=0G CV,

and, alternately and nversely,
0G.GA=CV WA
1t follaws, from above, that
(segment ABD of sphere} (cone AEF)=CV WA
Now, since the eyhnder M wath its centre of gravity at H 19 1 equbbrum
about 4 with the cone AEF with 1ts centre of gravity at V',
{cone AEF} (cyhnder M)=HA AV

=04 AV
and, since the cone A EF =the cylinder M+N, we have, :hma‘endo and 1ner-
tendo, {cylinder 3} (cyhnder N}=d4V OV

Hence, componendo,
{cone AEF} (cyhnder N}=C4A CV
=HA CV
But 1t was proved that
{segment ABD of sphere) (cone AEF)=CV W4,
therefore, ex aegualy,
{segment ABD of sphere) (cyhnder N)=HA AW
And 1t was ahove proved that the cylinder N at £ 15 1n eqmibrium about 4
with the segment ABD, in ihe place where it s,
therefore, wnce H 1s the centre of granty of the cybader N, 1 13 the centre
of gravity of the segment ABD of the sphere

Prorostriov 9

In the same way we can investigate the theorem that

The centre of granty of any segment of a sphere 15 on the stroight hine whieh s
the azis of the segment and durdes this straght hine n such a way that the part
of 1t adjacent to the vertex of the segment has to the remarning parl the rato chrel
the sum of the anis of the segment and four times the azas of the complementary
segment has to the swm of the ¢215 of the segment and double the axs of the com
plementary segment

{As this theorem relates to “any segment” but states the same result 83 ﬁl’-‘s
proved 1n the preceding proposttion, 1t follows that Prop 8 must have relate
10 one Jund of segment exther a segment greater than a sermacle (ns 10 Hext
berg’s figure of Prop 8) or a. segment Jess than a semueircle, and the PT“‘;;‘
proposihion completed the proof for both Linds of segments It would o2ly
require a slight change 1n the figure, 1n any case )
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Prorosrrioxn 10

By thia method too we can investigate the theorem that

{4 segment of an obtuse-angled conord (2 ¢ @ hyperboloid of rerolution) has to
the cone tokach has) the same base [as the segment and equal hewght the same ratio
as the sum of the axis of the segment and ihree trmes] the “‘annez o the ax1s” (e
kalf the iransierse axs of the hyperbolic section through the axis of the hyper-
boload, or, 1n other words, the distance betucen the verlex of the segment and the
rertez of the enveloping cone) has to the sum of the axis of the segment and double
of the “annex” [this 15 the theorem proved mn On Conods end Spherowds, Prop
25), “and also many other theorems, which, as the method has been made clear
by means of the foregomg examples, I will omut, 1 order that I may now pro-
ceed to compass the proofs of the theorems mentioned above "

Proposrrion 11

If 1n @ rght prism unth square bases a cylinder be 1nscribed having s bases in
opposile square faces and touching with ofs surface the remaning four parallelo-
grammae faces, and 1f through the centre of the circle whick vs the base of the cylin-
der and one sude of the oppostte square face a plane be drawn, the figure cut off by
the plane so drawn 15 one susih part of the whole prism

“This can be investigated by the method, and, when 1t 1s get out, I will go
back to the proof of 1t by geometncal considerations

{The mvestigation by the mechamical method 15 contained s the two Propo-
sitions, 11,12 Prop 13 gives another solution which, although 1t contamns no
mech , 15 still of the character which Arclumedes regards as lusive,
since 1t assumes that the sold 19 actually made up of parallel plape sections
o 3 and that an auxhary parabola 1s actually made
up of parallel straght lines i it Prop 14 added
the conclusive geometncal proof ]

Let there be a nght pnism with a eylinder 1n-
sentbed as stated

Let the pnism be cut through the axis of the
¥ {+] - pnsm and eylinder by a plane perpendicular to
! the plane which cuts off the portion of the ¢yln-
der, let this plane make, as section, the parallelo-
gram AB, and let 1t cut the plane cutting off the
portion of the cylinder (which plane 13 perpen-
dicular to AB) m the straight line BC
X Let CD be the axis of the prism and cyhnder,
- let EF isect 1t at night angles, and through EF
Yt a plane be drawn at right angles to €D, this plane will cut the prism mn 2
square and the cylinder 1n & circle

Let AN be the square and OPQR the circle, and let the circle touch the sides
of the square 1n 0, P, Q, R [F, E 1n the first figure are 1dentical with 0, @
respectively] Let H be the centre of the circle

Let KL be the mtersection of the plane through EF perpendrcular to
the aws of the ¢y hinder and the plane cutting off the portwn of the cylinder,
A Listasected by OHQ {and passes through the rmddle pomnt of HQ)
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Let any chord of the eircle, as ST, be drawn perpendicular to HQ, meeting
HQm W,

T @MU ot an b e ot meb gngles to OQ and produced
N

;3
L]

w8 of the pnsm for height 1n o parallelogram,
one side of nhich 13 equal to ST and anotheris s
generator of the eyhinder, and 16 wifl also cut the ° a
portson of the cylmder cut off in & parallelogram, H
one side of which 1s equal to ST and the otheris
equal and parallel to UV (n the first figure)

UV will be paraliel to BY and will cut off, 3
along EG 1n the parallelogram DE, the seg- 7
ment EI equal to GIV

Now, since EC 13 o parallelogram, and V1 1s parallel to GC,

EG QI=YC CV
=BY UV
={[7m half ey} ) (L7 n portion of c31)

And EG=HQ GI=HIV,QH =01,
therefare OH HW={({Jwmhalf cyl} ({710 portion)

Imagmne that the parallelogram i the portion of the cylinder 18 moved and
placed at O so that O 18 the centre of gravity, and that 0 1s the bar of 2
balance H bemng its middle pont

g 9 —~ #ha hotf acle

with the parallelogram 10 the portion of the cylmder when placed with s
centre of gravity at O

Swmiarly for the other parallelogramime seetions made by say plane per
pendicular to OQ and passing through any other chord in the semaircle PR
perpendieninr to GQ

1f then we take all the paralielograms making up the half cylmder and the
portion of the cyhnder respectively, 1t follows that the half cyhnder, 10 the
place where1£13 15 10 equiibrium about /I with the portion of the cylnder ent
off when the Jatter 1s placed with its centre of gravity at O

Prorosrion 12

Let the parallel {square) MN perpendicular to the axs with the arde
OFQR and its dhameters G PR be drawn separately

Jon HG, HM, and through them draw planes at nght angles to the plane
of the circle, producing them on both sides of that plane

Thus produces & pnsm with triangular section G and height equal to the
axts g{ the ¢y hnder, this prism 15 % of the ongmnal prism circumsenbiog the
cylmder

Let LK, UT be drawn parallel to 0Q and eqmdistant from 1t, cutting the
arclem K, T RPmn 8, F ond GH HM 1 W, V respectively

Through LK, UT draw planes ot nght anples to PR, productng them o8
both sdes of the plane of the arcle,
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these planes produce as sections 1n the helf cylnder PQR and mn the prism
GHM four parallelograms 1 which the heights are equal to the axs of the
cylinder, and the other sdes are equal to XS, TF, LIV, UV respectively

{The rest of the proof 13 mussing but, as

e a w  Zeuthen says, the result obtamed and the
method of arrving 8t 1t are planly indicated
N ® by the above

W 6] Archimedes wishes to prove that the half
cylinder PQR, 1n the place where 1t 15, balances
o H o the prism GHAJ, 1n the place where 1t 15, about

H as fixed pomt
He has first to prove that the elements (1)
AN/ 4 the parallelogram with silde=KSand (2) the
d parallelogram with side=LIV, mn the places
o L. where they are, balance about §, or, m other

words that the straight lines SX, L7, m the
places where they are, balance about §

Now (radus of circle OPQR)*=SK*+-SH?,
or SLA=8K*4-SW*
Therefore L§*—SIV2=SK?,
and accordingly {L3+81V) LIV==5K?,
whence LS4+8W) 1SK=SK LW

And 3(LS+S17) 13 the distance of the centre of gravity of LI from &,
while 35K 19 the distance of the centre of gravity of SK from S

Therefore SK and LIV, 1n the places where they are, balance about S

Sumlarly for the corresponding parallelograms

Taking all the parallelogrammic elements 1n the balf eylinder and prnism
respectively, we find that
the half cyhinder PQR and the prsma GHAL, 1w the places where they are re-
spectively, balance about H

From thus result and that of Prap 11 we can at once deduce the volume of
the portion eut off from the cylinder I'orin Prop 11 the portion of the cylin-
der, placed with 1ts centre of gravity at O, 1s shown to balance (abous H) the
half eylinder 1n the place where 1t 13 By Prop 12 we may substitute for the
half-eylinder 1 the place where 1t 1s the prism GH A of that proposition turned
the opposite way relatively to RP The centre of gravity of the pnsm as thus

PR [ RN 1 2

plarad gt nnan

=2 3
therefore (bortion of cylinder) =3 (prism GHATY

=}(onginal pnism)

Prorosirioy 13
Let there be a nght prism with square bases one of which 1s ABCD,
1n the prism let a cylinder be insenbed the base of which s the circle EFGIT
touching the sides of the square ABCDm E, F, G, H
Through the centre and through the side corresponding to CD 1n the squsre
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face opposfe 1o ABCD let a plane be drawn, this will cut off 5 prsm equal
to} of the onginal pnism and formed by three paratielograms and tu o tnangles
the trangles formmg opposaite faces
In the serucirele £FG desenibe the parabols which has FK for axs and
passes through Z, @, deaw MN paratlel to KF meetmg GE m M, the pora-
bola m £, the semictrcle 1n 0 and €D N
‘Then MN NL=NF?,
“for this 1s clear " {Cf Apaltonus, Comcs 1 11}
{'The parameter 1= of course equal to GA or KF}
Therefore MY NL=GK* L$§
Through ATN draw » plane at nght angles to

kG,

this will produce as sections (1) m the pnism cat a
off from the whoale pnism a nght-angled tnangle, " T o
the base of which 15 AN, while the perpendicular
18 perpendicular at N to the plane ABCD and
egual o the axs of the cyhnder, and the hypot- # 3 3
enuse 15 1n the plane cutting the cylinder, and
(2) 1 the portion of the cyhnder cut off & nght~
angled tnangle the base of which 1s MO while
the perpendicular 1 the generator of the ¢y huder
perpendscular at O to the plane AN, and the A 2
hypotenuse 15

[There 15 a Jacuna here to be supphed as follows

Sinee MN NL=GR* LS*
=MN? LS,
1t follons that MN ML=YN* (MN*~LS)
=MN® (MN*~MRYH
=MN* MO

But the triangle (1) in the prism 1s to the triongle (2) in the portion of the
cyhnder m the ratio of AIN® 30*
Therefore { é& m prism) {4 m portion of cylnder)
= ML
= {straaght bne m rect DG {straight kne in parabola)
We now take all the cosresponding elements i the pnsm, the portiont of the
cybnder the le DG and the bola EPG resp vl
and 1t will follow that
(all the As1n pnsm)  (all the As m portion of eyhinder)
= (all theste bnestn (IDG) (all the strasght hines betsveen parabola and EO)
But the prizm 13 made vp of the tnangles 1w the prsm, [the pertion af the
cytmder 1 made up of the tnangles it} the paralielogram DG of the strasght
lines 1 1t paralel to AF, and the parabolic segment of the strmght hines pars
lelto AF pted between its and EG,
therefore {ptism) (portion of cyhnder)

. ature of Parcbolt]
Therefore prism = §{portion of cyhinder)
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If then we denote the portion of the ¢yhinder by 2, the pnism 1s 3, and the
ongmal prism cireumsenbing the cylinderis 12 (being 4 times the other prism),
therefore the portion of the cyhnder=34(ongmal pism) Q=ebp
[The above proposition and the next are pecuharly interesting for the fact
that the parabola 1s an auxihary curve mtroduced for the sole purpose of
analytically reducing the required cubature to the known quadrature of the
parabola ]

ProrosrTiov 14

Let there be a right prism with square bases {and a ¢yhnder insenbed therein
having 1ts base m the square ABCD and touching its sides at E, F, G, H,
let the cyhnder be cut by a plane through EG and the side corresponding to
€D 1 the square face opposite to ABCD ]

Ths plane cuts off from the prism a pnsm, and from the cylinder a portion
of 1t

It can be proved that the portion of the cyhnder cut off by the plane 1s §
of the whale prism

But we will first prove that 1t 1 posstble to mscnbe in the portion cut off
from the cylinder, and to circumsertbe about it, sohd figures made up of
prisms which have equal height and similar triangular bases 1n such 2 way
that the errcumseribed figure exceeds the mseribed by less than any assigned
magnitude

But 1t was proved that
(pnsm eut off by i ¥ - '
Now

therefore fariled <7}(Ds 1 parabolic segment)
which 13 1mpossxble, since ‘1t has been proved elsewhere” that the parallelo
gram D@ 13 § of the parabolic segment
Consequently
not greater

And (all the prisms 1n pnism cut off)
{all prisms m ctrcumser figure)
=(all Os1n £IDG) (all £7s1n fig crcumser about parabolic segmt ),
therefore
(pnism cut off) (figure circumscr about portmn of cylmder)
=(0DG) . (figure abou
But the pnism cut off by the oblique plane ls>§ of the solid ﬁgure ewrcum-
senibed about the portion of the gylinder

[There are large gaps 1n the exposition of this geometneal proof, but the
way m which the method of exhaustion was applied and the parallehsm be
tween this and other appheations of 1t, are clear The first fragment shows that
solid figures made up of prisms were circumsenbed and inseribed to the por-
tion of the cyhnder The parallel tnangular faces of these prisms were perpen-
dicular to GE 1n the figure of Prop 13, they divided GE 1nto equal portions of
the requisite smallness, each section of the portion of the cylinder by such a
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plane wasat lar foce toan bed and a err hed nght

prsm The planes also produced prisms 1 the prism cut off by the same

oblique plane es cuts off the portion of the eylinder and standing on GD asbase
The number of parts into which the parallel planes divided GE was made

preat enough to secure that the etrcumsenbed figure exceeded the msenbed

figure by Jess than s small assigned magmtude

< N D

4 H A

The second part of the proof began with the assumption that the portion of
the eylinder 18> of the prism cut off and tins was proved to be smposaible,
by means of the use of the auxhary parabola and the proportion

MN ML=MN? MO?

which are employed 1 Prop 13

We may supply the missing proof as follows

In the accompanying figure are represented (1) the <
first element-prism circumscrbed to the portion of @
the cyhnder (2} two element pnisms adyacent to the
ordinate 03! of which that on the left 18 aircum
scnbed and that on the nght (equal to the other) ™
msenbed  (3) the corresponding element-prisms
forrang part of the prnism cut off (CC GEDD ) which
18 } of the ongpnal prism

In the second figure are shown element rectangles K F
areumsenbed and msenbed to the aumhary parab-
ola which rectangles correspond exactly to the ar
cumscribed and msenbed element-prisims represented
1 the first figure (the length of GBS 15 the same in
both figures and the breadths of the element-rec
tangles are the same as the heights of the element~
prisms) the ding element-; les form g o
g part of the rectangle @D are ssmalarly shown bor

For convemence we suppose that GI 13 divided snto an even Bum
of equal parts 20 that A contains an integral number of these parts

z
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For the sake of brevity we will call each of the two element-prisms of which
0M 15 an edge “el prism (0) ’ and each of the element-prisms of which MNN’
13 o common face “el prism ()" Sumlarly we will use the corresponding
abbreviations “el rect (L)’ and “el rect (N)” for the corresponding elements
m relation to the auxiliary parabola as shown 1n the second figure

Now 1t 15 easy to see that the figure made up of all the mscribed prisms 18
less than the figure made up of the circumsenbed prisms by twice the final
areumscribed prism adjacent to FK, 1e by twice “el prism (N)”, and, as the
height of this prism may be made as small as we please by dividing GK mto
sufficiently small parts 1t follows that inseribed and circumsertbed sold figures
made up of element prisms can be drawn differing by less than any assigned
thd\ﬁgure

e - oo

or
such that
{circumser fig )—(mnser fig)< ¥
Therefore (mser fig )> (arcumser fig —X),
and q fortiory > {portion of ¢yl —X)

1t follows that
{priem cut off) <§(inscrtbed figure)
-~ the prism cut off and those 1n the

"IN MO®
=MN ML [as 1 Prop 13]
=el rect (N) el rect (L)

It follows that

Zlel pnsm (V)] =Z{el prism (0)} =Z{el rect (N)} Zfel rect (L)}

(There are really two more prisms and rectangles m the first and thurd than
there are m the second and fourth terms respectively, but this makes no differ-
ence because the first and third terms may be multiphed by a common factor
8s /(n—2) without affecting the truth of the proportion Cf the proposition
from On Conoids and Spherouds quoted on p 571 above )

Therefore

(prism cut off) (figure mser 1 portion of eyl )
={rect GD) (fig mscr i parabola)
But 1t was proved sbove that
{pnsm cut off) <§(fig mnscr m portion of ¢yl ),
therefore frert. GIN<3(fig, wane w parshela),
and a fortiors {rect GD)<(parabolic segmt )
which 1s wopossible, since
(rect GD)—#(parabolic segmt )
‘Therefore (portion of ¢yl ) 1s not greater than 2(prism cut off)
)(2‘) In the s?cond lacuna must have come the beginmng of the next reductio
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{prsto eut off) > F{portion of cyhnder),
and ne circumsenbe snd nsertbe figares made up of element-prisms, such that
{pnsm cut off) > 3{fig crreumser about portion of eyl }
We now consider the element-prisms m the pnsm eut off and sn the cireum
sertbed figure respectively, and the same argument as ghove mves
({prism cut off) (fig cwroumser about portion of cyl)
=(rect @) (fg crcumser about parabols),
whence 5t follows that
{rect GD)>3{fg bed about parabola)
and, g fortwr

{rect GD)>3(parabohe segment)
whieh 18 wapossible since
(reet GD)=4{parabolic segmt }
Therefore
{portron of eyl ) 15 no! less than $(pusm cut off)
But it was also proved that nesther 1s 1t greater,
therefore {portion of eyl Y=4(pnsm cut off)
= 4({onginal prsm) ]

{Provostriow 15]

{Thos propestion, whach 15 lost woutd be the mechamen} mvestigation of the
second of the two special problems mentioned 1n the proface 1o the treatisc,
namely that of the cubature of the figure included between two cylnders each
of which 18 inserthed m one and the same cube so that 1ts opposite hases areit
ino opposite faces of the cube and 1ts surface touches the other four faces.
Zeuthen has shown how the mechanteat method can be appled to ths tase
Tn the nccompanying figure VIVYX 15 2 section of the cube by 8 plane {that
of the paper} passing through the
axis BD of one of the cylnders 1
wserbed i the cube and parallel
1o two oppostte faces
The same plane gives the arcle
ABCD ss the section of the other
insenbed eyhoder wath axis per-
pendientar to the plane of the
paper and extendmg on each side
of the plare to o distance equalts / -
the radius of the eircle or half the z/a RSP
sulle of the rtibe
4C)1s the diametes of the arele (3
whieh 15 perpendicular to 2D
Join AR AZ and produce them
to meet the tangent at C to the
arden B, & Y
Then EC=CF=C4
Let LG be the tangent pt 4 and complete the rectangle EFGL be
Draxw strarght hnes from 4 to the four corners of the section i W ch o
plane through BD perpendrenlar to AKX cuty the tube These straight boes

o
&
(3

-
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. LRI n < PO

vertex and the latter square for base

Complete the prism (parallelepiped) with the same base and herght as the
pyramd

Draw 1n the paralielogram LF any straight hne MN paraliel to EF, and
through AfN draw & plane at right angles to AC

Tius plane cuts—
(1) the sohd wmeluded by the two cylinders 1n a square with side equal to OP,
{2) the pnism m a square wmth side equal to MN, and
(3) the pyramid 1 & square with side equal to QR

Produce CA to H, making HA equal to AC, and imagne HC to be the bar
of a balance

Now, as1n Prop 2, since MS=AC, QS=AS,

M8 8Q=CA AS
=A0!
=08"4-8Q*

Also HA A8=CA AS
=M8 8Q
=MS* MS 8@

=MS* (0S*+5Q?, from above,
=MN?* (OP*+QR?
=(square, side MIN) (sq, side OP+sq, side QR)
Therefore the square with side equal to Af, mn the place where 1t 1s, 15 10
ec‘;uxhl‘mm? about 4 with the squares wz}h sides equal to OP, QR respectrvely

. . . . L I ]

wo cyhnders and

1t follows that
{solid meluded by cylmders) = 3(pnsm)
=%{cube} QED

‘There 1s no doubt that Archimedes p ded to and leted, the ngor-
Ous geometrical proof by the method of exhaustion

As observed by Prof C Juel (Zeuthen /¢ ), the sold 1n the present proposi-
tton 1s made up of & pieces of cylinders of the type of that treated in the pre-
ceding proposttion  As however the two proposttions are separately stated,
there 1s no doubt that Archimedes’ proofs of them were distinct

In this case AC would be divided nto a very large number of equal parts and
planes would be drawn through the pomnts of division perpendicular to AC
These planes cut the sohd, and also the cube VY, 1n square sections Thus we
can mscrtbe and be to the solid the req: solid figures made up of
element prisms and differing by less than any assigned sohd magnitude, the

o

’




592 ARCHIMEDLS

pnsms have square bases and their heights are the small segments of AC The
element-prism 1n the insenbed and aircumsenbed figures which has the square
equal to OP? for base corresponds to an element-prism 1n the eube which bas
for base & square with side equal to that of the cube, and as the ratio of the
element-prisms 18 the ratio 0S* BK?, we ¢an use the same auxliary parabols,
and work out the proof in exactly the same way, as i Prop 14]
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BIOGRAPHICAL NOTE
AroLroNtus ¢ 262-¢ 200 B¢

AroLrLoNIUS was born at Perga m Pamphylia Asia Minor some twenty five
years after the birth of Arch medes which would place hus brrth around the
year 262 B ¢ He seems to have gone when quite young to Alexandra where
according to Pappus the fourth century mathematician he was attracted by
the of the ast; An hus of Samos Apoll studied
under the successors of Euclid at Alexandna and continued to reside there dur
1ng the reigns of Ptolemy Euergetes and of Ptolemy Phulopator (247 2035 ¢)
He was also for some t me 1n Pergamum where he made the acquaintance of
themathematician Eudemus to whom he dedicated the first three books of hus
Conzes and of King Attalus 1 (266~197 8 ¢ } to whom the remammg five books
of the Concs were dedieated

Apollomus appears to have been associated with the leading mathematicians
oflisday In the dedicatory epistles of the Conics he records that he met Phil
oindes while on a trip to Ephesus and that he undertook the composition of

1

m?[x:s advanced investigations (Books v viir)
~ —

Lo¢: He wrote on urrationals and hke Archimedes devised a system of mults
plication for large bers and caleulated an approx mate value for
the ratio of the eircumference of a exrcle to the duameter The ancient writers
also record that Apollomus vrote On the Burning Glass m which he probably
tre’::ted the properties of the parabola a wo{k companng the dedecahedron
. ] . +
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emy with an explanation of the motion of the planets by means of epicycles
and cceentne circles He seems to have been especially interested in the theory

of the moon, and the Alexandrians are said to have called him Epsilon from the
resemblance of that Greek letter to the lunar creacent.
B
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TRANSLATOR’S NOTE

1f on first appearance this treatise should seem to the reader a jumble of
propositions, ngorous indeed, but without much rhyme or reason in
their sequence, then he can be sure he has not read anght, and as with
the planets, he must look further to save the appearances There are
one or two hypotheses at least that can order the apparent wandenngs
of parabolas, hyperbolas, and ellipses through the first four books Such
hypotheses are the analogies between the three sections, and espeaally
the development of the analogy between the hyperbola and the ellipse
reachmg 1ts culmnation, 1n the first book, with the final theorem, the
construction of conjugate opposite sections

In First Defimitions 1 5, Apollomus innocently defines two kinds of
diameters, the transyerse and the upright Each one, 1n a conic section,
bisects all the straight Lines parallel to the other But the upright diam-
eter, defined here only as to position, has, 1n the case of the ellipse, nat-
ural bounds fixed by the section itself, and m Propesition I 15 we find
1t1s the mean proportional between the corresponding transyerse diam-
eter (or conjugate diameter) and its parameter The transverse diam-
eter, in turn, 15 the mean proportional between the upnight diameter (or
conjugate) and 1ts parameter, so “upnght”’ and ““transverse” become
meaningless terms, 1n the case of the ellipse, for something better ex-
Pressed by the symmetrical relation “conjugate” (First Def I 6) Im-
mediately, in Proposition I 16, as1f arbitranily, the upnght diameter of
the hyperbola 18 bounded 1n the same way, given a defimte magmtude,
and becomes “the second chameter *’ But so far transverse and upright
diameters, or transverse and second diameters, are distinet things 1n the
case of the hyperbola, and there scems to be httle reason for miving this
second diameter tn magmtude vopos has not yet become @vois That
the upnght diameter should be given even m position for the hyperbola
becommes onls very sigmficant wiek two paices of propositivns—Iroposi-
tions 1 37 and 38, and I 39 and 40—where 1t 1s shown that certain
Properties holding for ordinates to the transverse diameter of the hy-
Perbola and ellipse hold also for the ordinates to their conjugates But
1t 15 only with the final proposition of the first book (I 60) that the
magmtude of the hyperbola’s sccond diameter 1s justified 1n magmitude
as well as position It 1s the corresponding diameter of the opposite sec-
tions conjugate to the first And this analogy between the hyperbola

599
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and ellipse now stands on the threshold of a vast development For this
theorem, comng as a climax to the first book, makes posstble the mam
theme of the second book the asymptotes, those strange lines all but
touching each opposite section (IT 2, 13, 14) and formung o single hound
between each adjacent paw (I 15, 17), so making the hyperbola an all
but closed section, a puckered elhipse, 2 mouth turned inside out And
w the third book, the frutts of thus analogy are gathered as i the espe-
cially mee case of Proposihion 111 15

Although this translation 1s htera, we have not hemtated to use such
symbols and abbreviations as, without prejudicing any Greek number
theory or mtroducing any modern theory of symbols, would yet make
the reading and the mechame of study easier and at the same time pre
serve all the ngor of Greek mathematies

As for the Greek text, we have used Hetberg, and have constantly re-
ferred to the edifz0 princeps of Halley In certam mstances we have been
glad to consult the very excellent, French translation of Paul Ver Lecke
{Desclée de Brouwer, Bruges, 1923) We have slso deferred, at alt rel-
evant points, to the English usage of T 1. Heath’s transiation of
Euchd’s Elements

oy



EXAMPLES O ABBREVIATIONS
AND SYMBOLS USED

A=B for A s equal to B

A+B for A added to B

A~—B for B subtracted from 4

A B C DforAistoBasCistoD

rect AB, BC for rectangle AB,BC

sq AB for square on AB

ar for ares

pllg for parallelogram

trgl for tmangle

quadr for quadnlateral

rect AB,BC rect CD DE comp AB CD,BC DE
Jor ratio of rectangle AB, BC to rectangle CD,DE 18
eompounded of the ratio of AB to €D and of BC to
DE

ratio comp AR BC,CD DE=ratio comp XV YZ,
ZW WYV for ratio compounded of 4B to BC and of
CD to DE 13 the same as the ratio compounded of XY
to YZ and of ZW to WV

A> B for A 18 greater than B

A <B for A 18 less than B

1t angle for nght angle






BOOK ONE

Arorrovios to Eupeus, greetings

I you are restored in body, and other things go with you to your mind well
and good, and we too fare pretty well At the time I was with you m Perga
mum, I observed 3 ou were quite eager to be kept informed of the work I was
doing 1m comes And so I have sent 3ou thus first book revised, and we shall
dispateh the others when we are satisfied wath them For T don’t beheve you
have forgotten hearng from me how I worked out the plan for these conics at
the request of Naucrates, the geometer at the fime he nas wath usin Alevan~
dna lecturing and how on arranging them i esght books we wnmeduately
tommunteated them n great haste becsuse of tus near departure, not revising
them but putting down w hates ex came to us with the intention of 2 final gong
over And so finding now the oceasion of correctng them, one book after
another, ne publish them And swee 1t happered that some others among
those frequenting us got acquarated with the first and second hooks before the
feviston, don't be surpnsed if you come wpon them w a dufferent form

Of the exght books the first four belong te a course mn the elemeats The fisst
book contatns the generation of the three sections and of the opposite branches,
and the principal properties {ra apxixa evprrapare) m thern worked out more
fully and untversally than i the wrtings of others The second book contans
the propertics (r4 svufatvorre) having to do with the dismeters and axes and
also the asymptotes and other things of o general and necessary use for hmuts
of possibility (rpds rovs Giopeopous) And what I call diameters and what T ealt
exes you will know from this book The third book contains many ueredible
theorems of use for the construction of solid loas and for lumuts of posstbility of
which the greatest part and the most beautifid are new And when we had
grasped these we knew that the three-line sud four-line locus had not been
Constructed by Euchd but only s chanee part of 1t snd that not very happily

or 1t was not possible for thus construction to be completed without the addi
tional things found by us The fourth book shows 1n how many ways the sec-
t10ns of 3 cone sntersent with each other and with the esrcumierence of a arcle,
and contams other things 1 addition none of which has been wntten up by gur
Predecessors that 1sin how many ponts the section of a cone or the ewrcumfer
ence of 2 exrele and the opponite b hes meet the opposite branches The rest
of the books are fuller w treatment For there 1s one dealing more fully wath
wavimy, and mumms and one with equal and sialar seetrons of o coue, and
one with rmting theorems and one with determunate conie problems And so
wdeed with all of them pubbshed these happemng upon them can udge
them as they see it Good bye

o 03 4'/
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Fmst DermsrrioNs

1 If from a pont & straght hne 13 jowned to the arcumference of a aircle
which 1s not i the same plane with the pant, and the hine »s produeed m both
dicections, and if, with the pont remaning fixed, the straight bre bemg ro-
tated about the aireumference of the mircle returns to the same place from
which 1t begun then the generated surface compased of the two surfaces ying
vertieally opposite cue another, each of which increases mdefimtely 23 the
generating strmght hne 18 produced indefintely, I eall a come surface, snd ]
call the fived pomnt, the vertex, and the straight hme drawn from the vertex to
the center of the ¢irele the axis

2 And the figure contamed by the cirele and by the come surface betneen
the vertex and the creumfercnce of the crrele I eall a cone, and the pant
which 15 also the vertex of the surface T eall the vertex of the cone, and the
strarght fine drawn from the vertex ta the center of the circle the ats, and the
cirele the base of the cone

3 I call nght cones those having axes perpendicular to their bases, and
ob};q}x‘f those not having ancs perpendieniar to therr bases \

DU 1o . R -
eter
eurv
Ine (the diameter) sttusted on the curved hine the vertex of the curved hne,
and I say that each of these parallels 15 drawn ordinatewsse to the diameter

bisects all the straight hnes drawn to exther of the curved hnes parajiel tosome
N FEA . 21 mne

strasghy hnes mtercepted between the eurved hnos and drann parallel tosome
straxght htie and [ say that each of the paraliels 15 drawn ordmatewse ta the
drameter

6 The two strught hnes each of which being a diameter bisects the straight
es paralle] to the other I call the conjugate diameters {aufvyas Saukrpo, of
2 curved hne ard of two curved hnes

7 And I call that straight Line the avs of a curved line and of t#o curved
hines sshich being 2 diameter of the cun ed hne or lines cuts the paraliel strmght

1z at st

10 eacn otker at nght angley

Prorostrion 1

The strarght lines draun from the vertez of the come surface to posnts on the surfart
are on that surface w
Let there be a come surface whose sertex 1s the powt 4, and let there

Ve sholl follow modern usage and generally call thew. parallels andinates
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taken some pownt B on the conic surface, and let a straight ine ACB be jotned
Isay that the strmight hne ACB 13 on the conic surface
Forif possible, let 1t not be,
and let the straight lne DE

D

D '¢ ¥ be the hme generating the
surface, and EF be the circle
A A A along which ED 1s moved
Then 1f, the pomt A4 remain-
1ng fixed, the straight ine DE
[of 18 moved along the circum-
ference of the arcle EF, 1t
< will also go through the pot
B (Def 1), and two straight
B Iies will have the same ends

And this 1s absurd
Therefore the straight hne
H € E F ¢ Jomed from A to B cannot
not he on the surface There-

8

fore 1t 13 on the surface
Porism

1t 13 also evident that, if a straight hoe 18 jomed from the vertex to some
point among those within the surface 1t will fall within the come surface, and
1f 1t 15 jomed to some point among those without, 1t will be outside the surface

ProrosiTiov 2

If on eather one of the tuo rertically opposite surfaces two pornts are taken, and the
strarght line jotnang the pornts does not verge to the vertex, then tt wall fall uithin
the surface, and produced 1t will fall outde

Let there be a conic surface whose vertex 1s the pomnt 4, 2nd a ewcle BC

DFEH A
A
Al
H
D
8l K K C B) K
D F EH

along whose arcumference the generating straight hine 1s moved, and let two,

points D and I2 be taken on either one of the two vertically opposite ;

o
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and tet the Joming strught hne DE not verge to the pont 4

Isay thatj the strasght line DE will be within the surface, and produced wmif
be without

Let AR and AD be joined and produced Then they will fall on the circum
ference of the mrele (1 1) Let them fall to the ponts B and €, and et BC be
Jomed Therefare the straight ne BC will be within the eurcle, and so too with
m the comse surface

Then let a pomt F be taken at random on DE, and let the strmght hne 4F
be jomed and produced Then 1t will fall on the strasght Jine BC, for the tn-
angle BCA 15 one plane (Cuct xy 2) Let it fall to the pawnt G Swnce then
the point 6 15 within the come surface, therefore the strmght hne AG 13 also
within the come surface {1 1, ponism), and 50 too the pont F s withw the
conte sutface Then hhewse 18 wall be shown that a)l the ponts on the straight
hne DE are withw the surface Therefore the straight hne DE is within the
surface

Then let. DE be produced to If T say then 1t will fall outsde the come
surface

Foraf posstble let there be some pomt  of 1t not outside the conte surface
and let AJf be joined and produced Then st will fall exther on the circumfer
ence of the airele or withmn (1 3 and ponsm) And this ts impossihle, for it falls
on BC produced as for example to the point K Therefore the strasght hae BN
18 outside the surface

Therefore the strught line DE 19 within the conic surface and pro tuced
18 outside

Provostrion 3

If o cong 18 cut by a plane through the rertex the section 1s o triangle
Let there be » cone whose vertex 13 the pomt 4 and whese A
base 15 the circle BC and let 1t be ent by some plane through
the pownt 4 and let 1t make 8s seetions lines AR and 4C on
the surface and the straight line BC 1 the base
1 say that ABC 13 a tnangle
for since the tine joned from A to B 13 the common section
of the cutting plane and of the surface of the cone thercfore
AR s astraght tme And hkewise also AC And B( 15 alsa &
stratght tine Therefore ABC 1+ tnangle
If then 2 cone 13 cut by some plane through the vertes, 8
the section 1s a tnangle

ProrosiTion 4

1f exther one of the ertically oppusite surfaces s cut by some plang paralicl 0 ”‘i
curele along which the strarght Linc gonerating the surface ws moved, the plane ¢
off within the surface will be a cirele haring s center on the azis, and e ﬁﬂ“;:
contarned by the ewrcle and the comee surface mitcrcepted b the cutting plang ovt
stde of the vertex uill be a cone e

Let there be o conic surface whose vertex 1s the pownt A and who® ““,‘
slong which the strayght hne generating the surface 1s moved 19 BC_ond Wm
be eut by some plane parallel to the eirele BC and let it make on the s i
a8 o section the line D&
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I say that the line DE 1s a circle having 1ts center on the axs

For let the pomnt F be taken as the center of the circle BC, and let AF be
jomed Therefore AF 18 the axis (Def 1) and meets the cutting plane Let 1t
meet 1t at the pomt @, and let some plane be produced through AF Then the

section will be the tnangle ABC (1 3) And since the points D, G, E are pomnts
1n the cutting plane, and are also m the plane of the tnangle ABC, therefore
DGE 15  straight lne (Eucl x1 3)

Then let some pomnt H be taken on the hne DE, and let AH be jomed and
produced Then 1t falls on the circumference BC (1 1) Let 1t meet 1t at K, and
let GH and FK be yoined And since two parallel planes, DE and BC, are cut
by 2 plane ABC, their common sections are parallel (Euel xr 16) Therefore
the strasght line DE 18 parailel to the straight hne BC Then for the same rea-
son the straight line GH 15 also parallel to the straight hme KF Therefore

FA AG FB DG FC GE FK GH (Eucl vi 4)
And BF=KF=FC
Therefore also DG=GH=GE (Eucl v 9)

Then hkewse we could show also that all the straight hnes falling from the
point G on the kne DE are equal to each other

Therefore the ine DE 13 a circle having 1ts center on the axis

And 1t 15 evident that the figure contamed by the circle DE and the come
surface cut off by 1t on the smde of the point 4 15 a cone

And 1t 15 therewith proved that the common section of the cutting plane
and of the nxial trangle (tnangle through the axis) 1s 2 diameter of the circle

ProrostTioN §

If an oblique cone 15 cut by a plane through the axis at right angles lo the base, and
18 also cut by another plane on the one hand at right angles to the axal
and on the other culling off on the sude of the vertex a triangle strular fo the

.

’

{
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trangle ond lyang subcontrarwise then the section 18 & cirele and let swh ¢
sectron be called subcontrary

Tet there be an oblique cone whose vertex1s the pownt A and whose base1s
the crele BC and let 1t be cut by = plane through the
nxis perpendicular o the aircle BC and et b make as A
& section the tnangle ABC (¢ 3) Then let 1t also be
cut by another plane perpendicular to the tnangle
ABC and cutting off on the side of the pont 4 the
tnangle ARG smilar to the tnangle ABC and lymng
subcontranwise that 15 so that the sngle ARG 18
equal to the angle ABC And let 1t make as o section
on the surface the hne GHA

I say that the lme GHA 13 a arcle

For let any pownts I and L be taken on the lines
GHA and BC and {rom the powmts H and Llet per
pendicutars be dropped to the plane through the tn
angle ABC Then they wil fall to the «eC
tions of the planes (Euel x1 def ) Let them fall as
for exaruple FI and LA Therefore FH 15 parallel to
LA (Cucl xx 6)

Then let the straight ¥ 777 1 - noAwH
18 also parallet to LAL '
the base of the cone (Ev
straight bne DE (1 4)

Therefore

rect DF FE=sq FH (Bucl m 31 and vi 8 ponsm)

And simce ED 13 paraliel to BC angle ADE 1s equal to angle ABC And angle
ARG 1s supposed equal to angle ABC And therefore angle AKG 19 equal to
angle ADE And the vertical angles at the pomt F are elso equal Therefore
tnangle DFG 1s sumlar to tnangle AFE and therefore
Ef FE GF FD (Cuel vt 4)

Therefore
rect EF FD=rect hF FG (Eud vi 16)
But 1t has been shown that
sg FH=rect EF FD
and therefore
rect AF FC=sq FII s
Likewise then all the perpendienlars drawn from the line GHA to the strsis
Ine GA. could also be shown to be equal in square to the rectangle 1 €80
case contaned by the segments of the strmght hae GK
Therefore the section s & eircle whose dimeter 1s the straight hwe G&

Prorosimion 6
If a cone 15 cut by a plane through the ax1s and some porrt 18 {aken o1 fhe surfact
of the cone which 15 not on @ side of the ool trangle and from st 13 droun @
straight line parallel to some straght hne whach 13 @ perpendsculor from the "I"
cumference of the circle to the base of the traangle then 3t meels the axal trand 4'
and on bewng produced to the ather sule of the surface 1t will be Busected by
trangle
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Let there be a cone whose vertex 1s the pomt A and whose ba<e 1s the oircle
BC, and let the cone be cut by a plane through the axis, and let 1t make & com-
mon section the tnangle ABC (1 3), and from some pownt Af of those on the

A

arcumference, let the strarght lme MN be drawn perpendicular to the straight
tl}ne BC Then let some pont D be taken on the surface of the cone, and

A4
1ts surface, will be bisected by the tnangle ABC
- N T - £ gt will meet
m K let the
! Therefore
Let the straight line AH be jomed from A to H Since then m the tnangle
AHK the straght hne DE 13 parallel to the straght kne HE, therefore DE
produced will meet AH But AH s 1n the plage of ABC, therefore DF will
meet, the plane of the tnangle ABC
For the same reasons 1t also meets AH , let 1t meet 1t 2t F, and let DF be
l:mfl‘x;oed 1n a straight lme until 1t meet the surface of the cone Let 1t meet
1t &
Isay that DI"1s equal to FG
For eince A ,G, L are pownts on the surface of the cone, but also in the plane
f‘xtended through the straight lines AH, AK, ‘DG, KL, which 15 a tnangle

drawn across them from the pomnt A, therefore
KH HL DF FG(Eud vi 2)
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But KH 1s equal to HL, since KL 13 a chord 1n cirele BC perpendicular to the
diameter (Euel 111 3) Therefore DF 1s equal to FG,

ProrosiTioN 7

If @ cone 1s cut by ¢ plane through the axs, and 1f 1 1s also cut by another plane
cutting the plane the base of the cone 1s 11, 1n a strarght line perpendicular either
T L4t wm aT e amal awin torads eod then the siraight Lines drawn from

ng plare, parallel o the

Jalt on the common sec

tron of the cuiting plane and of the azial triangle, and further produced to the other
side of the section, are bisecled by the common seclion, and 1f 1 1s @& right cone the
strarght line n the base will be perpendicular to the common scetion of the culling
plane and of the amial irangle, and 1f oblique, 1t well not aluays be perpendicular,
but wheneter the plane through the axis 1s perpendicular lo the base of the cone
Let there be a cone whose vertex 13 the pomnt A and whose base 1s the eircle
BC, and let 14 be cut by a plane through the a<s and let 1t make as a section

A

the tnangle ABC (1 3) And let 1t also be cut by another plane cuthing the
plane the circle BC 13 1n, 1 the straight line DE perpendteular exther to thi

straight lme Dk
I say that the straight line JTA meets the strajght hne FG, and, on being
produced to the other side of the section DFE, wll be bisected by FC
For smee a cone whose vertexis the point A and whose base 1s the crcle BC
has been cut by o plane through its axis, and makes as & section the tnies®

ABC, and some point / on the surface, not on & side of the tnangle ABC b
v ~e 370 18 ehaotrmghl e

hat 18 HA,
of the sut

face, will be bisceted by the tnangle (1 6)
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Then since the straight line drawn through H parallel to the straight Lne
DE meets the triangle ABC and 1s 1n the plane of the section DFE, therefore

. - £4L sbeoalen aedorebagrangle ABC
Therefore the
and, 1if further
produced to the other side of the scetion DFL, will be bisected by the straight
lLne F@
Then either the cone 15 o nght cone, or the axial tniangle ABC 1s perpendic
ular to the arcle BC, or netther
First let the cone be a nght cone Then the tnangle ABC would be perpen
dieular to the aircle BC (Def 3, Tuel x1 18) Swnce then the plane ABC 15

to FG

‘Then let the axal tnangle A BC not be perpendicular to the eircle BC —1 say

that DE 1s not perpendicular to FG For 1if possible, let 1t be And 1t 15 alsp
T laal e ahe

o T 1i 1 na BT Thavofare NF ¢ namand » lar £ hath

hine I'G Pamaa®
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Ponsu

Then from this 1t 13 evident that the straght Iine FG1s the diameter of the
section DFE, mmnee 1t bisects the strarght hoes drawn parallel to some straight
tine DE, and that it 15 possible for some paratlels to be bisected by the dameter
F@ and not be perpendicular

ProrosiTiov 8

If a cone 15 cut by @ plane through ils axis, and s cul by onother plane cutting the
bose of the cone in g straight line perpendwculor lo the base of the amel inangl,
and f the diameler of the resulling sechion on the surface 1s euther paratlel o one
of the sides of the triangle or meels one of them beyond the sertex of the cone, ard
the surfoce of the cone and the cuttang plone are produced idefiralely, then the
section il else tnerease sndefinutely, and some strasght line drawn from the se
t10n of the cone parallel to the strarght line in the base of the cone will cuf off Jrom
the dhameter on (he side of the Lertex @ straight line equal o any given straght lne

[l
7

Let there be & cone whoso vertex 1s the pot 4 and whose base1s fhe a2
BC, and I¢t 1t be eut by 2 plane through its axs, and let 1t mako #8 3 Mllgz
the tnangle ABC {x 3) And let 1t be cut also by another plane cutbing 1
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arcle BC 1n a strayght ine DE perpendicular to the straight Iine BC, and let 1t
make a8 4 section on the surface the hne DFE And let the diameter FG of the
seetion DFE be erther parallel to the straaght Ime AC or on being produced
meet 1t beyond the pomnt A‘ ( 7ﬂand porism)

Since the straght line FG 15 erther parallel to AC or produced meets 1t beyond
the pont A, therefore the straight lines FG and AC on bemng produced 1n the
direction of € 2nd G will never meet Then let them be produced and let some
pont H be taken at random on the straight hne FG, and let the straight hne
KHL be drawn through the pomt H parallel to the straight lne BC, and
MHN parallel to DE Therefore the plane through KL and AN 1s parallel to
the plane through BC and DE (Eucl xt 15) Therefore the plane KLAN 18
aarcle (1 4)

And since the pomts D, I, M, N are mn the cutting plane and also on the
surface of the cone, therefore they are on the common section Therefore the
section DFE has increased to the points Af and N Therefore, with the surface
of the cone and the cutting plane wmereased to the circle KLMN, the section
DFE has also increased to the pomts M and N Then hkewise we could show
also, that 1f the surface of the cone and the cutting plane are extended indefi-
nitely the section MDFEN wll also mcrease mdefimtely

And 1t 1s evadent, that some straight hne will cut off on Lstrmght line FH on
woa e n B 1e me e oo e Wl T o 3

strarght lne 13 drawn meeting the section parallel to DE, and cutting off on
FG on the side of powt H a straight line equal to the piven straight hine

PRropPOSITION §

1If a cone 15 cut by o plane meeting both sides of the azal triangle, and nesther
parallel to the base nor sutualed subcontraruunse, then the section will not be a cirele
A Let there be a cone whose vertex 15

the pomnt A and whose base 13 the
cirele BC, and let 1t be cut by some
plane neither parallel to the base nor
situated subcontranwise, and let 1t
make 85 & section on the surface the
lne DRE

I say that the lme DKE will not be
a crrcle

For1if possible let 1t be, and Jet the
cutting plane meet the base, and let
the straight line FG' be the common
section of the plants, end let the
pownt B be the center of the arcle
BC, and let the straght hne HG be re

3
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drawn from 1t perpencheular to the straight ine FG And let a‘plzme be ex-
ha e P A voor s -

therefore D, B, G are pomnts on the common scctton of the planes Therefore

GED 1s a straight ine (Euel x1 3) )
Then let some pomnt K be taken on the ine DKE, and through K let
e BN T T I A L

PRI gy 1

the
ta

Lines BC and FG, that 1s to the base (Eucl x1 15), and the section will be &
circle (1 4) Let 1t be the eircle VKX,

And since the straight line FG 1s perpendicular to the straight line BG, the
straight lme KA 13 also perpendicular to the straight ine NX (Luel <1 10)
And g0

rect NM,MX=sq KM (Euel 11 31, v1 8, ponsm)
But

rect DM, ME=sq KM,
for the hne DKEL 15 supposed a circle, and the strarght line DE 131ts diameter
Therefore
rect NM,MX=rect DM,ME
Therefore
MN MD EM MX (Eud v1 16)

Therefore triangle DMN 18 similar to tnangle XME (Tucl vr 6, v1 def 1,
and angle DN 1s equal to angle MEX But angle DN 15 equal to angle
ABC, for the straight ine N.X 38 parallel to the straight hine BC And therefore
angle ABC 15 equal to angle MIX Therefore the section 1s subcontrary (t 5)
And this 13 not supposed Therefore the me DA E 15 not & aircle

ProrosiTioN 10

If two pornts are taken on the seclion of a cone, the straight line jowning the 160
points will fall unthan the sechion, and produced 1n ¢ A
straight line ot wall fall oulside
Let there be a cone whose vertex 1s the pomnt A,
and whose base1s the circle BC, and let 1t be cut by a
plane through the axis, and let 1t make a3 a section
the tnangle ABC (1 3) Then, lof w, alse be ant by
another plane, and let 1t make as a scction on the
surface of the cone the line DEF, and let two points E
G and H be taken on the hne DEF

Tear thad thacten 121 o

For since 2 cone, whose vertex 1s the point 4 and c
whose base 15 the circle BC, has been cut by a plane  ®
through the axis, and some points G and I have been
taken on 1ts surface whuch are not on a side of the axial ¥
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tnangle, and since the straight hae joming G snd H does not serge to the pont
4, therefore the straight hne jouung G and H will fall within the cone, and
produced 1 a straight lme 1t will fall outside (1 2), consequently also out~
sle the section DFE

Prorostrion 11

7§ o come v cut by © plene throuph ats ans, ond also cut by ancther plone suthng
the base of the cone wn a siraight line perpendicular to the base of the azral irangle,
and 4 further the diameter of the section 15 parallel to one sde of the azal trangle,
then any strarght line which s drawn from the section of the cone to 1t dismeter
pazallel to the common, sccton of the culling plane and of the cone’s base, will equal
10 square the rectangle contmned by the straaght line cut off by st on the diometer
beginneng from the section's veriex and by another stravght line which has the ratio
{0 the straught linz belueen ke angle of the cone and the verlex, of the sectian that the
square on the base of the saral trangle hos to the reciangle conlganed by the remarn~
1ng tuo sides of the triangle And lel such @ section be ealled @ parabola (rapafony)

Let, there bo & cone whose verfex 13 the pomt 4, and whose base s the arcle
BC, and let 1t be cut by 2 plane throughts axis, and let 1t make ss a section the
inangle ABC (r 3) And let 1t also be cut by another plane cutting the base of
the cone 1n the straight bue DE perpendicular to the strasght line BC, and let
1t make as a section on the surface of the cone the hine DFE, and let the diam-
eter of the sectron FG (1 7, and def 4) be parallel to ove side AC of the axial
triangle And let the stratght line FH be drasm from the poant ¥ parpendicular
6 the strght hios FG, and let 1t be contoned that

sq BC rect BA,AC FH FA
A And let some pomnt X be taken at random on the

section, and through K et the straight Ime KL be
drawn parallel to the straight Ime DE

Isay thot sq KL=rect HF,FL

For let the straght hne MN be drawn through L
parallel to the straight ine BC And the straight hne
DE s also parallel to the straght Jine KI Therefore
the plane through KL and M 1s parallel to the
plane through BC and DE (Eucl <x 15), that is to
the base of the cone Therefore the plane through AL
and AN 12 a eircle whose dtameter 8 MN (1 4) And
AL 1s perpendicular to MN swee DE s slso perpen-
dieutar to BC (Euel x1 10) Therefore
veet ML, LN =sq AL (Eucl mt 31, v 8, ponism)

And sines
sq BC rect BA:AC HI Fa4,
end
sq BC rect BA,4C comp BC CA,BC B4 (Tudd wvi 23),
therefore
B HF FAcomp BC CA,BC BA
ut
d BC €A MUN N4 ML LF (Eud vi 4),
an

BC BA MM MA LM MF NL FA (Euelvi 2) -
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Therefore
HI' FA comp ML LF,NL F4A

But

rect ML,LN rect LF,I'A comp ML LI''LN FA (Eucl vi 23)
Therefore

HF TA vrect ML,LN rect LF,IA
But, with the straght line FL taken as common height,
HF FA reet HF,I'L rect LF,FA (Eucl v1 1),

therefore

rect ML,LN rect LF,FA rect HF,FL rect LI',TA (Euel v 11)
Therefore

rect ML,LN=rect HF,FL (Eucl v 9)
But
reet ML,LN=sq RL,
therefore also
sq hL=rect HF,FL

And let such a section be called a parshola and let I7F be called the straight
line to which the straight lines drawn ordinatewse to the digmeter FG are
applied 1n square (rep f» Suratar af karaybuevat reraypévos bt vyy ZH Sibperpov)s
and let 1t also be called the upright sde ($pfia)

ProposrrioN 12

I a cone 18 cut by o plane through 1s axss, and also by another plane cutling the
base of the cone 1n a straght line perpendicular to the base of the azial iriangley
and 1f the diameler of the secton produced meets onc side of the axal triangle
beyond the vertez of the cone, then any straight line which 1s draton, from the seclion
Lo 1fs drameter parallel {o the common section of the cuting plane and of the cone 8
base, will equal 1n square some area applied to o strarght line to which the straght
line added along the diameler of the section and sublending the extersor angle of the
triangle has the ratio that the square on the siraight line drawn from the cone's
tertex {o the triangle s base parallel to the section s diameler has to the rectangle
confatned by the scctions of the base which this straght line makes when dratcn
ihis area hating as breadth the strarght line cut off on the diameter beginmang from
the section 8 tertex by this straight line from the scction to the dsameter and exceed

g (vrepBdNov) by a figure (d8os) similar and stmalarly sytuated fo the rectangle
contained by the siraght line sublending the exterior angle of the trangle and by
the parameter And lel such @ section be called an hyperbola (vreoford)

Let there be a cone whose vertex 13 the point A and whose base 1s the eircle
BC, and let 1t be cut by a plane through 1ts axis and let 1t make as a section
the tnangle ABC (1 3) And let 1t also be eut by another plane cutting the bas
of the cone 1n the straight ine DE perpendicular to BC the base of the trizngle
ABC, and let 1t make a5  scction on the surface of the cone the line DFE, a5

1Tha Meanl of tha nheanp 4L g e L PR s Lt agdeawon apdinatem®
. . . aypiret

“w o . o b
noo. . ‘. 1 weshall
h - dmates

The Latin translation of 4pfla (wheups) 18 latus rectum which has become an Engl sh te™
too
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let F@ the diameter of the section {1 7 and def 4) when produced meet AC one
side of the tnangle A BC beyond the vertex of the cone at the pomt H And let
the straight ine AA be drawn through A parallel to the
diameter of the section FG, and let 1t cut BC And let
the straight lme FL be drawn from F perpendicular to
FG, and let 1t be contrived that
sq KA rect BK,KC FH FL

And let some pont A be taken at random on the sec-
tion and through M let the straight ltne MN be drawn
parailel to DE and through N let the straight line
T Ay i

to FN

1 say that MN 1s equal in square to the parallelo-
gram FX which 1 appled to FL, having FN as
breadth, and exceeding by a figure LX simlar to the
rectangle contained by HF and FL

For let the straight hne ENS be drawn through N
parallel to BC, and N 1s also parallel to DE There-
fore the plane through MN and RS 1s parallel to the plane through BC and
DE that 18 to the base of the cone (Eucl Xt 15) Therefore 1f the plane 15
produced through AN and RS, the section will be a circle whose diameter 15
the straight hme RNS (1 4) And MN 1s perpendicular to 1t Therefore

1ect RN NS=sq MN

And simce

sq AR rect BK K¢ FH FL,
and

sq AR rect BK RC comp AK KC AK KB (Eucl vi 23),
therefore also
FH FLcomp AR KC Ak KB

But
d AK RC HG GC HN NS (Eucl vi 4),
an
AR KB FG GB TI'N NR
Therefore
And HF FLcomp HN NS FN NR

rect HN NF rect SN NR comp HN NS FN NR (Eucl vi 23)

Therefare also
rect HN,NF rect SN NR HF FL HN NX (Euc vi 4)
But, with the straight Iine FA taken as common height
HN NX rect HN NF rect FN NX (Euel vi 1)

Therefore also

rect HN NF rect SN NE rect HN,NF tect XN NF (Eucl v 11)
Therefore
rect SN, NE—rect 1N, NF (Euel v 9)
But 1t was shown

sq MN=rect SN,NR,
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therefore also
sq MN=rect XN,NF
o NT 13 the paraliclogram XF There-
' uare to XF which 1s apphed to the
and exceeding by the parallelogram
» HF and FL (Cucl vi 24)

And let such a section be called an hyperbola, and let LF be called the
straight line to which the straight hnes drawn ordinatewise to FG are apphed
m square, and let the same straight line also be called the upright side and
the straight hne FH the transverse side

Prorostriox 13

If a cone 18 cut by a plane through ots ans, and s also cut by another plane on the
one hand meeting both. sides of the azzal triangle and on the other extended nether
parallel to the base nor subcontrariwtse, and 1f the plane the base of the cone 18 1n,
and the cutting plane meel in a straght line perpendacular exther {o the base of the
axal triangle or to 1 produced, then any strawght lute which s drawn from the
section of the cone to the diameter of the section parallel to the common, sectron of
the planes, wall equal 1n square some area applied to a strarght line lo which the
drameter of the section has the ratio that the square on the straight line draun from
the cone’s tertez (o the triangle’s base parallel to the section’s diameter has fo the
rectangle conlained by the intercepts of this strarght hine {on the base) from the
sides of the triangle, an area having as breadth the straight Line cut off on the diam
eler beginnang from the seclion’s tertex by this straight line from the section lo the
drameter, and deficient (ENNeiwor) by e figure stmilar and similarly siluated to
the rectangle contarned by the diameter and paremeter And let such a sectin be
called an ellipse (E\Newfts)

Let there be a cone Whose vertex 13 the point A and whose base 13 the aircle
BC, and let 1t be cut by a plane through its axis and let 1t make s & section

the triangle ABC And let 1t also be eut by another plane on the one hand
mecting both sides of the axial triangle and on the other extended neitber
parallel to the base of the cone nor subcontranwise, and let 1t make as o sectiof
on the surface of the cone theline DE And let the common section of the cut*
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ting plane and of the plane the base of the cone 1s m, be the straght hne PG
perpendicular to the + ¢ om0 oo '
the strayght lime £D (

{rom E perpendieular
A parsliel to £D, snd Jet 1t be contrived that
5q AK rert BT

And ot en~ **be
drawn
Isa . v ube LA 12 equal 11 square {o some ares which

applieu ta L8, having EAL us breadth and deficiens by a figure sumlar to the
vectangle contaned by DE and BH
AR Toome N ne hand let the straight
1d on the other let the
parallel to FAf ~~1 ¢

Since then PR~ - .

plane th
{0 the bs
L¥and - ) ADA LY
18 perpendict
rect PV, 3IR~=sq LM

And smce

" sq AK rect BK,EC ED BH,
e
N 5q AK reet BK, KC comp AK KB, 4K KC (Eact vi 23),
ub

" AK KB EG GB EM MP (Lucl vt 4),
an

AK K¢ DG GC DV MR,

therefore
B DE EH comp B MP,DN[ MR

t

u
;ect G, MD rect P MR ceomp EM MP, DM ME (Fad vi 23

erefore

rect EM,MD rect PM MR DE EH DY MY (Bue vi 4)
And with the strught kne ME taken as common height,

DY MY rect DV MD rect XM, 3E (Euel v1 1)
Therefore aloo
reet DY, ME rect PAM MR rect DU, ME rect XM, ME (Euct v 11)
Therefore
rect PV, MB=rect XA ME (Tucl v 9)
Bub it vas shawn
veet PAL MRB=sq LA,
therefore also
rect AM, MD=sq LA

Thereforo the straght hne LY 15 equal an square to the parallelogram /0
which 18 applied to the strmght hne HE, having B3 as breadth and deficient

by ;hﬁ figure O swuilar to the rectangle contamed by DE and ZH (Euel
124
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And let such s section be calied an ellipse, and let EH be called the straight
lime to which the straight hnes drawn ordinatewise to DE are apphed in
square, and let the same straight line also be called the upright side, and the
straight hne ED the transverse side

Prorosrriov 14

- - . ' - oar . '

which the straight lines drawn to the diameler parallel to the straight line 1n the
cone's base are applied 1n square, are equal, and the transierse side of the figure,
that betu een the vertices of the sections, 1s common And let such sections be called
oppostie (dvrixelpevar)

Let there be the vertically opposite surfaces whose vertex 1s the point 4, and
let them be cut by a plane not through the vertex, and let 1t make as sections
on the surface the lines DEF and GHK

1 say that each of the two sections DEF and GHK 1s the so-called hyperbola

For let there be the circle BDCF along which the line generating the surface
mozes, and let the plane XGOK be extended parallel to 1t on the vertically
opposite surface, and the straight Imes FD and GK
are common sections of the sections GHK and FED,
and of the aircles (1 4) Then they will be parallel
(Eucl x1 16) And let the straight line LAU be the
axis of the come surface, and the ponts L and U be
the centers of the circles, and let a straight hne
drawn from L perpendicular to the strught bne FD
be produced to the pomnts B and C, and let a plane be
produced through the straight hne BC and the avs
Then 1t will make as sections 1n the circles the paral-
lel straight hines XO and BC (Eucl x1 16), and on
the surface the straight hines BAO and CAX (1 1
and Def 4)

Then the straight line X0 will be perpendicular
to the straught line GK, since the strught hne BC
15 also perpendicular to the straight hne I'D, and
each of the two 1s parallel to the other (Cucl x1
10) And since the plane through the axis mects the
sections 1n the pomnts M and N within the hnes, 1t
1s clear that the plane also cuts the lines Let 1t cut them at H and E, therefore
M, E, H, and N are points on the plane through the axis and 1n the plane the
lines are m, therefore the ine MEHN 13 o strarght line (Euel x1 3) Itisabo
evident both that X, H, 4, and C are 1n o straight lme and B, E, 4, and 0’ ﬂlf("
M . - . PR S Th

MEHN, and let 1t be contrived that
E EP sq AS rect BS,SC,

and
EH HR sq AT rect OT,TY
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Bmce then = cone, whose 1 ertexis the potnt A and wwhose base1s the circle BC,
has been cut by a plane through its axms, and 1t has made as a scction the
triangle A BC, and 1t has also been cut by another plane cutting the base of the
cone m the straight Line DM F perpendrcular to the strmght line BC, and 1t has
made 2s a section on the surface the hne DEF, and the diameter ME produced
has met one side of the axal tnangle beyond the vertex of the cone, and
through the point A the straight lne AS has been drawn parsllel to the diam-
eter of the section EJ{, and from E the straight line EP has been drawn per-
pendicular to the straight hne EM, and

EH EP sq AS rect BS,SC,
e e B WA Ten a0

1 say that the straight me HR 1s equal to the straight hne EP,
For since BC 1s parallel to X0,
AS 8C AT TX

and
A8 8B AT TO
But
sq A8 reet BS,SC comp AS SC,AS SB (Euel v1 23)
sq AT rect X7,7TO comp AT TX,AT TO,

therefore
Als sq AS rect BS,SC sq AT rect XT,T0

0

sq AS rect BS,SC HE EP,

and

sq AT rect XT,TO HE HR

Therefore also
HE EP EH HE (Eucl v 11)
Therefore
EP=HR (Euel v 9)

ProrosrrioN 15

If in en ellipse a strarght line, drawn ordinatew:se from the mdpoint of the diame

;ler, 13 produced both ways lo the section, and of 113 contrved that, as the siraxght
n

str
o
having as breadth the sirarght Line cut off by +f beginming from the scclion and
defictent by a figure stmular o the rectangle contained by the straight bine to which
the strawght lines are drawn and by the parameter, and sf furiher produced lo the
3”“” sude of the scctron, will be busccted by the straight line fo which 1t has been
rawn

Let there be an ellipse whose diameter 18 the straight ine AB, and let AB

be bisected at the paint €, and through C let the straight line DCE be drawn
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ordinatewse angd produced both ways to the section, and from the pomnt D et
the straight hine DF be drawn perpendicular to DE And letat be contnved

that
DE AB AB DF

And let some point @ be taken
on the section, and through G let
the straight hne GH be drawn
parallel to AB, and let EF be
jomed, and through H let the
straght hine F L be drawn parailel
to DF, and through F and L let
the straight hnes FA and LA be
drawn paraliel to HD

1 say that the straight hine GH
»s egun an sguare to the avea DL

which s applied to the straight ine DF, having as breadth the straxght hine DI
and deficient by a figure LF sumilar to the rectangle contamned by ED and DF

For let AN be the parameter of the ordmates to 4B, and let BN be joned,
and through G let the straght ine GX he drawn parallel to DE, and through
X and € let the straight hines A0 and CP be drawn paralie} to AN, and
through N O and P let the straght hnes NU, 08, and TP be drawn paralicl

to AB Therefore
8q DCO=ar AP,5q4 GX=ar A0 {1 13)

And sinee
4 BA AN BC CP PT TN (Fuc v 4),

any

BC=CA=TP,
and

CP=TA,

therefore

ar AP=ar TR,
and

ar XT=ar TU
Since also

ar OT=ar OR (Eucl 1 43),
and area NO 1s common, therefore
ar TUs=ar N§
But
ar TU=ar TX,
and T8 15 common Therefore
ar NP=ar PA=ar AO+ar PO,

and so
ar PA—~ar AQ0=ar PO
Also
ar AP=sq CD, ar A0=3q XG,
and
ar OP=rect 08§ 8P
therefore

sq CD~sq G¥=rect OS 8P
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Since also the straight line DE has been cut into equal parts at C, and mto
unequal parts at H, therefore
rect EH,HD-+sq CH=sq CD (Eucl 1 5),
or

rect BH,HD+sq XG=sq CD

Therefore
sq CD—sq XG=rect EH,HD,
but
sq CD—sq XG=rect OS,8P,
therefore
rect EH,HD=rect OS,SP
And since
DE AB AB DF,
therefore
DE DF sq DE sq AB (Euel v1 20),
that 15
DE DF sq CD sq CB (Eud v 15),
And
rect PC,CA=rect PC,CB=sq CD (1 13),
and since

DE DF EH HL (Euc v1 4),

or
DE DF rect EH,HD rect DH,HL (Eucl v1 1),
and since
DE DF rect PC,CB sq CB,
and
rect PC,CB sq CB rect O§ 8P sq 08}
therefore also
And rect EH, HD rect DH,HL rect OSSP sq OS

n

rect EH,HD=rect 0S,8P,
therefore
rect DH,HL=sq OS=sq GH

Therefore the strarght line G 1s equal in square to the area DL which 1s ap-
pled to the strasght Line DF, defictent by a figure FI similar to the rectangle
contamned by ED and DF (Eucl vi 24)

Isay then that also 1f produced to the other side of the section, the straight
Lne GH wll be hisected by the straight hne DE

For let 1t be produced and let 1t meet the section at 17, and let the straight
line TPY be drawn through ¥ pasallel to GX, and through ¥ let the strarght
lwe ¥YZ be doawn puraliel to AN And sinte

GX=WY,
therefore also
sq GX=sq WY,
This follows from the proportions
PC CB PS 0S8 (Euc v1 4),
and PC CB rect PC,CB sq CB

&nd PS 0S rect PS,08 sq 08 (Eucl vi. 1),
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But
sq GX=rect AX,XO {1 13),
and
sq WY=rect 4Y,Y2 (1 13)
‘Therefore
OX ZY YA AX (Euel v 16).
And

OX ZY XB BY (Eucl v1 4);
therefore also

YA AX XB BY

And separando
YX AX Y¥YX BY (Eud v 17).

Therefore

AX=YB
And also

AC=CB,
therefore also the remmmnders

XC=CY,
and 20 also

GH =HW

Therefore the straight ke HG, produced o the other side of the section, 15
bisected by the straight hoe DH

Prorosmiov 16

I through the mudpoint of the transierse stde of the opposite sections a stratpht hne
be drawn parallel to @ straight hine drawn ordinalewerse, o el be a diameler of the
apposite seetions conjugate lo the diameter Just mentioned

Let there be the opposite seetions whose diameter 1s the straght hne A8,

and let AR be hreected at €, and through & let the straight hine OD be dravn
paratiel to 8 strasght hine drawn ordinatewiee

1 say thet the strught kne CD s a diameter conjugate to AB

For let the straght hnes AE and BF be the parameters, and let the straght
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lmes AF and BE be jomned and produced, and let some pomnt G be taken at
random on erther section, and through G let the straight hne GH be drawn
parallel to AB, and from G and H let the strught hnes GK and HL be drawn
ordiatewise, and through K and L let the straight lines KA and LN be
drawn parallel to AE and BF Since then

GK=HL (Euel 1 34),

therefore also
sq GK=sq HL,
But
sq GK=rect AK,KM (1 12),
and
sq HL=rect BL LN (1 12),
therefore
rect AK,KM=vect BL,LN
And since
AE=BF,
therefore
AE AB BF BA (Eud v 7)
But
AE AB MA KB (Eucl v1 4),
and as
BF BA NL LA (Eucl v1 4)
And therefore

ME KB NL L4
But, with K4 taken as common height,
ME KB rect MK,KA rect BK,KA,
and with BL taken 28 common height,
NL LA rect NL LB rect AL,LB
And therefore
rect MA,KA rect BK KA rect NL, LB rect AL, LB
Ard alternately
A;%Ct ME,KA rect NL LB rect BK,KA rect AL,LB (Euel v 16)

rect AK,KM=rect BL LN,

therefore
rect BK,KA=rect AL LB,

therefore

AK=LB!
But also

AC=C(CB,
and therefore

KC=CL,
and 50 also

GX=XH

The intermediary steps to this conclusion are as follows It
rect. BR RA=rect AL LB
then BK LB AL K4
or BA+AR LB BA+LR AR
und componendo BA+AK+LB LB BA+LBYAK AK
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Therefore the straight line GH has been bisected by the strayght hne XCD, and
1s parallel to the straight kne AB Therefore the strmght hne XCD s p diam-
eter and conjugate to the straight hne AB (Defs 4 6)

Secovp Dermvirions

9 Let the mudpomt of the diameter of hoth the hyperbola and the eliipse
be ealled the conter of the section and let the straght hne drawn from the
eenter to meet the section be called the radsus of the section

10 And hkewse let the midpoint of the transverse side of the opposite
sectrons be called the center

11 And let the strmght lme drawn from the center parallel ta an ordinate
bemng s mean proportional to the sides of the figure (1 ados) and bisceted by
the center be ealled the sccond diameter

Provostrion 17

If 1n a section of @ cone a straxght line 13 drawn from the vertez of the hne and
parallel to an ordinale ol will fall ouiside the seetean (Cf Euel 11 16)

Let there be & section of & cone whose diimeter 1s the straght hne A8

I say that the straight bne drawn from the vertex
that 1s from the pont 4 parallel to an ordinate will
fall outside the section

For 1f possible let 5t fall within as AC Since then a
pomnt ¢ has been taken at random on o section of a
cone therefore the straaght hne drawn from the pont
C within the section parallel to an ordinate will meet
the dinmeter AB and will be bwsected by it (1 7)
Therefore the straaght hne A€ produced will be bisect A 4
ed by the straight hne AB And this 1s absurd For
the straight ine 4C if produced wll Iall outside the
section {1 30) Therefore the straght hne drawn from
the point A parallel to an erdinate will not fall wathin
the hne therefore it will fall outside and therefore it
15 tangent o the seetion

Prorosition 18

If @ straght line meeteng a section of @ cone and produced both vays falls outside
the section and some pont 1s taken wsthin the section and through o o paralled
to tf ¢ strarght line meeting the scetion is drawn the parallel so drawn tf produced
both uays will meet the section A

Let there be a section of a cone and
the straight hne AFB mecting it and
et 1t {21l when produced both ways, out~
eide the section And let some point € be
taken within the sectron and through € ¢
fet the straght hne CD be drawn pazallel
to the straight hne AB

1 say that the straight hme CI} pro- o
duced both ways w1l meet the section

For let some point £ be taken on the A £
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sectton, and et the straight hne E# be ,;qy:_t_ed And sinee the straght Iine 4B

the section Then hkewise we could show that, produced to the side of ponts
F and B, 1t also meets 1t Therefore the stratght hne CD produced both ways
will meet the section

ProposirioN 19
In etery section of a cone, any straight line drawn from the diometer porallel tp
ax erdencle, will tect the sectson
Let there be n section of a cone whose diameter 15 the straght hne 4B and
let some pont B be taken on the diameter, and
through B let the straight line BG be drawn parallel
io an ordinate
I 32y that the struight hne BC produced will

1ned drom 4 to D will fall within the section (£
10) And since the strasght hine drawn from 4 paral-
12! 10 an ordmate falls outside the section (1 17),
and the strarght hine AD meets 1t and the straght Jne BC 15 parallel to the
orduate therefors BC wilf also meet AD And of x't_ mects AI{ between thzj
Ppot ¢ - « P .

pot

dra

Prorosrrio 20

If 1 a parabola tno straight lines are dropped ordinatewnse to the drameter, the
"a'lucm on them well be {o each other as the straight hines cut off by them on the

D,
t
20d from the pomnts € and D let the strarght mes CE
#0d DF be dropped ordinatewise to AB
Tasy that IS
sq DF sq CE F4d AE [ B
For let AG be the parameter, therefore
sq DF=rect F4,4G,
and
sq CE=rect Bd4,4G (t 11)
Thezefore q & [¢
B t“l DF sq CE rect F4 AG sect EA AG
U

rect F4 AG rect B4 AG FA AE(Eucd w1 1), O

¥These are ususlly called abscissas from the Latn abscsndere, ta ot off
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and therefore
sq DF:sq CE *FA:4E,

ProrosiTron 21

LER LR PR U NS U SOV RPN VI T DRy

sude of the figure, as the upright sude of the figure 13 to the transierse, and to each
other as the areas contarned by the straight Lines cul off (abscissas), as e hate sad.
Let there be an hyperbola or ellipse or eircumference of a circle whose diam.

eter 13 AB and whose parameter 13 the straight ine AC, and let the straight
lines DE and FG be dropped ordinatewse to the diameter.

3 ot
D
A B A B
3
H K
< W
[
1 say that
sq FG rect AG,GB AC AB
and

sq FG sq DE rect AG,GB rect AEEB
For let the straight ne BC deterining the figure be jowned, and through
E and @ let the straight lines EH and GK be drawn parallel to the straight hine
AC Therefore
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8q FG=rect KG,GA
8q DE=rect HE EA (1'12,13)
And since
KG GB CA AB,
2cd with AG taken as common height,
KRG GB rect KG GA rect BG,GA,
therefore
CA AB  rect KG,GA rect BG,GA
or
CA AB sq FG rect BG,GA
Then alsa for the same reasons
CA AB sq DI rect BE EA
And therefore
sq FG rect BGGA sq DE rect BE E4,
alternately
sq FG sq DE tect BG,GA rect BE EA*'
ProrosrTioN 22 a 1
If a strarght lime cuts a parabola or hyperbola in two pornls not meeting the dvam~
eler inside ot unll, of produced, meet the diametér of the section dutside the section
Let there bea par\abola or hyperbola whose diameter 1s the straight hne AB
and let some straxght line cut the section 1 two pomnts ¢ and D
I

I say that the straight Iine DC, 1if produced, will meet the straight hne AB
outside the section
For let the straight hnes CE and DB be dropped ordinatewise from € and
D, and first let the section be & parabola Since then 1n the parabola
sq CE sq DB EA AB (1 20),
and
EA>AB,

*Eutocius commentingsays  It1s to be noted that the parameter tlmt 18 che upnght side
1n the case of the eirele 13 equal to the diameter Forif
sq DE rect AE,EB CA AB
#d only 10 the case of the arcle

DE=rect. AE EB
lheretom also o CA=AB

* And thia ruust also bo noted that the ordinates on the exreumferonce of the sircle are 1n
¢very case perpendicular to the dismeter and are i & straight ling with the =ev~1l-1- 4~ 47

(Bucl. it 3 4)
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therefore also
sq CE>sq DB (Eucl v 14)

CE>DB
And they are paraliel, therefore CD produced will meet the diameter AB out~
stde the section (1 10, Euct 1 33)
But then let 1t be an hyperbola Since then in the hyperbola
sq CE sq DB rect FE,EA vect FB,BA (1 21),
therefore also

And so also

sq CE>sq DB
And they are paraliel, therefore the straight hne CD produced will meet the
diameter of the section outsmde the section

PropostrioN 23

If a strawght line lysng between the two (conjugate) drameterst culs the ellipse, i
awnll, when produced, meel each of the diamelers outside the section

Let there be an elipse whose diameters are the
straight nes AB and CD (x 15), and let some £
straight line EF lymg between the diameters 4B and
CD cut the sechion

1 say that the straight hne EF, when produced,
will meet each of the straight hnes AB and CD out-~
side the section

Tor let the straight hines GE and FH be dropped
ordinatemse from E and F to AB, and the straight
hipes ER and FL ordiatewise to CD Therefore

sq EG sq FH rect BG,GA rect BH HA (1 21)

)

and
And sq FL sq EK rect DL LC rect DA KC (x 21)
rect BG GA>rect BH,HA
for the point G 13 nearer the mudpont (Euel vi 27 1t 5),and
reet DL LC>rect DR KC,
therefore also
sq GE>sq FH,
and
sq FL>sq ER,
therefore also
GE>FH,
and

FL>E
And GE 13 parallel to FH, and FL to ER , therefore the straight hne EF pro-
duced will meet each of the diameters AB and CD outside the section {1 10
Eucl 1 33)

PRI . Ve amant



CONICS 1 63t

Prorosrriox 24

If a straight line, meeting a parabola or hyperbola at e point, when produced both
ways, falls outside the section, then ot will meet the diameler

Let there be a parabola or hyperbola
vwhose diameter 1s the straight line AB, and
let the straight lme CDE meet 1t at D, and,
when produced both ways, let 1t fall outxide
the section

1 say that 1t will meet the diameter AB

For let some pont F be taken on the sec
hon, and 1et the strmght line DI" be ;omed

d will meet thed

of the secuon (I 22) Lct ﬂ. mnet 1t at A, nnd

outstde the section

ProrosiTioN 25

P

ways fall outside the section
1 say that the straight line EF wall mect each of
the straight lines 4B and CD
Let the straight lines GH and GK bo dropped
ordinatewise to the straght hnes AB and CD re-
% spectively Since GK 13 parallel to AB (1 15), and
some strmight line GF has met GK, therefore 1t will
also meet AB Then hkewise ZI" will also mect CD

ProrosiTioN 26

If tn.a parabola or hyperbola a straght line 18 draun parallel to the diameter of the
seetton, 1t wnll meet the section n one
pont only

Let there fi rst bc s pnruholu \\hose

T oem sam qila

>

Uras I pataud w A

1 say that the straght hine I'T" pro-
duced will mect the section

Tor let some point I be taken on
I1, and from I let the strmght lime
LG be drawn parallel to an ordinate,
and Jet
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rect DA,AC>sq GE,
and from C let CH be erected ordinatewise (1 18) Therefore
8q HC=rect D4,AC (1 11)

But
reet DA, AC>sq EG,
therefore
sq HHC>sq EG,
therefore

HC>EG

And they are parallel, therefore the straight ltine EF produced cuts the straight
line HC, and =0 1t will also meet the section

Let, 1t meet 1t at the pomnt K

Then 1 say also that 1t will meet 1t m the one pont K only

For 1f possible, Jet 1t also meet 3t 1n the pont L Since then a straight hne
cuts o parabola n two pomts, if produced 1t will meet the diameter of the
section (1 22) And this 18 absurd, for 1t 18 supposed parallel Therefore the
straight Iine EF produced mects the section mn only one point

Next let the section be an hyperbola, and the straight hine AB the transverse

side of the figure, and the strawght hine A D the upnpht side, and let the straight
lne DB be joned and produced Then with the same things being constructed,
let the straight hine C3 be drawn from C parallel to AD Since then
rect MC,CA>rect DA,AC,

and

sq CH=rect MC,CA,
and

reet DA AC>eq GE,
therefore also

sq CH>sq GE
And &0 also
CH>GE,

and the game things 0s 1n the first case will come to pass



CONICS 1 633

ProrosiTioN 27

If a strarght Line cuts the diameter of @ parabola, then produced both ways 1t will
meet the section .

Let there be a parabola whose diameter 15 the straight hne AB, and let some
straxght kme CD cut 1t within the section

1 say that the straight line CD produced
both ways will meet the section

For let some straight line AE be drawn
from A parallel to an ordinate, therefore the
straight hne AL will fall outside the section
(r 17)

‘Then erther the straight ine €D 15 parallel
to the straight line AE or not

If pow 1t 18 parallel to 1t, it has been drop-
ped ordinatewise, so that produced both ways
1t w1l meet the section (1 18)

Next let 1t not be parallel to AE, but pro-
duced let 1t meet AE at £ Then it 1s evident
that 1t meets the section the side the pomnt B
13 on, for 1f 1t meets AE, a fortior: 1t cuts the
section

I'say that, produced the other way, 1t also meets the section For let the
i::mght line MA be the parameter and the straight hne GF an ordinate, and

sq AD=rect BA,AF (Eucl v1 11),
#ud let the straight line BK, parallel to the ordinate, meet the straight line
DCat €, Simee
rect BA,AF=sq AD,
hence

AB AD AD AF,

#nd therefore,
BD DF AB AD (Eud v 19)
Therefore also
sq BD sq DF sq AB sq AD

But since
sq AD=rect BA,AF,
hence
But AB AF sq AB sq AD sq BD sq FD.
sq BD sq DF sq BC sq FG,
and
AB Al rect BA,AM rect FAAM
Therefore

sq BC sq FG rect BA, AW rect I'd,AM,
and alternately
Buy sq BC rect BA,AM sq FG rect FA,AM.

sq FG=rect F4,AM
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becanse of the section (1 11) Therefore also

s8q BC=rect BA,AM
But the straight line AM 1 the upright side,! and the straight hine BC 1s paral
lel to an ordinate Therefore the section passes through the point € (x 20), and
the straight lne CD meets the section at the pownt C

ProrositioN 28

If a straxght bine louches one of the opposite sections, and some pownt 13 teken
withan the other section and through it a straight hine 1s drawn parallel to the
tangent, then produced both ways, 1 will meet the section

Let there be opposite sections whose diameter 1s the straight ine AB, and
let some strasght hne CD touch the section 4, and let some point & be taken
within the other section, and through E let the strmight lne EF be drawn
parallel to the straight line CD

1 say that the straight hne EF produced both ways will meet the section

Since then 1t has been proved that the straight ine CD produced will meet
the diameter AB (1 21), and EF 1s parallel to 1t, thercfore EF produced will
meet the diameter Let it meet 1t at G, and let AH be made equal to GB, and
v e PRl s v

the same straight hime And since AL 1s parallel to MN and AJI to GN, and
L 1s one straight hine, tnangle AL 1s similar to tnangle AN And

therefore

KL=AMN
And so also

sq hL=sq MN

And since

LII=GM,
and

AH =BG,
and AB s common therefore

BL=AM,

¥The text reads whayta which 1s impossible 1 have corrected to opfla
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therefore

rect BL,LA=rect AM,MB
Therefore
And rect BL,LA sq LK rect AM MB sq MN
n

rect BL,LA sq LA the transverse the upnght (1 21),
therefore also
rect AM MB sq MN  the transverse the upnight
Therefore the point A 1s on the section Therefore the straight hne EF pro-
duced will meet the section at the pomt N (z 21)
TLikewise then 1t could be shown that produced to the other stde 1t will meet
the section

ProrositioN 29
I 1n opposute sections @ strawght line 1s drawn through the center to meet esther of
the sections then produced of uall cut the other section
Let there be opposite sections whose diameter 1s the straight line AB and
whose center 1s the pont €, and let the straight hne CD cut the section AD

Lsay that 1t will also cut the other section

For let the straight lime ED be dropped ordinatewise, and let the straight
Ime BF be made equal to the straight line AE, and let the straight Iine FG be
drawn ordinatewnse (1 19) And simce

EA=BF,
21d 4B 1s common  therefore
rect BE EA—rect BF FA
And since
rect BE EA sq DE the transverse the upnght (1 21),
but also
rect BF,FA sq FG the transverse the upright (z 21),

therefore also

But rect BE EA sq DE rect BF FA sq FG (1 14)
U

rect BE EA=rect BF,FA,
therefore alsa

sq DE=sq FG
Since then 4 4

EC=CF,
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and
DE=FG,
and EF 1s a straight line, and ED 1s parallel to FG, therefore DG 1s also a
stroight line (Eucl vi 32) And therefore CD wiil also cut the other section

Prorosrioy 30

If 1n an ellipse or n opposile sections a straight line s draun wn both directions
Jrom the cenler, meching the scchion, 1t will be busected at the center

Let there be an eliipse or opposite sections, and their diameter the strught
lme AB, and their center C, and through C let some straight ne DCE be
drawn (1 29)

€

1 say that the straight hine €D 1s equal to the straight line CE
Tor let the straight lines DF and EG be drawn ordnatewise And since
rect BF,FA sq FD the transverse the upnght (1 21),
but also
rect AG,GB sq GE the transverse the upnght (1 21),
therefore aiso
rect BF,FA sq FD reet AG,GB s8q GL (1 14)

And alternatcly
B rect BF I'A vect AG,GB sq I'D sq GE

ut

8q FD sq GE sq FC sq CG (Cuel v1 4),
therefore alternately
rect BF FA sq I'C  rect AG GB sq CG
Therefore also componendo 1 the ca<e of the ellipse, and mverscly and con-
rertendo 1n the case of the opposite sections (Euel v Defs 14 13,16),
sq 10 sq CI' sq BC sq CG (Bucl u 5,6},
and nlternately But
sq CB=sq AC,
therefore also
sq CG=sq CF
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Therefore

CG=CF
And the struight lines DF and GE are parallel, therefore also
DC=CE

ProrosiTion 31
I} on the transierse side of the figure of an hyperbola some pownt be taken culling
off from the scrtex of the Section not less than half of the ransterse side of the figure,
e . "

=4 o £ eethor pro-
a

. let €
S0me DOINY ON T2 WAMELET D LARTL LULUE U1 vw s wo . it less

than half of AB, and let some strmght lme CD be drawn to meet the section
SMRGEET

~ Vhn pnab nn

and first let
AC=CB
And since
but, sq EG sq DH>sy FG &q DH (Bucl v 8),
M

sq EG sq DH sq CG sq cH

because of £G s being parallel to DH, and

sd FG'sq DH rect AG,GB rect AH,HB
becanse of the section (1 21),
therefore

sd CG sq CH>rect AG,GB rect AILHB?
Alternately therefore

st CG rect AG,GB>sq CH reet AH,HB
Therefore separando

sq CB rect AG,GB>sq ‘CB 'rect AIIL,‘H‘B, "

nE Want

sinee 1t will also fall yoside CD

E‘The Tules flons on snequalities i proportions are not developed b
uehd 1 Book V of the Elements But they can be deduced on Euchd 2 phineiples
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ProrosiTion 32

If a straight line ts drawn through the 1ertez of a scction of a cone, parallel to an
ordinale, then 1 touches the section, and another strawght line wnll not fall into the
space between the contc sectron end this straight line

Let there be a scction of a cone, first the so called parabola whose diameter
1s the straight line 4B, and from A let the straight line AC be drawn parallel
to an ordinate

Now st has been shown that 1t falls outside the
section (1 17)

Then I say that also another straight inewall not
fall into the space between the straight hne AC
and the scetion

For if possible, let 1t fall 1, as the straight ine
AD and let some pont D be taken on 1t at ran-
dom and let the straught line DE be dropped or-
dinatewse, and let the straight line AF be the
parameter of the ordmates And since

sq DE sq EA>sq GE sq EA (Eucl v 8),
and
«q GE=rect FA AE (1 11),
therefore al<o
sq DE sq EA>rect FA AE sq EA,
or

>FA EA
Let 1t be contrived then that
sq DE sq EA FA HA (Tuel vr 20,11),

and through the point H let the straight line /LK be drawn parallel to ED
Since then

| sq DE sq EA FA AH reet FA AH sq AH,
an

4 sq DE sq L4  sq AH sq HA (Cucl vi 22),
an

sq HL=reet FA AH (1 11),
therefore also
sq KIf sq HA sq LIl sq HA
Therefore
AH=HL

and this 1s absurd Therefore another straight line will not fall into the space
between the straight line AC and the section

Next let the section be an hyperbola or elltpse or erreumference of a circle
whose diameter 1s the straight line AB and whose upnight side 18 the strmght
line AF, and let the straight line BF be joined and produced, and from the
point A let the straight line AC be drawn parallel to an ordinate

Now 1t has been shown that 1t falls outside the seetion (1 17)

Then I say that also another strarght line will not fall into the space be-
tneen the straight Iine AC and the section

For 1f possible, let 1t fall as the straight line AD, and let some powt D be
taken at random on 1t and from 1t et the straight ine DE be dropped ordi-
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natewse, and through E let the straght hne E3f be drawn paralle] to the
straght hine AF

D
G,
C
%
i A

-,

4nd since
GE=rect AE. B (1 12 13)
Yt 1 be contrved thaiq
rect AE,EN=sq DE,
&nd let the straight e joming AN cut the straight e F31 at X, and through
X et the straight kne XH be drawn parallel to F4, aod through H, HLK
Parallel ta AC Swee then

sq DE=rect AM.EN,

hence

22 thercfory NE FD DE EA,

By NE EA sq DE sq EA (Eud v1 20)
and NE EA XH HA,
Therefors sq DE sq BA sq K sq HA

XH HA sq KH sq HA4,
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therefore
XH HK K8 HA (Euel vr 20).
Therefore
sy KH=rect AHHX,

5q LH =rect AH,HX
beeause of the section (¢ 12,13},
therefore

but also

sq KH=sq HL,

and this 1s sbsurd Therefore snother straight kine wall not fall into the space

between the straight hne A€ and the seeton

Provosimiov 33

Jf wn & parabola some pont 15 taken, and from 1l an ordinale 13 dropped to the
diameler, and, to the straxght bne cut off by +f on the diameier from the teriez, @
straghi bine wn the same strarght hime from s extremuty 15 made egual, then the
straaght line yowned from the pownt thus resulting to the point tahen wrll touch the

Seclon.

Let there be a parabola whose diameter 1s the
straight hine 48, and let the straight hme €D be
dropped ordinatemse, and let the straight hne
AE be made equs) to the straght hoe ED, and
Jet the straght fine AC be jowmed

1 say that the strayght hne 4C produced wilt A/E D

fall ontside the section
For if posnible, let 1t fall within, as the straght
hne CF, and Yot the straight ine GB be dropped
ordnatenise And smee
sq BG sq CD>sg FB sq CD,

but

sq FB g CD 8q BA sq 4D,
and

sq BG sq CD  BE DE (1 20),
therefore

BE DE>sq BA sq 4D
But
BE DE 4rect BE, LA 4xect DEEA,

therefore also

4rect BL,EA 4rect DEEA>sq AR sg AD
Therefore alternately
4rect BEEA sq AB>4rect ¥, .81 AD,

and this 13 absurd, for ssoce £,
DE,
benee
<
But
4.

for Ewsnotthesr © ola

AC Qoes not fal

G,
CLTF

* hme
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Provrosrrioy 34

If on an hyperbola or ellipse or circumference of a circle some pont 1s {aken, and
Jrom 1l a straight line 15 dropped ordinaiewse lo the diameter, and whaleter ratio
the straight lines cut off by the ordinate from the ends of the figure’s transterse side
hate to cach other, that ratio hate the segments of the transierse side to each other
0 that the segments from the vertex arc corresponding, then the straight line joining
the point taken on the transverse side and that taken on the section will touch the
seclion

Let there be an hyperbola or ellipse or eircumference of & circle whose diam-

eter s the straight line A B, and let some pont C be taken on the section, and
from C let the straight hine CD be drawn ordinatewise, and let 1t be contrived
that

BD DA BE EA}
and let; the straight lme EC be joined
I say that the strmight hne CE touches the section
*This eonstruction 1s easy In the case of the bypexbola wmpomndo
DA DA BA
and 1 the f the el -ando
e casoof the ehpe *PDoDA DA BA EA
‘This proportion 15 the same as the harmonic proportion defined by Nicomachus 1n fus
Introduction to Arithmetrc For 1f
BD DA BE EA

then BD+D4 BD BA BE
and BA BD BE-EA BE
Henco BD+DA By BA BE-E4,
ut DA=BD—BA EA=B\—EE
Therefore 2BD—B\ BA BA 2BE-BA

And 50 DA - +he hermnme masn wstwoenn BT and RE &
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- . . LR ' nAn 1 - an

straight line EC, and let the straight lines DC, BC, and GC be jomed and pro-
duced to the points M, X, and A And smce
BD DA BE F4

but

BD DA Bh AN,
and

BE AE BC CX BA XN (Eucl vr 4),

therefore

BA AN BA AN,
therefore

AN=NY
Therefore
rect AN,NX>rect AO OX (Euel vi 27 11 5)

Therefore

NX X0>04 AN?
But

NX A0 KB BM (Euc vr 4),

therefore

AB BM>04 AN
Therefore

rect KB AN >rect BM,04
And so
rect AB,AN sq CE>vect BM OA sq CE (Euel v 8)

But

rect KB AN sq CE rect RD DA sq DI
through the stmlartty of the tnangles BAD ECD and NAD and

1Eutoc us commenting says For since
rect AN NY>reet 40 0X

Tet rect AN,NY=rect 4O XP
where XP is some Jine such that \’I’ XC

therefore 04

But 123 X0>NX \P (Eud v 8
and therefore NX X0>04

Len the converse 19 also evident that if
NX X0>04 AN

hen rect AN NA>reet A0 OX
For let 1t be that O0A AN NYX \p
where XP>X0
therefore reet XN NA=rect AQ XP
and so rect XN NA>reet AO 0%
*Eutocius commenting, says  Since then bacause AN EC and KI are parallel
AN EC D DB
and EC RB ED D
therefore ez aequalt AN AB AD DB
therefore also 8g AN rect AN KB sq AD rect AD DB
But sq EC sq AN s3 ED sq AD
thercfore ¢z aequals sy EC rect AN KB 8q ED rect AD DB
and taversely rect AB AN sq EC rect il DB sq LD

A simlar proof holds for the proportion following
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rect BM,04 sq CE rect BG,GA sq GB,
therefore

rect BD,DA sq DE>rect BG,GA sq GE.
‘Therefore alternately

rect BD,DA rect BG,GA>sq DE sq GE
But

4 rect BD,DA rect AG,GB sq CD sq GII (1 21),

ant

sq DE sq EG sq CD sq FG (Cucl v1 4),
therefore also

sq CD sq HG>sq CD sq FG
Therefore
HG<FG (Eucl v 10),

and this 15 1mpossible Therefore the straight hine EC does not cut the section,
therefore 1t touches 1t

ProrosITIoN 35

1If a straight ine touches a parabola, meeting the diameler outside the section, the
straight line drawn from the pownl of contact ordinateunse to the diameter uall cut
off on the diameter beginmang from the vertex of the seciion a straaght line equal to
the strarght line detween the vertex and the langent, and no sirawght Line will fall
nlo the space between the tangent and the sectron
Let there be a parabola whose diameter 1s the straight line AB, and let the
straight line BC be erected ordinatewise, and let the straight ine AC be tan-
gent to the section
I say that the stright hine AG 1s equal to
the straight line GB
C For 1if possible, let 1t be unequal to1t, and
let the straght line GE be made equal to
AG, and let the straight line EF be erected
ordinatewise and let the straight ine AF be
Jomned Therefore AF produced will meet the
A D GE B o

untqusl L0 the straight hne U5, therefore 1t

18 equal
Then I say that no straight hine wiil £21l into the space between the straight
line AC and the section
Forf possible, let the straight hne CD fall 1n between, and let GE be made
equal to GD, and let the straight hne EF be erected ordinatewtse Therefore

Prorosrriovy 36

If some stratght line, meeting the transterse swde of the figure fouches an hyperd
or ellipse or circumference of a cirele, and a straight line 15 drappedfrom the
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of contact ordinatewrse to the diamelcr then as the strarght line cut off by the tan
gent from the end of the transierse sude 15 to the straight line cut off by the tangent
from the other end of that side, so uill the sirarght hine cut off by the erdinate from
the end of the stde be to the strarght hine cut off by the ardinate from the other end of
the sude 1n such & way that the corresponding straight lines are contanuous and
another strarght bine will not fall into the space belueen the tangent and the section
of the cone

Let there be an hyperbola or ethpse or circumference of a cirele whose diam~
eter 15 the straight line A B, and let the straight hne D be tangent and let the
straaght hne CF be dropped ordinatewise

1 say that

BE EA BD DA

BD DA BG @4,
audl let the straaght line GF be erected ordintewise, therefore the strasght line

Forif st 1s not letat be

jomed from D to F will touch the section (1 34), therefore produced 1t will
meet CD Therefore two gtrmght hnes wmill have the same ends and tha s
smpossible

I sny that no straight Line will fall between the section and the strmght hne

D
For if posaible, let 1t fall between o5 the stratght lme CH, and Iot 1t be con-

trinved that

BH HA BG G4,
and let the steaght hne GF be crected ordinatemise thercfore the straight lwe
Jomed {rom i to F, when produced wilt meet IC (1 34) Therefore tho
straight lnes will have the same ends and this 1 umnpossible Therefore l'!:
straght hine will not fall into the space between the section and the atrugh
ime CD
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Prorosrrion 37
Toe LTAE VTN c? T

et to the square on the ordinate which the transierse has to the upright
T ot +h L PN N N -1 - - e A P N A

center

I say that M

I rect DF FE=sq FB,

and \ !
rect DE,EF sq EC the transyerse the upnght
b For since CD touches the section and CE has been dropped ordinatewise

ence

AD DB AE EB (1 36)
Therefore componendo L
AD+DB DB AE+EB EB

And let the halves of the antecedents be taken (Eucl v 15),1n the ease of the

n

0

>
o]
>

o

‘byperbola we shall say but
half (AE+EB)=FE,
and
half AB—FB,
therefore
FE EB FB BD
Therefore conzertendo
FE FB FB FD,
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therefore

rect EF FD=gq FB
And since

FE EB FB BD 4F 8D,

alfernately

AP FE DB BE
coniponendo

AE EF DE ER
snd so

veet AE EBmreet FE ED

But

rect AE BB sq CE  thetransverse the upnght (1 28),
therefore also
toct FE ED sq CE  the transverse the uprnight
And 1n the case of the erpse and of the urele we shall say but
half (AD+DB)=DF,
and
halt AB=FR,
therefore
- FD DB FB BE
Therefore conertendn
DF FB RF FE

Therefore
rect DF PE=sy BF
But
: sect DI FE=rect DE EF+3q FE (Encl n 3),
a1

8q BF=rect AZ EB-+sq FE (Buel 11 §)
Let the cormon square on BF be subtracted therefore
rect DE EF=1eet AE LB

rect DE EF sq CE  rect AE ER sq CF

Therefore

But
rect AX EB sq CE  the teansverse the upnght (1 21)
Therefore
roct DE DF sq CE  the transverse the upnght

Prorosirion 38

¥f o strosght line touching an b jperbola or ellipse or coreumfrrence of a carele meels
the srcond dameter and fram the point of contact a straight line 18 drapped to the
same diameler paraliel to the olher diameler thew the straaght hine cut off by the
dropped strawght (xeryyuten)t line from the conter of the scelion 1with the straight

Vihenth snord cargyuby 8 used 1 conneet, on with the fitst 8 ameter we transiate tas

ord pate bt wo Y ave preferred to st ck rooto slosely to the ar maat when 16 1 refe
ta the sccond dameter For aithough it is cortainly an ond nate 1o the casy of the ell pse yeb
in the zase of ihe hyperbala it 15 only apalopically a5 ord rate This analogy bowever
comes Btrotge? and stronger At tho trest s maves on 1t 13 therefore no acudent that
rarpypesm 15 used in batl cascs On the other band ta Frest Defin t ons 1 5 Apolion U% degj
tely calts both eases ordinates 881§ sahoune g th o culounsd on of an antlogy tobe wark
aut 1o the eourse of the treat
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Uine cut of by the tangent from ihe center of the scction will confarn an aree. egual
lo the square on the half of the second drameter, and with the stratght hing between
the dropped stravght tine and the tongent wsll conlain an area having a ralio fo the
square on the drapped straaght tine whach the upright side of the figure has to the
transverse

Let there be an hyperbols or ellipse or ircumference of a eircle whose diame
eter 13 the straight hne AGB, and whoss second drameter 15 the atvosght line
@D, and let the straight hne ELP, meeting CD at F, be a tangent to the
sexhion, and fet the strasght hine HE be parallel 10 AB

Ysay that

veet FG,GH=3q GC,
aud
rect GH,HF sq HE the upnght the transverse
Let the straight lne ME be dravn ordimatewsse, therefare
rect GAMLML-sq ME  the transverse the upnght (1. 37)

[ LM\M
B ] ry
F [}
¢
D,
3
g 3
T

But
the teansverse B4 CD €D the upnght {see Def 11
and therefore
the transverse the upnght  sq BA eg CD (Euel vx 203,
snd s the quarters of them, that s
the transverse the upnght  sq G4 sq OC,

therefore also
rect GM ML sqa ME sq GA sq GC N ~
But
reet GM, V1 sq ME comp GM ML LM MF
or
reet GMLAML sa VE comp GM GHLY -
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“Therefors 1y ersely
sq CO sq GA comp EM MG or HG GMEM ML orFG GL
Therefore
sq GC sq GA comp HG G FG.GL,

which 15 the same as
reet IG,GH rect MG,GL
et F&GH rect MG,OL  sq CG sy G4

And alternately therefore
N rect FG,GH sq CG@ rect MG,GL sq G4
ut

Thegefore

rect MG,GL=sq GA (x 37},
therefore also
rect. FG,GH =sq CG
Again sice
the upnght the transverse  sq FW rect GM WL 3 37),
and
sq E3f reof GRIATL comp EY GR,EA ML
or
sq EM rect GM,MEcomp HG HE FG GLox FH HE
which 15 the same ag
rect FILHG sq HE,
therefore
reet PH HG sq HE  the upright the transverse
With the same things supposed 3t remains to be shown that, ss the straight
fine between the tangent and the end of the (second) dinmeter on the same
side with the dropped straxght hine 13 to the strught line between the tangent
and the second diameter, 5018 the straght hine between the other end aud the
dropped straght ke to the straght hine between the first end and the dropped
straght hne
Far since
rect FG GH=sq GC=rcct CG,GD (2 para above),

for
0G=GD,
therefore
rect FG,OH =rect CG,GD,
therefore

F¢ 6D CG GH
And conterlendo

GF FD GG CliH
And let the doubles of the antecedents be taken, but

26 =CE+FD
hecause
CG=GD,
and
WC=CD,
therefore

CFYED FD  BC CH
And separando
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CF FD DH HC,
and this was to be shown
Then 1t 15 clear from what has been said that the straight hne EF touches
the seetion erther if
rect FG,GH=sq GC,
orif
rect FH HG sq GC
in the ratto we said, for 1t could be shown conversely

Prorosrrrov 39

straight line between the ordinate and the center of the section and the other 1s
betueen the ordinate and the tangent then the ordinate will hate to ot the ratio com
pounded of the ratio of the other of the two strarght Tines to the ordinate and of the
"”Yw of Llhe upright sde of the figure to the transierse
dal p T T el et e

T LA

dropped ordmatewse
T say that
d CE FE comp the upnght the transverse ED EC,
an
CE ED comp the upnght the transverse FE EC
For let
rect FE ED=rect EC G

oy
b
@

And mince
rect FE ED sq CE  the transverse the upnight {1 37),
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and
rect FE,LD=vect CE,Q,
therefore
rect CE,G sq CE .G CE the transverse the upnght
And siace
rect FE,LD=rect CE,G,

hence
FE EC G ED
And since
CE EDcomp CE G,G ED,
but
CE G* theupnght the transverse,
therefore

CE ED comp the upnght the transverse, FE EC
Prorostrion 40

If a strarght ine louching an hyperbola or ellipse or cirrcumference of a curcle meels
the sccond drameter, and from the paint af contact a strawght hine 15 drapped to the
same diameler perallel fo the other drameler, then whicherer of the two sirarght Lines
15 laken of whrch one 13 the siraight hine betucen the dropped strawght line and the
center of the section, and the other 1s between the dropped straight hine and the

tangent, the dropped stratght line wall hate to 1t the ratio compounded of the ratw
of the transterse e to the upright and of the ratio of the other of the two siaight
lines to the dropped straght hine

Let there be an hyperbola or ellipse or eircumference of a csrcle AB and its
dismeter the straight line BFC and its second dsameter the straight hae DFE,
and let the straight hine LA be drawn tangent, and the strasght bine AG
paratiel to the straght hne BC
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Isay that

d AG HG comp the transverse the upnght FG G4,
an

AG FG comp the transverse the upnght HG GA

rect GA A=rect HG GF
And since
a the upnght the transverse rect H@ GF sq GA (1 38)
an

rect GA A=rect HG GF
therefore also

rect GAR sq GA h AG theupnght the transverse
And since

AG GF comp AG A A GF,

but
AG R the transverse the upnght
and
K GF HG GA
beeause
rect HG GF=rect AG K
therefore

AG GF comp the transverse the upnght GH GA
ProrosiTroy 41

11 1n an hyperbola or ellipse or crrcumference of a circle @ strarght ine 18 dropped
ordinatewnse to the diameter and equiangular parallelogrammae JSoures are de
seribed both on the ordinate and on the radius and the ordinate side has to the

remaiming side of the figure the ratio compounded of the ratio of the radius to the
PN M wn ond £ £ wo mwmd ol how anf be owe Toaad r

boe ana circumjerence o) & ¢ v loge & wun wwe prgure on the ordinale 1s
equal o the figure on the radius
Le » 1 LA h e~ ma - - £
eter
¢D
equt

I

and 1n the case of the elhipse and circle
figure on ED+GD=AF
For let 1t be contrived that
the upnght the transverse DC CH
And since

DC CH theupnght the transyverse
but
DC CH sq DC rect DO CH
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and
the upnght the transverse sq DC rect BD,DA (1 21),

G

therefore
reet BD DA =rect DUCH
And since
DC CGcomp AE EF theupnght the transverse

or

DC CGeomp AE LF DC CH,
ang further

DC CC comp DC CH CH (G
thercfere

ratio comp AE EF DO CH=rabio comp DC CH CH CG
Let the common ratie DC CH be taken anay, therefore
AL EF CH<CG.

I 06 rect HC,GD rest GCCD,

But

and
AL EF  sq AL reet ABEL,
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therefore

rect HC,CD rect GC,CD sq AE rect AE,EF,
And 1t has been shown that

vect HC,CD=rect BD,DA,

therefore

rect BD,DA rect GCCD sq AE rect AE EF
Alternately \
And rect BD,DA sq AE rect GC,0D rect AL EF

Tect GC,CD rect AE,EF pllg DG pllg FA,
for they are equangular and have to one another the ratio compounded of
ther sides GO AE and CD EF (Eucl v1 23), and therefore
- rect BD,DA sq EA plig DG pllg FA
Moreover in the case of the hyperbola We are to say componendo
rect BD,DA-tsq AE sq AE pllg GD+pllg AF plig AF,
or
sq DE sq EA pllg GD+pllg AF ‘pllg AF (Bucl 1 6)

‘

N b o ate,
pllg GD+pllg AF pllg AF figure on ED pllg AF
Therefore
figure on ED=pllg GD+-pllg AF,
the figure on ED being stmular to the parallelogram AF
And 1n the case of the ellipse and of the circumference of a circle we shall
“ay snce then

)

And
sq AL ~rect BD,DA=sq DE (Eucl u 5),
therefore
B sq DE pllg AF—pllg DG sq AE plig AF
ut Rl 12l nNne & An NE /T Al e A0 _?m)
the figure
‘Therefore

figure on DE-+pllg DG@=pllg AT

ProrosrTiov 42
Ly

- P - -
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the point of confact, then the triangle resulling from them 1s equal to the paraliclo-
gram conlained by the straight line dropped from the pownt of contact and by the
straight line cut off by the parallcl from the vertex of the scetion

Let there be a parabola, whose diameter 18 the straight hne AB, and let the
strarght hne AC be drawn tangent to the section, and let the strarght line CH
be dropped ordinatewise, and from some point at random let the straight hine
DF be dropped ordinatewise, and through the pont D let the straight ke DE
be drawn parallel to the straight line AC, and through the point € the straight
hine CG parallel to the straight line BF, and through the pomnt B the straight
line BG parallel to the straight line HC

I say that
trgl DEF=pllg GF G c
For since the straight line AC touches the ,
sectton, and the straight hne CH has been ;
dropped ordinatewise, 77
AB=BII (1 35), /
therefore AE BF H
AH=2BH
Therefore
trgl AHC=pllg BC (Eucl 1 41)
And since

sq CH sq DF HB BF
because of the section (1 20), but
4 sq CH sq DF trgl ACH trgl EDF (Eucl vi 19),
an
HB Br pllg GH pllg GF (Cucl vi 1),
therefore
trgl ACH trgl EDF  pllg HG plig FG
Therefore alternately
trgl AHC pllz BC trgl EDF plig GF
But
trgl ACH=pllg GH,
therefore
trgl EDI'=pllg GF

Prorosrrion 43

If a stratght lime touching an hyperbola or ellipse or eircumference of a curele meels
the diameter and from the pownt of conlact a stratghi hine 1s dropped ordinatewtse
to the diameter, and a parallel to 16 1s drawn through the vertez meeting the straxght
Jene draen through the poent of conlac! and the coaler, and, some poend berng tohen
on the scction, two strarght Lines are drawn (o the diameter, one of which 1s parallel
1o the tangent and the other parallel to the siraight line dropped from the pownt of
conlact, then the triangle resulting from them n the case of the hyperbola il be
less than the triangle the strarght line through the center and the pont of contact
cuts off, by the triangle on the radius sinalar to the triangle eut off, and 1n the case
of the ellipse and the ctrcumference of the circle, together with the triangle cut off
from the center, will be equal to the triangle on the radius simular lo the triangle

cut off
Let there be an hyperbola or ellipse or eircumference of a etrcle whose diam-
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straaght hine BL be erected ordinatewise
1 say that trangle K€ differs from triangle CLB by trangle GKH

For since the straight hoe ED touches and the straight line ZF has been
dropped, hence
EF FD comp CF FE, the upnght the transverse {t 39

But
EF FD GK AH,
and
CF FE CB BL (Eucl vi 4),
therefore
. GK KH comp BC BL, the :xpnght the transverse
ProrosiTiov 44
P e L . .

line drawn through the point of contact and the center, and, some point being taken
!t randomt on the sectron, let stravght ines be dropped to the diameter, one af which
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A=arvnied prdinate-

4
[

Let there be e e 11es tons 1
straaght hne 4.8, and eenter the poitt G, ws me powt F of those on the

section £4 let the straight bne FG be drawn tangent to the cection, and the

from A let the straight lme NH be dropped ordinatenise, and ot the strasght
ftne NK be drawn paralle] to the strmght Jine FQ
1 say that

trgl HEN+trgl CBL=irg} CMH

For through E let the straight kine ED be drawn tangent to the section BE,
and let the stratght hne £X be drasn ordinatewise Since then P4 and BE are

diameter s the straight line AB, and whose center 1 C, and the straight hine
DE s tangent to the section, and EX drawn ordinutewise, and BL s parallel
to B3 and N has bieen taken on the seetion as the pomnt from which NH has

Futorius eommentiog seys * Por sinoe AF 59 an hyperbola and BG a tapgent snd FO

an or hinate reey 00 CG=s5q C4

£ 3 khewse then also net AC CD=sq 08

Therelore rect OC CG 8q AC srect VO, CD sq BC
and alternately, reet UC,0G rect AC,CD rq AC 8q CB
But sq 1C=sq CB,

therefore also rect OC,CG=reet XC,CD

And GC=0% G 14 30,

and therefore GC=CD,

and also FC=CE & 30%,

thersfore FC=FC,0G=CD

And they cantain cqual anglea at th e point €, Sor they aro vertieal And so alio

G =BT}
and angle MFG =angle CF "
And they are slternate, therefore the straght hae PG 19 paralicl to the straght hne ED
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been dropped ordmsatewise and KN has been drawn parallel to DE, therefore
trgl NHE-+trgl BCL=trgl HMC,

for this has been shown 1n the forty-thurd theorem (1 43)

Prorosrrion 45

L2V > T n - -

and the center o straight line 1s produced, and, some point berng taken at random
on the section, tuo straaght lines are drawn to the sccond diameter one of which 1s

and circle, logether unth the triangle cut off will be equal io the iriangle whose base
18 the tangent and whose vertex 15 the center of the section
Let there be an hyperbola or ellipse or circumference of a circle ABC, whose

] C
G
M, N X
H‘\}-LLA
£
E 8, G

(3
d PR R N T
le
P
56
T
“ttrgl LCH,

trgl BED+trgl FGH=trgl CLH
For let the straight lines CK and BN be drawn parallel to DH Smce then
the straght hme CAf 15 tangent and the straght kne CK has been dropped
ordinatewse, henee
e 4!,‘1:a 'I\}{ comp MK AC, the upnght the transverse (r 39), -
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and
MK KC CD DL (Euc vi 4);
L L
i3
)7 b
AB G

M A H

therefore

CK KH comp CD DL, the upright the transverse

And tnangle CDL 1s the figure on AH, and triangle CKH, that 1s tnangle
CDH, 18 the figure on CK, that 1s on DH, therefore, 1n the case of the hyper-
bola,

trgl CDL=trgl CKH+trgl on AH smmilar to trg! CDL,
and, 1n the case of the ellipse and the aircle,

trgl CDH--trgl CDL=trgl on AH simular to trgl CDL,
for this was also shown mn the case of therr doubles 1n the forty-first theorem
(1 41)

Since then triangle CDL differs exther from tnangle CKH or from tnangle

CDH by the tnangle on AH sumlar to trangle CDL, and 1t also differs by
trniangle CHL therefore

deed (THT —cburl an 47T 0 mm law 4 benl OODT

BN, ;hnt 15 on FH, and by things already shown (1 41) tnangle BFE differs
from tnangle GHF by the tnangle on AH similar to CDL, and o also by tn-
angle CHL

1That 1s (Eucl vr 4) BF FE CD DL

an GF FH CD DIt Ch RH

Therefore these first ratios can be subststuted 1n the central proportion of the theorem
CK RH comp CD DL the upnght the transverse,

and 50 satusfy 1 41
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Prorostriov 46
If a strarght Line touching @ parabola meets the diameter, the straight hine drawn
through the pornt of contact parallel to the drameter 1n the direction of the section
bisects the straight lines drawn n the section parallel to the tangent
Let there be a parabola whose diameter 13 the straight line ABD, and let the

A 8/G
F
N M
HK <
i
~ P N ..
,
be drawn parallel to AC

1 say that
LN=NF
Let the strmght lines BH KFG, and LMD be drasn ordinatewise Simee
then by the things already shown in the forty-second theorem (1 42)
trgl ELD=pllg BM,
and
trgl EFG=pllg BK,
therefore the remainders
pllg GM=quadr LFGD
Let the common pentagon MDGFN be subtracted, therefore the remainders
trgl KFN=trgl LN
And AF s parallel to LY, therefore
FN=LN (Eucl vi 22 lemma)

Proposrrion 47

If a strarght line touching an kyperbola or ellipse or cireumference of a eircle meets

the diameter and through the point of contact and the center a straight bne 1s drawn

n the direction of the sechon, tt bisects the straight lines drawn 1n the scction paral-

lel to the tangent N
- V-

navhola ar ol nea amn
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Jet 3 point N be taken at random on the section, and through N let the straight
hne HNOG be drann parallel.

T say that

NO=0G.
For let the straight lines XNF, B, and GMK be dropped ordinatenise,
Therefore by things already shown in the forty-thied thearem (1. 43)
trgl HNI'=quadr LBFX,

and trgl GHK =quadr. LBKM.
GL M
E
VAR
A £ K
< DH [3
L
Q&
Ni
M
A (43 ¥ HO

Therefore the remamders

guadr NGEKF =quadr MEFX,
Let the common pentagon ONFKM be subtracted,
therefore the remanders

dant AXCA e VYN

ProrosimioN 48
If a strarght Tine foucking one of the oppostle sectons meels the diameter, and
through the point of contact and the center a strarght line produced culs the other
scclion, then whaterer [ime 18 draun in the other section paraiict fo the tangent, will
be brsected by the straight lme produced
- " B . . v ABand
- gteght
' “n on tho
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section B, and through N let the straight line NG be drawn paralle] to the
straght line LK

Isay that

For
theref
5 an ]
joimed and a point ¥ has been taken on the section and through 1t NG has been
drawn parallel to DE by a theorem already shown {1 47) for the hyperbola
N

NO=0G

ProposITION 49

1f a strasght line touching a parabola meets the diameter, and through the point of
contact a parallel to the diameter 15 draun and from the verter o siraight ine 13

draun parallel to an ordinale and o 1 contrued that as the segment of the tangent
hot oom +h a2 14 1w amd #ho masnt af pambact as i tho eonment of 1he

ma T3 ’ Lo 1 mbam AL dhoe A B

ED DF some straight line
G 2CD

and let some pomt A be taken on
the section and let the straight
Lkne ALP be drawn through K
parallel to CD
¢ Isay that
sq KL=rect G DI,

that 1s that, with the straight line
DL as diameter, the straight lme
G 18 the upnight side

For let the straight hnes DX
and KNV be dropped ordinate-
wise And since the straight line
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€D touches the section, and the straaght hne DX has been dropped ordute

wise, then
CB=BX (1 35)
But
BX=rp
and therefore
CB=FD
And g0 also

trgl ECB=trgl EFD
Let the common figure DEBMN be sdded, therefore
quadr DOMN=pllg FM
=trgl KPM (1 42)
Let the common quadrilateral LPMN be subtracted, therefore the remamders
trgl KLN=pllg LC

And
angle DLP=asngle KLN,
therefore
rect KL, LN=2rect LD, DO}
And sinee
ED DF g 20D,
and
ED DF KL LN,
therefore alsa
G 206 KL LN
But
4 KL LN sq KL reet KL LN,
an
G.2CD* rest G,DL Zrect LD DGy
therefore

1Eutoents commenimg says “For et the tnangic I\ TN and the paraliclogeam DLPC be
set out And s trgl ALN =pt
Iet the strasght lmc NE be drawn through & pmllei to LA, and
through K, AR parallel to LN, therefore LR 18 n psrﬂll&logmm and

pllg LE=2 trgl ALN,

and so also plig LR=2 pllg DP
Then let the strarght ines DC and LP be produced to S and T and
let CS be made equal 0 DC, and PT to LP snd let 37 be jomed,

therefore

plig DP=2pllg DP
and so pilg LiR=pllg LS
But at 18 also ecpuangular with i because of the angles at, £ betag vertiead, but i equaland
equianguisr parallciograms the sides about the equal angles are mc:pmully propartional,
therefore KL LT L LN
and reet Al .LN =rect LD, DS

=2DC

Am} since
rect., L.LN=2 reet LB, DC
‘ And of DC' 13 purallel to LP aud CP 13 not parallet ta LD, n. 19 cloar DOPL 33 a trapesoid,
and g0 ¥ eay that AL LN =rect DL, CD4
Forl LP s filled out aswe hnve aad befors, And the slrmght lmes DC and LP sre produced,
and C8 18 made equal to LP, and I'7 ﬁo D;T nr;d :‘!m stemight line ST 1s josned, then
i =
and the same demonstration sl it And this will be usefu! in what foliows (s 50) ”*
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sq KL rect KL,LN .:rect G, DL 2rect CD,DL
And alternately, but
rect KL,LN=2rect CD,DL,
therefore alo
sq AL=rect G,DL

Prorosiriov 50

If a strarght line fouching an hyperbola or ellipse or circumference of a circle
meels the diameler, and a straight line 18 produced through the point of conlact and
the center, and from the vertex a straghl ling erected parallel lo an ordinale meets
the stravght line drawn through the pont of conlact and the center, and 1f 1t 2s con-
trued that as the segment of the tangent betu.een the pornt of contact and the strarght
line erected 13 {0 the segment of the straight line, drawn through the pont of conlact
and the center, between the pownt of contact and the strarght line erected, so some
straight line 15 to the double of the tangent, then whatever straight Line 15 drawn
Jrom the section to the straight line drawn through the pownt of conlact and the
cenler, parallel to the tangent, well equal wn square a reclongular area applied to
the straight line found, having as breadth the straight line cut off by 1t from the

Cases 1
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pont of contacl, and exceeding, in the case of the hyperbola by a figure similar lo
the rectangle contained by the double of the straight ine between the center and the
pont of contact and by the straight line found but 1n the case of the ellipse and

ctrele defectue by ot
Let there be an hyperbola or ellipse or aircumference of o circle whose diam-
eter 15 the straight line 4B, and center C, and let the straight hne DE be 2
- 1

straght lme EH be drawn perpendicular to EC and let 1t be that
I'E EG EH

Casps 11
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and let the straight me AR be joined and produced and let some pownt L be
tsken on the section and through it let the strmght hne LMA be drawn
parallel to ED and the straght hne LRN parallel to BG and the straight lme
2P parallel to EH
I'say that
sq LM =rect EV[,MP
For let the straight line €SO be drawn through € parallel to AP And since

"
and

Cases I

EC RC ES SH
therefore also

ES=SH
Cases IT
And since
FE EG HE 2ED,
and

2ES=EH

therefore also

FE EG SE ED
And

FE EG LM MR
therefore

LM MR SE ED
And since 1t was shown (I 43)

trgl RNC

and 1n the case of the ellpse and circle
trgl RNC+trgl LNX =trgl GBC
=trgl CDE
therefore 1 the case of the hyperbola with the common tnangle ECD and the
common quadnlateral NRM X subtracted and in the case of the ellipse and
aircle with the common tnangle A/XC subtracted *
That trgl GBC=trgl CDE
1 proved by Apollomus in the course of another proof of 1 43 reported by Eutocius Itis
L Proved in rxr 1 without the help of 1nterventng propos t ons
M,.l:h" Pos tion of point, L furnishes different cases which at times as 1n the present the

Bubtract ng the first equals from the second 1dent ty we have
trgl. LMR=quadr MEDX

~
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trgl LMEB=quadr MEDX

And AMX 15 parallel to DE, and
angle LM R =angle EMX,

therefore
rect LM, MR=rect EM,ED4AMX (1 49, note, para 2).
And since
MC CE MX ED
and
MC CE MO ES,
therefore

MO ES MX ED
Aund componendo
MO+ES ES MX+ED ED,
alternately
MO+ES MX+EL ES ED
But
MO+ES MX+ED rect MO+ES,EM rect MX+ED,EM,
an
ES ED LM MR FE EG (Eucd vi &)
or
ES ED sq LV rect LV MR,
therefore
reet MO+ES,ME vect MX+ED DM sq LM rect LM, VR
And alternately
rect MO+ES,ME sq LM  veet MYX+HED EM rect LMMR
But
rect LM, MR=rtect ME MX4-ED (2bove),

therefare
sq LM =rect EM MO+ES
And
SE=8H,
and
Sit=0P,
therefore

8y LM =rect EV,MP

ProposrTion 51

If a strawght line touching cither of the opposite scctions meets the dameler, and
througk the pont of contact and the cenler some strawgh! line 15 produced o the
other section, and from the vericz @ straght line 18 erected poraliel (o an ordnate
and mects the stratght line draien through the point of tontact and the center, o8
1f 1£ 18 contrued that, as the scgment of the langent betueen the strawght line crecled

SN ARD e AMY on - oac DOV £,
‘n
L3

- v

Ll . for the differento of the $%9
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and the pownt of contaet 13 fo the segment of the straight line, drawn through the
pount of condact and the center, between the pownt of contact and the straight line
enected, s0 18 some straght line to the double of the tangent, then whotever straight
lme 1n the other of the sections 15 drawn o the straght line through the pownt of
conlact and the center, parallel to the tangent, unll equal 1n square the rectangle
applied {o the strazght line found, hating as breadth the strarght line eut off by 1t
from the pornt of contact and exceeding by a figure sumilar to the rectangle eon
{ained by the strarght line betu cen the opposite sections and the strarght line found
Let there be opposite sections whose diameter 1s the straight hne AB and

center E, and let the straight e CD be drawn tangent to the section B and
thestraighthy -~ T -
be drawn ord

Now 16 13 evident that the strasght ines 1n the section BC, parallel to CD
and drawm to EC produced are equal 1n square to the areas applied to K, hav
1ng a5 breadths the straight hine cut off by them from the pomnt of contact, and
exceeding by a figure smilar to the rectangle CF, K, for

r¢=2CE

I say then that 1 section FA the same thing will come about

For let the straight line MF be drawn through F tangent to the section AF,
20d let the strarght Line AXN be erected ordmatewise And since BC and AF
are opposite sections and CD and MF are tangents to them therefore CD 15
qual and paraliel to MF (1 44 note) But also

F,

ED=EM

therefore also

And since
LC CG K 20D or2\F,
therefore also
XF FN K 2MF
Since then 4 F s an hyperbole whose diameter1s A B and tangent MF, and AN
been drawn ordmatewse and
AF FN K 2FM,

hana i
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(t 46), but 1 the hyperbola and elhpse and opposite seetions ench of the
strught bines dras n through the center 15 2 diameter {1 4748}, and that in the
parabola the straight hines dropped to each of the diameters paraliel to the tan-
gents will equal tn square the rectangles apphed tot ( 49), but in the hyper-
bola and opposite sections they will equal m square the arens apphed to 1t and
exceeding by the same figite {t 50-51}, but m the ellipse the areas apphed to
1t and defective by the same figure (1 50}, and that all the things which have
been plready proved sbout the sections as following nhen the principel ham-
eters are used,! will also, those very same things, follow when the other
diemeters are taken

Prorossrion 52 {Pronre)

Guen g stratght line wn @ plane bounded at one paint, to find wn the plane the sec-
t1am of a cane called parabola, whose diarmeler ts the groen strasght lane, and whose
tertex s the end of the strawght line, and where whoterer straight line 18 dropped
from the scction to the diameler at & guwer angle, unll egqual 1n square the rectangle
curidrred Giy the siraeght ke cul off by 14 from e verter of the sectian and &y some
other gieen strarght line

Let there be the straight ine AB given in position and bounded at the pamt
4, and another straight line €D given m magurtude, and first let the gven

£ X M

o

angle be a nght angle 1t is required then to find a parabola m the plane of
reference whose dameter 1s the strught line AR snd whose vertex s the pont
A and \\bbse upright side 15 the stmghc hne O, and where the straight lines
wse will be dropped at & nght angi’e thatisso that AB isthe
axs (Fxrsz Def 1 1)
m?e& AB he produced to £ and let CG be taken o3 the fourth part of CD,
o

EA>CG,
and let
Ch # HOFEA
Therefore
CD E4 sq H sq E4,
and

CD<1EA,
therefore also
8q H<dsq B4

The princspal diameter (ibuerpos apxach) 13 that whose being s estahilished in Y7 porism.
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Therefore

H<2EA,
and so the two straight lines EA are greater than / It1s therefore possible for o
tnangle to be constructed from H and two straight lines EA Then let the tn-
angle EAF be constructed on EA at nght angles to the plane of referencesothat

. EA=AF,

ang

H=FE,
and let the strarght hine AK be drawn parallel to I'E, and FK to EA and leta
cone be concerved whose vertex 1s the pomt F and whose base 15 the circle
about diameter KA, at nght angles to the plane through A¥X Then the cone
will be a nght cone (First Def 1 3), for
AF=FK
And let the cone be cut by a plane parallel to the circle K4, and let 1t make
N hoss f - ¥ f v

arcle Simee then circle MN.X 19 at night angles to tnangle MI'N, and the plane
?‘{ reference also at right angles to trnangle MT'N, therefore the straight hne LX,
- arvaroT o4

Powt F, has been cut by a plane at nght angles to the tnangle MFN and makes
a-‘s & section circle MNX, and since 1t has also been cut by another plane, the
W e e - PRy N

dam e o an s .
CD H H EA,
and
EA=AF=Fh
and
H=LI'=AK
therefore

CD AK 4K AF
And therefore
CD AF sq AK sq Al orrect AT, I'K
‘Therefore CD 13 the upright side of the section, for this has been shown n the
eleventh theorem (1 11)

ProrosrTioy 53 (PROBLFY)

With the same things supposed, let the given angle not be nght, and let the
angle HAE be made equal to 1t and let
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AH=half CD,
and from H let the straight hne IE be drawn perpendicufar to AE, and
through F let the strasght hine L be drawn parallel to BH, and from 4 let the
straaght bine AL be drawn perpendicu-
lar to EL, and lst EL be bisected at
K, and from K let the straght hne
K3 be drawn perpendicular to FL c
and produced to F and G, and let
rect LK, KA =sq AL Andgnenthe
two steaight bmes LK and KM, KL
posstion and bounded at K, and KA : F
i magntude, and let & parabola be
descnbed with o mght angle whose
dameter 15 the straght hne KT, and
whase vertex 1s the pant K, and
whase upnght side 15 the straught kne
K, as has been shown before (1 52), o
and 1t will paes through the pant A M
because

sq ALw=rect LK, KA (1 11),
and the straight hne EA will touch the section becouse
EK=KL (1 33}
And HA 1w parallel to ER L, therefore HAB 15 the diameter of the section, snd
the straxght Lines dropped to it parnllel to AE wall be bisected by 4B (1 45)
And they will be dropped at angle HAE And since
angle A BH =angle AGF,
and angle at A 15 common, therefore tnangle AHE 1s smular to {riangle AGF
Therefore
HA-EA F4 4G,

therefore
24H 24E Fa 4G
But
CD=24H,
therefore

FA AG €D 24E
Then by things already shown in the forty mnth theorem {1 49) the steatght
Iine CIJ 13 the upnight side

Provositiov 54

Guen two bounded strawght ltnes perpendicular to each other one of them beng
produced on the side of the right angle, (o find on the straight line produced the
sectron of @ cone called kyperboln an the same plane with the strarght lines, so thal
the strawght ine produced 13 o dvameter of the section and the point at the angle 13
the rertex, und there whatever strarght line 13 dropped from the sechon 1o the diem=
eter, mokng an angle equol fo the gaven angle wild equal 1n squore the reclangle
apphed to the other strovght line haring os breadth the straight hre eut off by ke
dropped strawght line beqaning wath the erter and ezeceding by a figure nmilar
and smdarly sluated to that contarned by the aruginal strarght lines

Let there be the two bounded straght hines 42 and K€ perpendicular (0
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each other, and let AB beproduced to D1t i vequired then to findin the plane
through the hnes 48, BC an hyperbola whose diameter will be the straight

G

e ABD and vertex B, and upright sde the straght hne BC, ond where the
straght hines dropped from the seciion to BD at the mven angle will equal m
Square the reetangles applied to BC having as breadths the straight hnes eut
off by them from 2 and exceeding by 2 figure similar and simalurly situated to
the sectangle AB, BC

First ket the given angle be 2 nght angle, and on AB let a plane be erected at
nght angles to the plane of reference, and let the arcle AEBF be desenbed w1t
sbout 4B, 5o that the segment of the ewrsle’s drameter within the sectar 4EB
hagtp the segment of the diameter withan the sector AFE o xatio not greater
than that of A B to BC,! and let AEB be busected at E, and let. the straight line

'Eutoens commenting, sdds “Let there be two straight lmes A and BC and let 1t be
Teguired 1o describe & circle on 4B so that its diameter 15 cut by AB 1n surh a way that the
part of it on the side of C bas to the remawmder & ratiy not

; greater than that of 45 to
oW let 1t be suppased that they bave the ssme ratso,
and let AB be biserted at D and through 1t let the strasght.
‘h Lve EDF ba drawn perpendieular to AB, aad let 1t be con
# i x  trived that AB+BC ED DF
and Yok EF be bisected, then 35 3a clear thatof
AB=BC
and EDw=DF,
the posnt D will be the mdpant of EF, and if
ABSBC

and ED>DP
the mudpawmt will be below D, sodaf
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ER be drawn perpendicular from E to the straight jme AB and let 1t be pro-
duced to L, therefore the strmght hne EL 1s & diameter (Buel 11 1) If then
4 K KL

we use point L, but if not let 1t be contrived that
AB BC EK KM

KM<EL (Duct v 8),
and threugh M let MF be drawn parallel to AB, and let AF, EF, and FB be
jomed, znd through B let BX be drawn parallel to FE Since then

with

angle AFE=angle EFB,
but
angle AFE=angle AXB,
and
angle EFB =angle XBF,
therefore also i '
angle XBF =angle FXB,
therefore alsa
FB=FX -~

Let a cone be concerved whose vertex 1s the pomt F and whase base 1s the
aircle about diameter BX at nght angles to triangle BFX Then the cone wilt
be a nght cone for

FB=FX

Then let the straght ines BF FX and MP be produced, and let the cone
be cut by a plane parallel to the aircle BX, then the section will be a crele
(x 4) Let st be the arcle GPR, and so GH will be the diameter of the arcle
(1 4 end) And let the strasght hne PDR be the cammon sectson of exrcle GH
and of the plane of reference then PDR will be perpendieniar to both of the
strmght hnes GH and DB, for both of the aircles XB and HG are perpendscular
totnangle 7777 1Y - T orouw
and theref
tnangle F
touching 1t and n the same plane

AB<BC
1t will be above D

And now let 1t be bolow a3 G and with center § and radis GF lot & carele be desenbed
then 1t will have to pass esther within or wathout the potats 4 and B And if 1t should past

and DH =Dk

. .. Wy tat
- LR - g -
Then hkewise also XD bB FD DL

And thercfore FD DM ED DL

Axd slternately, ED DF AB BC LD DM

¢ And Iilewise f the eirele descnbed on FE euts A, the same thing pould bo shown.”
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o voon o W H and vartor F hag been cut by a

another plane,

to the straight

Ine GDH, and the common section of the plane of reference and of tnangle

GFH that 1s the straight hne DB, produced 1 the direction of B, meets the

straight Iine GF at A, therefore by things already shown befored(l 12) t}xe
non f P P

and
EL KM [N NF rect EN NF sq NF,
therefore
hd AB BC et EN NF sq NF
rect EN,NF=rect AN NB,
therefore
AB CB rect AN NB sq NF
But
bt rect AN,NB sq NFcomp AN NF BN NF,
AN NF AD DG FO 0G,
and
B, F FO OH
therefore NN F '
AB BCcomp FO QG,FO OH,
that 1
FO t OG OH
Therefore s ree

An AB BC sq FO rect OG OH
d the straight hne FO 13 parallel to the straight hne AD, therefore the
:lmght lne AB 1s the transverse side and BC the upnght mde, for these
bungs hiave been shown in the twelth theorem (1 12)

ProrosrTioN 55 (PROBLEM)
" Tht:n let the given angle not be a right angle and let there be the two given
- b -~ m~ave 1

4AB
Let, the straight Line 4B be Insceted at D and lot the semicircle AFD be
desenbed on AD and let some straight line FG parallel to AH, be drawn to
the semicirele making
sq FG tect DG GA AC AB!

. 'Ctoc us, comment ng gives th 3 construction  Let there be the senueirele ABC on the
3 gonstipenol - ey =
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and let the strasght ine FHD be yomed and produced to D,
and let

[

FD DL DL DH,
znd let DK be made equal to DL, and let
rect LE FA=sq AF,
and let KM be joined, and through Llet LN be drawn perpendicular to KF
and let 1t be produced towards X And with two given bounded straght hoes
KL and LN perpendicular to each other, fet sn hyperbola be deseribed whose
trans\ erse side 1s AL, and vpnght side LN and where the straght hoes
3 fenm the semon toth ¥ - + [ S N

LN (1 ot ugh 4, for
Sy e FM (1 12}

N, and through M let, N\ be drawn paratiel ta CB, therefore it ill touck the airele And it
1t be contnived that Fi HA MV X
and Ikt MO be made egual to 1N and let

. Q

and AL 13 common and perpendscutar, m

therefore

LO=LX §TETTR
Aud also LP=LR
and therefore the remawnders PORY

Therefore PRD 18 parallel to 4O And
FH A MY DA,

snd PBA HG AX NG,
therefore ex azqualy FH HG M\ \0,
wvereely 06 kit A0 Uy,
componendo GFFy oV uY

ar GF FE PD mz

And PD DR et PD DR

but recy PD DR=wct 4D DC (Fur\ m 36),
thercfore FE rect AD DC sg D

Therefore inversly FE GF  sq DR reet AD DC
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And 4H will touch 1t, for
rect FD,DH=sq DL (1 37)
And 50 AB 15 a diameter of the section (1 51) And since
CA 24ADor AB sq I'G rect DG,GA,

but

CA 24D comp CA 24AH,2AH 24D
or
. CA 24D comp CA 24H,AH AD
g

AH AD FG-GD,

therefore

CA ABcomp CA 24H,FG GD
But also

sq FG rect DG,GA comp FG GD,FG GA,

therefore

ratio comp CA 24H,FG GD=ratio comp FG GA,FG GD

Let the common ratio FG  GD be taken away, therefore

CA 24H FG GA
But

FG GA 04 AX,

therefore

C4A 24H O0A AX
But whenever this1s so the straight line AC 15 a parameter, for this has been
shown 1n the fiftreth theorem (x 50)

PropostTioN 56 (PROBLEM)
Guen two bounded straight lines perpendicular lo cack other to find about one of
them as drameter and 1 the same plane wath the two strarght lines the section of

cone called ellipse, v hose rertex uill be the pownt at the rght angle, and where the
strainhs T ma ¥ LA - e L

will .
brea . f
b ¢ figure sumalar and ssmilarly sutuated to the rectangle contained by the guen
Sraght lines
Let there be two given straight Imes A B and AC perpendicular to each other,

Sanimn ear?

D
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of which the greater 1s the straight line AB, then it 18 required to deseribe m
.o PN b ' 5 B w1 4 tar am

Bd4,AC

And first let the mven angle be a nght angle, and let a plane be erected from
AB at nght angles to the plane of reference, and m1t, on AB, let the sector of a
cirele A DB be desenbed, and 1ts midpoint be D, and let the straight hnes DA
and DB be jomned, and let the straight hne AX be made equal to AC, and
through X let the straight ine XO be drawn parallel to DB, and through O let
OF be drawn parallel to A B, and let DF be joined and let 1t meet AB produced
at B, then we will have

AC AB AX DA A0 DE EF
And let the straight lines AF and FB be jomed and produced, and let some
pomt G be taken at random on FA, and through 1t let the straight hne GL
be drawn parallel to DE and let 1t meet AB produced at K, then let O be pro-
duced and let 1t meet GK at L Since then
arc AD=arc DB,
angle ABD=angle DFB (Eucl m 27)

And since
angle EFA =angle FDAtangle FAD,
but
angle FAD=angle FBD,
and

angle FDA =angle FBA,
therefore also
angle EFA =angle DBA=angle DFB
And also DE 1s parallel to LG, therefore

angle EFA=angle 'GH,
and

angle DFB=angle THG
And 50 also

angle FGH =angle FHG,
and

FG=FH
Then let circle GHN be described about HG at night angles to trangle HGF,

let a cone be concers ed whose base 1s the circle GHN, and whose vertex 1s the
pomt F, then the cone will be a npght cone because

FG=FH
And since the arele GHN 1s at nght angles to plane HGF, and the plane of
reference 1s nl<o at nght angles to the plane through GI and HF, thercforrf:
- f K . Ate

pont F, has been cut by o plane through the axis and makes as a section tn-
angle GHF, and has been cut also by another plane through AKX and KA,
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e . PRI

wil be dropped at a nght angle (1 13), for they are parallel to M And sinco
DE EF rect DL EF orrect BE EA sq EF,

and
B rect BE EA sq EF comp BF LR AE EF,
ut
BE EF BK KH,
and
AE EF AK KG FL LG,
therefore

BA AC comp FL LG,FL LH (sce above),
which 15 the same as
sq FL rect GL,LH,
therefore
BA AC sq FL rect GL LH
And whenever thus 1s 50, the straight ine AC 18 the upnght side of the figure,
a3 has been showp 1n the thirteenth theorem (r 13)

ProvosiTioN 57 (PROBLEM)

With the same things supposed let the straight hne AB be less than AC, and
let 1t be required to describe an ellipse about diameter AB so that AC 18 the
upnght

Let AR be bisected at D, and from D let the straight Iine EDF be drawn
perpendicular to AB, and let

sq FE=rect BA AC
so that
& r rp=DE,
and let FG be drawn parallel to 4B, and let 1t be
contnived that
AC AR EF FG,

Bl l N therefore also

EF>FG
And since
rect CA,AB=sq EF,
bence
3 CA AB sq FE sq AB sq DF sq DA
But
CA AB EF FG,
therefore
EF FG sq FD sq DA
But
sq FD=rect FD DE,
c therefore
F FG@‘ rect ED DF sq AD
Then
and w 1

upngt



678 APOLLONIUS OF PERGA
rect FD,DE :sq DA .:EF:FG (1. 21).
And
AD=DB;
then it will also pass through B Then an ellipse has been described about AB,
And since
CA AB.:sq FD sq DA,
and
sq DA=rect AD,DB,
therefore
CA-AB sq DF .rect AD,DB.
Ard so the straight ine AC 15 an upright side (1. 21)

ProPOSITION 58 (PROBLEM)

But then let the given angle not be a right angle, and Jet the angle BAD be
equal to it, and let the straight hne 4B be bisected at E, and let the sermcircle
AFE be descnibed on AE, and m 1t let. the straight hne FG be drawn parallel
to AD making

sq FG:rect 4G.GE:,CA AB!
and let the straight hnes AF and EF be joined and produced, and let
DE:EH ..EH :: EF,

L P L T e

‘nns fey LXw=LN,

T Y TRPR PRy | Y

componendo HG GF LN NM, N
mversely FG GH N NI,

apd FG-GE WMN NX,

separando FG FE NM MX

Aund simce M

X,
and the straight hise LK ¢ common and at nght
angles, therefore also

And also Ko=RP, "
Ve g gt P

[ <
snutivie s e M onu
But alsa KM KR MX PR o

and therefore NV RO WYX PR,
and alternately NM MX RO RP
But AM MX GF FE DE EF,
and OR RP eq OR rect OR,RP;
and therefore

DE EF  sq OR rect OR,RP
And  rect OR RPwrect AR,RC (Tuct m 35)
Therefore DE:EF #q OR rect ARRC” x
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and let

EK=EH,
and let 1t be contnved that
rfct HF,FL=sq AT,

AanATia al L. TP nnad ond Frara

AFL, for the angle at £ 13 nght And with the
two given bounded straight Lines KH, ,and HAf
perpendicular to each other, let an ellipse be
descnbed whose transverse diameter 1 hH,
and the upnght side of whose figure 13 HAf,
and where the ordinates to HK will be dropped
2t nght angles (1 56-57), then the section wall
Pass through 4 because sqg FA=rect HF, FL
(1 13) And since

HE=ER,
and
AE=EB,
thesection - ° e
Yme AEBt
And simce
but CA AB sq FG rect AG,GE,
w
a CA ABcomp CA 24D 24D ABor DA AE,
any
sq FG =rect AG,GE comp FG GE,FG GA,
therefore

ratio comp CA 24D DA AE=ratio comp FG GE FG GA
it

DA AE FG GE,
and the common ratio being taken away we will have
CA 24D FG GA
or
CA 24D XA AN
?nd whenever this 1s 50, the straight line AC 15 the upright side of the figure
T 50)

ProrosiTioN 59 (ProBLEM)

Guen fuwo bounded siraight lines perpendicular to each otker, to find opposite
sections whose digmeter 1s one of the guen straight hines and whose 1ertez s the
ends of the straght ine _and where the straight lines dropped wn each of the sec-
tions ot @ gien angle wnll equol in square the rectangles applied 1o the other of the
strarght lines and exceeding by a figure simalar lo the rectangle contarned by the
grten straight lines

Let there be the two given bounded straight ines BE apd BH, perpendicular
to each other, and let the given angle he G, then 1t 1s required to descnbe!
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oppostie sections about one of the straight lnes BE and BE, so that the
ordmates are dropped at an angle &

must be done (1 55) Then let the straight ke EX be drawn through E per-
pendicular to BE aud equal to BH, 2nd let another hyperbola DEF be like-
‘wise deseribed whose diameter 13 BE and the upnght side of whose figure 13
EK, and where the ordimates from the section will be dropped at a same angle
G Then 1t 15 evident that B and & are oppostte secttons, and there 1s one
drameter for them, and their uprights are equal

ProposirioN 60 (PropLEs)

Cueen o straght hines brsecting each other, to describe about each of them opposile
seclions, 50 that the straight lines are their conjugale dramelers and the diamelter of
one parr of opposiute sechions 33 egual 1n square (o the figure of the other pair, and
hiketrase the diameter of the sccond parr of oppoesite scchons s equal sn square fo
Ihe'ﬁgur;e of the first pawr

cg“ﬂl n square to the figure about AC, and AC 15 equal 1n square to the figure
about

Let

rect AC CL=sq DL,

and let LC be perpendicular to C4 And given two straght bnes AC and CL
perpendseular to cach other, let the opposite sections ZAG and HCE be
descnibed ke hose transs erse drameter wifl be €A and whose upnght mdel wilt Ee
P N [ YR Lo
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Then again let

rect DE,DF=sq AC,

and let DI" be perpendicular to DE And given two straight lines ED and DF
Iying perpend " e -
be deserbed,

\Avhose figure . R

AC, and thig1t was required to do
And let such sections be called conjugate



BOOK TWO

Arorrovius to EupEvus,

If you are well, well and good, and I too fare pretty well

1 have sent you my son Apollomus bringing you the second book of the
comies as arranged by us Go through xt‘ then carefully and acquaint those with
o e 1) A P - i

Prorosrrioy 1
L I T T e e

the ends thus taken on the tangent will nol meet the scction
Let there be an hyperbola whose diameter 1s the strught line 4B and center
C, and upright the straight lime BF, and let the straight hine DE touch the

F
section at B nnd let the  squares on BD and BE c'\ch bc cqunl to thc foulrth of
4l B pr uced
it ine
then
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but
s CB=fourthsq 4B,
and
sq BD={ourth reet AB,BF,
therefore
AB BF sq CB sq DB sq CH sq HG

And also

AB BF rect AHHB sq HG (1 21),
therefore

sq CH sq HG rect AH,HB sq HG
"Therefore

tect AH, HB=sq CH,
and this is absurd (Buel 1 6) Therefore the straght hne €D will not meet
the section Then hkewsse we could show that netther does CE, therefore the
straght lines CD and CF are asymptotes {doturrore)! to the section

Prorosrrion 2

Witk the same thangs 1 12 {a be shown that « strawght line cuthng the angle con-
tasned by the straght lines DC and CF 15 not another asymplote

Feor 1f possible, let CH be t, and let the strasght hne B be dsawn through B
parallel to CD and let 1t meet CH at H, and let DG be made equal to BH and

G

let GH be jowed and produced to the ponts & L and 1 Bince then B and
G are equal and paraliet DB and G are also equal and parallel And since
AB 15 usected at € and o strawght hine BL 1s added to1t,
rect AL LB-+sq CB=sq CL (Eucl n 6)
Lakemyse then since GM s pnrnll;l) éas %EE 'and

UThe word deturswros means L orally nat capable of meeting’ and 13 tsed tn & general
Wway n Euchd to refer to any non scant hinea or planes 1o Apolonius it 9 elso wsed 1n thy
Way s for wnstance )a 1 14 ponsm, where it refers to any straight boes not meeting the
hyperbola The speeis case whece (@ Eoghsh the lines are spaken of a3 asymptotes s the one
defined hese Book 11 propostos 14 porsm fusther declares thew peculiar pronerte nact
agulicsnce
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therefore also

GL=LM
And stnce

GH=DB,
therefore

GK>DB
And also

KM>BE,
since also

LM>BE,
therefore

rect MK, hG>rect DB,BE
>sq DB
Since then
AB BF sq CB sq BD(un 1),
but
AB BF rect ALLB sq LK (1 21),
and
sq CB sq BD sq CL sq LG,
therefore also
sq CL sq LG rect ALLB sq LK

Smee then

whole sq LC wholesq LG
part subtr rect AL, LB part subtr sq LK,
therefore also
o sq LC sq LG remandersq CB remawnder reet MK, KG,
that 1s
sq CB reet MK,KG sq CB sq DB
Therefore
sq DB=rect MK K@,
and thus 18 absurd, for it has been shown to be greater than it Therefare the
straight hne CH 13 not an asymptote to the section

ProrosiTion 3

If a strawght hine louches an hyperbola, 1¢ will meet both of the asymploles and 1t
will be busected at the pount of contact, and the square on each of 1s segments wtll be
equal to the fourth of the figure resulting on the diameler drawn through the point
of contact

Let there be the hyperbola ABC, and s center E, and asymptotes FE and
EG, and let some straight hne HEK touch 1t at B

1 say that the straight line HK produced will meet the straight hnes FE
Emd EG . - . . t
figure on BD, and let I'Mf and EA be jowned Therefore they are asymptotes
(s 1, and this s absurd (1 2), for 'L and EG are supposed asymptotes
Therefore KH produced will mect the asy mptotes £F and £G nt F and @
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1 say then also that the squares on BI" and BG will each be equal to the
fourth of the figure on BD

<

For let 1t not be, but 1f possible, let the squares on BH and BK each be equal
to the fourth of the figure Therefore HE and EE are asymptotes (i1 1), and
this 15 absurd (11 2) ‘Therefore the squares on FB and BG will each be equal
to the fourth of the figure on BD

ProrosrrioN 4 (PROBLEM)

Guen tuo straight lines contarning an angle and @ point within the angle to
deserabe through the pont the section of a cone called hyperbola so that the given

Let the straight hne 4D be
jormed and produced to E,
and let AE be made equal to
DA and let the straight line
DF be drawn through D par
allel to AB and let FC be
made equal to AF, and let CD
S be jomed and produced to B,

and let 1t be contnived that
rect DE G=gq CB,
and with AD extended let an
hyperbola be described about:
1t th;ough D so that the
reas appled to G and exceeding by a figure
AR e o s Tl Ao BA, wnt £

ordinates equal 1n sq; 2
similar to reetangle DE,G Binee the!

CF=F4,
thercfore ¢D=DB
=DB,
and so sq CB=4sq CD
And

sq CB=rect DE,G,
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therefore the squares on CD and DB are each equal to the fourth part of the
figure DE, G Therefore the straight hnes AB and AC are asymptotes to the
hyperbola described

PROPOSITION &

If the diameter of a parabola or hyperbola bisects some sirawght line, the tangent
to the section af the end of the diameler unll be parallel to the bisccted straght line

Let there be the parabola or hyperbola A BC whose diameter 15 the straight
lme DBE, and let the straight line FBG touch
the section, and let some straight ine AEC be
drann 1 the section making AE equal to
EC

1 say that AC 1s parallel to FG

Forif not, let the straight hne CH be drann
through € parallel to #G and let HA be
joined Since then A BC 15 a parabola or hyper-
bola whose diameter 1s DE, and tangent FG,
and CH 1s parallel to1it, therefore

Ch=KH (1 46,47)
But also
CE=EA

Therefore AH 1s parallel to KE, and this 1s
absurd, for produced 1t meets BD (1 22)

Prorosirion 6

If the diameter of an ellipse or circumference of a circle bisccts some straight line
not through the center, the langent lo the section at the end of the diameter will be
parallel to the busected strarght line

Let there be an ellipse or circumference of a circle whose diameter 1s the
straight line AB, and let AB bicect CD, a straight
line not through the center, at the point &

I say that the tangent to the section at A 1s par-
allel to CD

Forlet 1t not be, but 1f possible, let DF be paralle]
tothe tangent at A, therefore

DG=FG
But also
DE=EC,
thercfore CF 1s parallel to GE, and this 1s absurd
 re » e e
*vbe
. nee
then
DE=KH,
and also
DE=EC,

therefore CH 1s parallel to AB But also CF , and this 18 absurd Therefore the
tangent at A 1s parallel to CD
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Prorosrrion 7

If q strarght line touches a scction of a cone or exreumference of a circle, and a
porallel to 1 13 drawn 1n the section and bisected, the straght line jorned from the
pont of contact {o the midpoint will be a diameter of the section

Let there be a section of a cone or eir-
cumference of a vircle ABC, and FG tan-
gent to 1t, and AC parallel to FG and
bisected at E, and let BE be jomed
. Isay that BE1s a diameter of the sec-
100 -

For let 1t not be, but, 1f possible, let BH
bea dmeter of the section Therefore

AH=HC (First Def 1 4),
2nd this 1s absurd, for
AE=EC

Therefore BH will not be & diameter of the
section Then hkewse we could show that there 13 no other than BE

ProposiTion 8
If o strarght line meets an hyperbola wn twa points produced both ways 1 will
meel the asymptotes, and the slraight hnes cut off on tl by the section from the
@symplotes unll be equal
Let there be the g:uyperbnh ABC, and the asymptotes EJ and DF, and let
ome atraight ine AC meet ABC

1 say that produced both waysat m.ll meet the - "sy;]p!ot'es

Dzl:,;nd or he Eand F and
1l t E an
t 1t meet them af HEZBK (1 9,

1
herefore also FGmGE

And so also CF=AE -
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Prorostrion

1If @ strasght line meeting the asymploles 15 bsected by the hyperbola 1t will touch
the section 1n one pount only

For let the straight line €D meeting
the asymptates CA,AD be hisected by
the hyperbola at the pont B

1 say that 1t touches the hyperbola
at no other pant €

For if posstble, let 1t touch 1t at B A
Therefore

CE==BD (1 8§ D

and this 13 absurd for CE 13 supposed
equal to ED Therefore 1t will not touch
the section at apother pont

Prorostrion 10
¥ some strasgiit (ine cutiing (Re sectian. meet d0ik of the asymploles the rectangle
contained by the strarght lines cut off betueen the asymplotes and the section 18

equal to the fourth of the figure ltng on the di ter b the strarght Iines
draun parallel to the drawn straight line
Pt 1 1 At

T Feey - 1 e

and let BM be drawn from B perpencicular to HEB therefore BH 19 2 diam~
eter (11 7) and BM the upnght side
I say that

rect DA AF=fourth rect BB BM,
then hikewse also
rect DC CF=fourth rect HR BM
For let KL be drawn through B tangent to the section therefore 1t 18

parallel to DF (n 6) And since 1t has been shown
up 81 EB sq BA sq KG sq GD (1 1,3),
and
HB BM  reet HGGB sq G4 (1 21}
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therefore
sq EG:8q GD:-rect HG,GB:s5q GA.
Siuce then
whole sq EG:wholesq GD.:
part subtr rect HG,GB . part subir sq 4G,
therefore also '
remainder sq EB : remainder rect DA, AF *:sq EG :sq GD,
or
remainder sq EB - remainder rect D4,AF ..sq EB:sq BK
Therefore
rect FA,AD=sq BK
Then Iikewse 1t could be shown also that
rect DC,CF=sq BL,
therefore also '
rect FA,AD=rect DC,CF.

Prorosrrion 11

If some straight line cut each of the straght lines contanang the angle adzacent to
¢ angle contasning the hyperbola, 1t will meet the section in one pornt only, and
the rectangle contarned by the straght Lines cut off between the conlaining straight
Lines and the section unll be equal to the fourth part of the square on the diameter
dravn parallel to the culling straght line.
Lft there be an hyperbola whose asyn‘lptotgs are CA,AD‘, and let D’,A be
- o g vl e & o and ALY

1n one pownt only (z 26)
Let 1t meet 1t at G
I say then also that
rect EG,GF=sq AB
For let the straight line HGLK be drawn ordiatewise through G, therefore

the tangent through B 1s parallel to GH (11 5) Letit be CD Since then
CB=BD (u 3),
therefore
sq €B or rect. CB,BD sq BA comp CB.BA,DB:BA

/
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But
CR BA HG:6T,
and
DB BA GK GE,
therefore
sq CB sq Bicomp HG GI''KG GF
But also

rect AG,GH rect BG,GF comp HG GF KG GE,

therefore

rect AG,GH rect EG,GF sq CB sq B4
Alternately

rect KG,GH sq CB reet EG,GI' sq BdA
But 1t was shown

rect AG,GH=sq CB (ix 10),
therefore also
rect BG,GF=sq AB

Prorosrriow 12

If tiwo strarght ines af chance angles are drawn lo the asymploles from some pornd
of thase on the seclion, and parallels are drawn to them from some point of those on
the section, then the rectangle contained by tkhe parallels will be equal fo that cons
tarned by those strawght lines to which they were draun parallel

Let there be an hyperbola whose
ssymptotes are AB and BC, and let
some point D be taken on the scction,
snd from 1t let DE and DF be dropped
to AB and BC, and let some other
pomt on the section & be taken, and
through @ let GH and GK be drasn
parallel to ED and DF

I say that

rect ED,DF=rect HG,GK

For let DG be jomed snd produced
to 4 and C Sice then

rect AD DC=rect AG,GC (1 8),
therefore

AG AD DC CG

But

AG AD GH ED,
and

DC CG DF GA,
therefore

GH DE DF GK
Therefore

rect ED DF=rect HG,GK

Prorosrriov 13

If 1 the place bounded by the asymploles and the section some stratght linc 13
drawn parallel (o one of the asymplotes, 1t wall meet the section 1n one pont only
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Let there be an hyperbola whose asymptotes are CA and AB, and let some
pomt E be taken, and through 1t let EI" be drawn parallel to AB
I say that it will meet the section
For 1f possible, let 1t not meet 1t,
and let some pant G on the section
be taken, and through G let GC and
GH be drawn parallel to CA and AB,
and let
rect CG,GH =rect AE,EF,
and let AF be joined and produced,
then 1t will meet the section (1 2) Let
1tmeet 1t at K, and through K parallel
to CA and AB let KL and KD be
drawn, therefore
rect CG,GH=rect LA,KD (11 12)

And 1t 18 supposed that also
rect CG,GH=rect AE,EF,

therefore
rect LE,KD orrect KL,LA=rect AE,EF,
and this 15 impossible, for both
KL>EF
and
LA>AE
Therefore EF will meet the section
Let 1t meet 1t at A
I say then that 1t will not meet 1t 2t any other pomnt
For 1f possible, let 1t also meet 1t at N, and through A and N let MX and
NB be drawn parallel to CA Therefore
rect EM,MX=rect EN,NB (1 12),
and this s ympossible Therefore 1t will not meet the section in another pomnt

ProrosrrioN 14

The asymptotes and the secthion 1f produced indefimately draw nearer to each other
and they reach a distance less than any guen distance

Let there be an hyperbola whose asymptotes are AB and AC, and a gven
distance X

I say that AB and AC and the sec-
tion if produced draw nearer to each
other and will reach & distance less
than K

For let EHF and CGD be drawn
parallel to the tangent, and let AH be
jorned and produced to X Since then

rect CG,GD=~rect FH,HE (u 10),
therefore
DG FH HE CG
But

DG>FH (1 8,26),
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therefore also
HE>CG
Then hikewise we could shon that the succeedng straght hnes me Jess
Then let the distance EL be token Icss than K, and through L let LN be
drawn parsllel to AC, therefore st will meet the section (11 13) Let1f meetsd
at N, and through N let AINB be deawn paraliel to EF ‘Therefors
MN=EL
and 5o
MN<K

Portay
‘Then from thus 1t 1s evident that the strasght hoes AR and AC are nearer

than all the asymptotes to the section, and the angle contamed by B4,4C 15
elearly less than that contained by other asymptotes to the section.

Prorgstrion 15

The asymplotes of opposile sections are common

Let thero be opposite sochions whose diameter 15 AB and center €

1 say that the ssymptotes of the sections A and B are common

Let the straaght hines DAE and FBG be drawn tangent to the sections
through the ponts 4 end B, they are therefore paralle! (x 44, note) Then let

each of the straght hines DA AE FB, nnd BG be cut off equal in square to the
fourth of the figure applied to AR, thercfore
DA=AE=FB=B@

Then let CD, CB CF, and £ be jomed Then 1t 15 evident that DC s s
straght with €G and CE with CF because of the parallels Stnce thenitsan
hypesbola whose chameter 13 AB and tangent DE, and DA and AL are each
equal mr squsre Lo the fourth of the figure app!:ed ta 4B, therefore DC and
CE are asymptotes (g5 1) For the same reasons then FC and CF are also
asymptotes to seetion B Therefore the of opy sections aré
common

Prorosrrron 16

If 1n oppostle sections some - .
contatneng the angle adsa « o und, 1t will meet
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each of the opposite secirons in one pownt only, and the stratght lines cul off on 1t
by the sectiona from the asymplotes 1onll be equal ) i

For let there be the oppouite seetions 4 and B whose center is € and
asymptotes DCG rod ECF, and let some straght kane M be drawn through
cutting each of the strayght hoes DO ond CF

1 say that produced 1t will meet each of the sections in one pomnt only

For simee DO and CF are asymptotes of scetion A4, and some straight hine
HE has been drawn across cutting both of the straight hines contammng the
adjacent angle DCF, therefore HE produced will meet the section (i1 11).
Then blewise also B v

Let 1t meet them ot L and A

Let the strasght hne ACB be drawn through C parallel to LM, therefors

|3

€ G
reet KL, LH=eq AC (1 11)
and
vect HM,MK=8q CB (1 11)
And 80 slso
rect KI LH=rect HM MK,
and

LH=RKAM
Prorosirion 17

The asymplotes of conyugute opposile scclians are common
Let there be conjugate opposite sectsons whase conjugate diameters are AB
and €D, and whose center 18 B
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I say that their asymptotes are common

For let the straight hnes FAG, GDH, HBK, and KCF be drawn through
the points 4, B, C, and D touching the sections, therefore FGH K 15 2 parallelo-
gram (1 44, note) Then let FEH and KLG be jowned, therefore they are
strmght lines (1 15) and d s of the 1lel and they are all
bisected at the pomnt E And since the figure on AB 15 equal to the square on
CD (1 60), and

CE=ED,
therefore each of the squares on FA, AG, KB, and BH 1s equal to a fourth of
the figure on AB Therefore the straight lines FEH and A EG are asymptotes
of the sections 4 and B (i1 1) Then likewise we could show that tho same
straight lines are also asymptotes of the sections C and D Therefore the
asy of con c sections are

Prorosition 18

If a straight line mecling one of the conjugate opposile sechions, when produced
both ways, falls outside the section, 1t wrll meet both of the adjacent seclions 1n one
pont only

Let there be the conjugate opposite sections 4, B, C, and D, and let some
straight hine EF meet the section € and produced both way s fall outside the
section

I say that 1t will meet both of the sections 4 and B m one pomt only

For let GH and K be asymptotes of the sections Therefore EF mects both

GH and AL (11 3) Then 1t 1s evident that 1t will also meet the sections A and
B 1n one pont only (11 16}

Prorosrriov 19
If some strarght line 18 drawn touching some one of the conjugate opposite scettons
al random, 1t wall mect the adjacent sections and will be busceted at the pownt of

conlact
. L « - * ‘et some

edat C
It 15 evadent now that 1t will meet sections A and B (11 18), let 1t meet them
at Gand I
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Isay that

CG=CH.

']
/L//_\N’\

For let the asymptotes of the sections KL and MN be drawn Therefore
q EG=FH (u 16),
an

CE=CrI" (11 3},
and

CG=CH
ProrosrrioN 20
If a straight Line touches one of the congugate opposte sectons, and tuo straight
- - -

draun through the pownt of contact and the center, and those through the pounts of
contact and the center will be congugale diameters of the opposite sections
Let there be conjugate opposite sections whose conjugate diameters are the

N
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strught hmes 4B and CD, and ceater ¥, and Joy EF be drawn touching the
section 4, and preduced et it meet C¥ at T, and ket EY be joined and pro-
duced to X, and through ¥ let ¥'@ be drawn paraliel to 27, and through @ let
HG be drawn touching the section

1 say that JIG 13 parallel to YE, and GO and EX are conjugate diameters

For let the strasght hmes KE, GL, and CRP be drawn ordinatevase, and let
AM and CN be the pazameters Since then

AM  NC CD(x 60),
but
B4 AM  rect YK,KF sq KE (1 37),

NC ¢D  sq GL rect YL, LH (1 37),
therefore also
rect YE,KF eq EK  sq GL reet YL,LH

and

But

rect YK,KF sy EK comp YK KEFK KE,
and

sq CL:rrect YL XM comp G LY, 0L 1K,
therefore

ratio comp VX AEFA KE=ratwcomp GL LY,GL LH,
and of these
FK KE GL LY,
for each of the strmgh: hoes BX, ]xF and FE 13 pamlk-x to each of the straight
hines YL, LG, and GY a3
YK AE’ GL 1274

Also the sides about the equsl angles at K and L are proportional, therefore
trangle EA Y 18 sbar to tnangle GHL aud will have equal the angles the
corresponding sides subtend Therefore

angle BY K=angle LGH
But also

angle KYG=angle LGY,
and therefore

angle EYG=angle HGY

Therefore EY 18 parallel to GH

Then let 1t be contmved that

PG GR HG &,
therefore S 1s a half of the of the ord: to the di GO
sections € and D @0 §1) And since CD 18 the second diameter of the sections
4 and B and L7 meetat, therefore
rect T¥, DK =sq C¥,

forf we draw from I 5 parallel to K'Y, the rectangle contained by T and the
stromght hine eut off by the parallel wall be equal to the square on CY (1 38)
And thercfore

TY EXK sq TV sq 1€ (Euel v1 20)
But
TY EK TF FE

TY ER trgl TYF ugl BFY (Euel v1 1),

or

and
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sq TY sq CY trgl YTF trgl YCP (Cucl vi 19)
or
sq TY sq CY trgl YTF trg GHY (ur 1)
Therefore
trgl TYF trgl EFY  trgl TFY trgl YGH
Therefore
trgl GHY =trgl YET
But they also have
angle HGY =angle YEF,
for EY 1 paralel to GH, , and EF to GY Therefore the sides about the equal
angles are reciproeally proportional (Euel vt 15) Therefore
GH EY EF GY,

therefore
t HG,GY =vect YE,EF
And smee rec 5 rec
8 HG RG.GP,
and

G GP YE EF,
for they are parallel, therefore also
8 HG YE EF
But, with Y@ taken as common herght,
8 HG rect 8,YG rect HG,GY,
and
YE EF sq YE rect YE,EF

And therefore
rect 8,YG rect HG,GY sq YE rect YE,EF
Alternately
But rect §,GY sq EY rect HG,GY rect FE,EY

uf

rect HG,GY =rect YE EF (above),
therefore also
rect § GY=sq EY
And rectangle §,QY 15 a fourth of the figure on GO, for
@Y =ha} GO,
and § 15 the parameter, and
sq EY=fourth sq EX,
for
EY=YX

Therefore the square on EY 15 equal to the figure on GO Then likewise ve
could show also that GO 1s equal m square to the figure on EX Therefore EX
and GO are conjugate diameters of the opposite sections 4, B, €, and D

ProrosiTioy 21
The same things being supposed 1t 15 fo be shown that the point of meeting of the
tangents 15 on one of the asymptotes
T ' ? ~=ters are the straight
lin " be drawn tangent
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For since the square on CY 1s equal to the fourth of the figure on 4B (1 60),
and

sq AE=sq CY (u 17},
therefore also the square on A E 18 equal to the fourth part of the figure on AB
Let EY be joned, therefore EY 18 an asymptote (u 1), therefore the pont £
1s on the asymptote

PRrorosITION 22

If 1n congugate opposile sections & radius 1s drawn to any one of the sections, and @
parallel 1s drawn to tf meeting one of the adjacent sections and meeting the
then the gl tained by the produced betueen the
section and the asymploles on, the straight line drawn 1s equal to the square on the
radius
Let there be the conjugate oppostte sections A, B, € and D, and let there be
the nsy mptotes of the sections YEF and YGH, and from the center ¥ let some
straight line } CD be drawn across, and let HE be drawn paralle] to 1t cutting
both the adjacent section and the asymptotes

I say that

rect EK,KH=sq CY
Let A L be bisected at A, and let MY be joined and produced, therefore AB
it . E P H

{Lirst Def 1 6) Therefore the square on C¥ 1s equal to the fourth of the figure

on AB (1 60) And the rectangle HK A E 1s equal to the fourth part of the
figure on AB (11 10}, therefore also
rect HK RL=sq CY
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Proposirion 23

If 1 congugate opposite sections some radus 1s drawn to any one of the sections,
and g parallel 13 drawn {0 2t meeting the three adjacent sections, then the reclangle

contasned by the segments produced betwceen the three seclions on the straxght line
dra m 1% fma thoe oo mva v dL mnd

C, and D, and let the
cer me straight line C¥ be
drawn to meet any one of the sections and let KL be drawn parallel to CV
cutting the three adjacent sections

Igay that
rect AM,ML=2sq CY
Lot the asymptotes to the sections, ZF and GH, be drawn, therefore

An sq CY=rect HM,ME (1 22)=rect HK,AE (u 11)
d
rect HM,ME-rect HK,KE=rect LM,MK
beeause of the straight lines on the ends bemng equal (11 8, 16) Therefore also
rect LM,MK=2sq CY

Prorosrrion 24
1f bwo strasght tines meet @ parabole each at two pornis, and of o point of meeting
0 o o = o —ar o w

mmn mta of maool ma of ih

ABCD,and let a pomnt of meeting of nerther
of them be contained by the ponts of meet-
1ng of the other

I «ay that the straight lines produced
will meet each other

Let the dismeters of the section EBF
and GCH, be drawn through the ponts B
and C, therefore they are parallel (r 51,
end) and each one cuts the section 1n one
pomt only (1 26) Then let BC be jomned,
therefore

angle EBC+angle BCG=2 1t angles,

Prd

-~
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and DC and B4 produced make angles less than two nght nngles Therefore
they will meet each other outside the section (1 10, Euel Post 5)

ProrostTion 25

If tuo sfrarght lines meet an hyperbola each a! fuo points and of a poinl of meeting
of rether of them 18 contarned by the pornts of mecting of the other, then the stranght
Dines will mees each other autside the section, but wrthan the angle contaimng the
sechon

Let there be an hy perbola, whose asymptotes are AB and AC, and let the
{wo straight hnes EF and GH cut the section, and let u point of meeting of
netther of them be contamed by the
points of meeting of the other

I say that the straight lmes EF E
and GH produced will meet outside <
the section, but within the angle

:9:3

Tor let the straight hnes 4F and A
Al be Jomned and produced, and let
FH be jomed And since the straight
hines EF and GH produced cut the
angles AFH and AMF, and the sad G
angles are Jess than two nght ngles
(Cucl 1 17), the straight hnes EF
and GH produced will meet each other outside the section, but within the
angle BAC

Then we could hkewse show 1t, even if the straight hines EF and GH are
tangents to the secthions

o

Prorosition 26

If 1 an ellipse or crreumference of o carcle bwo straight bines not through the
center cut each other, then they do not bisect each other

Tor if posaible, m the ellipse or arcumference of o circle let the two straight
hnes CD and EF not through the center biseet
each other at G, and let the pomt H be the conter 13
of the section, and let GH be joined and produced C
todand B

Sinee then the straight Iine AB 18 & dismeter
bisecting £, therefore the tangent at 4 18 para-
Net to EI" (11 6) We could then hkewise show
that 1t 13 also parallel to CD And so also EF 18
paraltel to CD And this 1s impossible Therefore
CD and EF do not. bisect each other

Prorosirion 27
1f two straight lines touch an ellipse or errcumference of a circle, and 1f the
straaght ltne Jorntng the pmnts of contact 1y through the center of the scction, the
tangents will be parallcl, but 1f not, they wnll mect on the same side of the cenler,
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Let there be the ellipse or circumference of a eircle AB, and let the straight.
lines CAD and EBF touch 1t, and AB be joined, and first let 1t be through the
center

[ A D L H K

E B F D A [4

I say that CD 1s parallel to EF

For sunce A B 15 2 diameter of the section, and CD touches 1t at 4, therefore
€D paralle] to the ordinates to AB (1 17) Then for the same reasons BF 1s
also parallel to the same ordinates Therefore CD 13 als(z ;‘mmllel to EF

T X0 o g

diar

AL
the center as AB
ProposITION 28
I . . - [
para

jouned and produced

Lt 1202 \LBSL 6L | by
and this 1s imposstble, for 1t 15 supposed
CE=ED

Therefore GH 15 not a diameter Then hkewse we
could show that there 1s no other except EF There-
fore EF will be & diameter of the section

ProrosrTIoN 29

R . . .

strught hnes AB and AC, meetng at A, be drawn tangent, and let BC be
lome%)and biseeted at D, and let AD be jomed "
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1 say that it 1s o dameter of the section
Tor if possible, let DE be & diameter, and let EC be jomed, then »f will ent
the section (1 35, 36) Let 1t cut st at F,
~nd through F let FKG he drawn parallel
1o CDB Simnce then
- CD=DB
alse
FH=HG
And since the tangent at Lis parallel to BC
{11 5, 6), and FG1s also paraliel to BC, there-
fore also F@ 13 parallel to the tangent at L
Therefore
FH=HK (1 46, 47},
and thiss imposaible Therefore DE s not a
dizmeter Then hkewise we cauld show that
there 15 no other except AD

Prorosrrion 30

If tu o strazght bines tangen 16 a seclion of @ cone or lo & circumference of o circle
meet the diameter drawn from the pownt of meefing wnll busect the straight Line
gormng the pornis of contact

Let there be the section of a cone or eircumference of a eircle BC, and let two
tangents BA and AC be drawn toxt mecting ot 4 and let BC be joined and let
AD be drawn through 4 as a diameter of the section

1 say that

DB=DC
For let 1t not be, but if posable, et
BE=EC,

)
and let 4 E be jomed, therefore A E s p daame
eter of the section (11 28) But AD1s alsoa
diameter,and thisisabsued Forif the sectton
1s an ellipse, the point A at which the disme-
ters mect each other, wilf be a center outside
the section, and this 13 unpassible, and sf the
scetion 18 & parabols, the diameters meet
each other (1 51, end), and if 1t 1s an hyper-
bola aud the strasght hines BA and AC meet
the section without contaimmg one another s
powts of meeting then the center 1s within the angle contaimng the hvperbola
(11 25), but 1t 18 also on st, for 1t has been supposed a center smee D4 and AE
arg dameters {1 51 end), and thus 13 absurd Therefore BE 15 not cqual to
L

Prorosirioy 31
If two straight lines fouch each of the opposile seclions then of the strarght hint
g0eming the pownts of cantact falls through the center, the tangents will be parallel,
but 1f nat, they will meet on the same side as the conter
1ot there be the opposite sections A and B, and let the straght hines cAD
aud EBF be tangent to them st A and B, and let the straight hoe somed from
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4 to B fall first through the center of the sections.
1say that CD 1s paraliel to EF "
For sunce they arc oppestie scctions of which AB is s dismeter, and CD
touches one of them at 4, therefore the strasght hne drawn through B paratlel

<

E

10 CD touches the seetion {1 44, note) But EF slso touchest, therefore CD 15
pazallel to EF

‘Then let the straght hine from 4 to B not be through the centex of the sec~
t1ons, and let AG be drawn a3 & diameter of the sections, and let HK be drawn
tangent to the section, therefore HX 1s paraliel to CD, and since the straght,
hnes EF and HK touch an hyperbola, therefore they il meet (31 25, end)
And HE 15 parallel to €D, therefore aleo the straght lines CD and EP pro-
duced will meet And st 1s evident they are on the same side as the center

Prorosirron 32

If strarght lines meet eack of the oppomie sections, tn one pornt when toucking or 1n
{0 pornts vhen cutling, and, when produced, the atrarght lines meet, then therr
pornt of meeting will be tn the angle adacent to the angle canliining the seclion.

Let there be opposite sections and the straight hnes AB and €D » *
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touching the oppasite sections w ane powt or cutémg them m twa pants, and
leb them meet when produced

¢ ¥ aay that thewr pont of meching will be 1 the angle adsacent ta the angle
coutamng the section 4

Let FG and KK be nsymptotes to the sections, therefore 4 B produced will

aeet the asymptotes (15 8) Letit meet them at A and @ And since FX and
HG are supposed a8 meeting 1t 15 evident that esther they will meet i the
place under angle HLF or in that under angle KLG And Gkewise also, 1f they
touch (11 3)

Prorosirion 33

If a strarght line meeling one of the opposite sections, when produced both vays,
Jalls outside the scction, of will not meet the other section, but unll foll through the
three places of uhich one 15 that contmned by the angle contusning the section, and
two are those contarned by the angle adracent to the angle conturning the sechon

Let there be the opponte sections 4 and B, and Jet some straaght hine CD

S

F

eut A, and, when produced both nays, let 1t fall cutside the scetion

T 523 that the straght ke I docs pat meet the section B

For let EF and GH be drawn as asymyp to the sections, therefore €D
produced will meet the symptates (11 8) And it only mects themn the points
B and B And sa it will not meet the seetion B

And it 1s evident that it will fall through the three places For if some straight
ke raects both of the apposite sections 1t will meel netther of the opposite
sections w two posnts For if it meets it i twe ponts, by what has just been
proved it will rat meet the other sectron

Prorosrrioy 34

If some stracght line touck are of the opposile seclions and o paralle! ta ol be drawn
1n the other scclion then the stracght line drawn from the pont of cantact o the
mdpoent of the parallel 1wl be a drameter of the oppostie scotions

1.t there bo the oppasite scetions A ard B, and lot some straight kne €D
touch one of them 4 at A, and let ZP be drawn parallel to OO m the other
section, and let 1t be bisccted at G, and tet AG be jomned

1 gay that AG 13 a diameter of the oppioate scetions

Tor of possible, Jet 42K be Therefore the tangent at 2 15 parallel to D
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(11.31) But CD1s also parallel to EF, and therefore the tangent at H 1s parallel
to EF Therefore

ER=KT (1 47),

#nd this 13 impossible, for

EG=GF
Therefore AH 15 not a diameter of the opposite sections
Therefore AB 13

Proposrrion 35
If o duameter 1n ome of the opposle sections busecls some strarght line, the strarght
lne touchung the other section at the end of the diameter will be parallel to the
brsected straight line
Let there be the opposite sections A and B, and let their diameter AB bisect
the straight hne CD 1n section B at E

1 say that the tangent to the section at A 18 parallel to CD
For if possible, let DF be parallel to the tangent to the section at 4, therefore

DG=GF (1 48)
But also
- o DEEC L,

PrOPOSITION 36

If parallel strarght lines are drawn one wn each of the opposile scctions, then the
straight Line jornang ther mudponts will be a diameter of the opposite sections
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Let there be the opposite sections 4 and B, and let the strmght lines CP and
EF be drawn, oge 21 each of them, and let them be parsliel, and Jet them both

be bisected at pomts G and X, and let G be joined

Isay that GHisa dipmeter of the opposite sechons

Tor 1f vot, et GK be cne Therefors the tangent to A 15 paraliel 4o D
(u 5}, and 5o also to EF Thezefore

ER=KP (1 48),
and this 15 ympossible, sinee also
EH=HF

Therefore GK 1s not o ¢ ter of the opposite sections Therefore GH 1s

Prorosrriow 37

If a straight line nof through the center culs the spposile sections, then the strotght
nine yomed from els medpoint o the cenler 13 a so-called upright diameter of the
opposte secions, and the strawght e drawn fram the center paraliel fo the brsected
straight live 18 @ trans erse drameler covgugnis to 1t

Let there be the opposste sections A and B and let some straight hine CD
not through the center eut the sections A and A and let 1t be bisected at B,
and fet ¥ be the center of the sections, and fet ¥'E be jomned, and through ¥
et AR be dravn parallel to CD

I say that the straaght hnes 4B and EY are conyugate diameters of the
seclions

Tor fet 0¥ be jomed and produced to F, and iet CF be jomed Therefore

DY=YFQq 3%

But also

DE=EC,
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therefore £Y 1 parallel to FC' Let BA be produced to G And since
DY=VYF,

therefore also ’
EY=rG,
and so0 also —
CG=FG
Therefore the tangent at A 1s parallel to CF (11 5), and so also to EY There-
fore EY and AB are conjugate diameters (1 16}

ProrosiTION 38

If two straight lines meeling touch opposie sections, the straght line jowned from
the pownt of meeling fo the mudpoint of the straght line gounang the pownts of
contact will be a so-called upright duameler of the opposite sections, and the sirarght
line drawn through the center parallel to the stratght line gowmng the pownis of

contact 13 @ transterse drameler conqugale {0 E
LA 4 —a B awd OV and VD tarh ng the

Irawn

oo v An abeave ovse diameter conjugate to 1t
? be a point taken at random;
\nd let CF be jomed, therefore

Laied am Tt s ht tat A ond thronoh 4 let AB be
CD, 1t also
AG=UH
And since CE=ED,
= i3

and le CFD, therefore also
nd 15 on triangle » AC=GK

And 5o also K=

,
and this 1s impossible Therefore EF will not be a diameter
ProrosITION 39

If two strasght Lines meeting touch opposite sections, the straaght line drawn
through the center and the pornt of meeting of the tangents busects the straght line
Jormng the pownls of contact
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Let there be the opposste sectiony A and B, and Jet two straight hines CE and

ED be drawn touching 4 and B, and let CD be jomed, and let EF be drawn s
o thameter

I say that

CF=FD

Forof not, fet €D be bisected ut G, and fet GE be joined, therefore GE 188
diameter (r 38) But EF 1s alsa, therefore E 18 the center (r 31, end) There-
fore the pont of meeting of the tangents 1 at the center of the sections, and
thes s absurd {11 82} Therefore OF 1s not unequst to FD Therefore equal

Prorosrriow 40

If fwo strmght lines touching opposte sections meet, and through the point of
meeting o strarght fine 13 drawn, parallel o the strarght fine jyorning the pownts of
conlact, and meebing the seciions, dhen the sirarpht lines dratwn from the ponts of
meeting to the midpoini of the stranght line yorning the pownts of contact touch the
sections

Let there be the opposite sections 4 and B, and fet two straght kines CF and
ED be drawn touctung 4 and B, and let €D be jowed, and through X let FEG
be r!ex}\vn parallel to 00, and let OD be bisected at £, and let FIf and HG be
Jom

1 say that F#f aad K@ touch the sections

Let EH be joined, thercfore BN 1s an upnght diameter, and the straight
Line draswn through the center parsilel to O o transverse diameter conjugate
to1t (11 33) And let the center ¥ he token and let AY B be drawa paraliel to
CD, therefore HE and AB are conjugate dismeters And € has been drawn

ardinatewise 10 the second dismeter, snd CE has been drawn touching the
soctton and meeting the second dinmeter Therefore the rectangle EY, Y
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equsl to the square on the half of the second diameter (1 38), that 1s to the
fourth part of the figure on AB (Second Def 1 10) And since FE has been
drawn ordinatewise and FH jowed, therefore FH touches the section 4 (1 38)
Likewise then also GH touches section B Therefore FH and HG touch see-
tons 4 and B

ProrosiTion 41

If tn opposite sections two siraght lines not through the center cuf each other, then
they do not bisect each other
Taa %

. PR . B T

‘ the two

For if possible, let them bisect each other, and let ¥ be the center of the sec~
tions, and let EY be jowned, therefore EY 1s a diameter (1 37) Let YF be
drawn through ¥ parallel to BC, therefore ¥ F1sa d and to

~ ~
EY (1 37) Therefore the tapgent at F 1s parallel to Y (Furst Def 1 6) Then
for the same reasons, with HK drawn pfrallel to AD, the tangent at H s

PROPOSITION 42

-~
If 1 congugule opposiie sections two straight lines not through the center cut each
other, they do not bisect each other

Let there be the conjugate opposte sections 4, B, € and D, and m 4, B, ¢

and D Jet the two straight hnes not through the center, EF and GH, cut each
other at K



710 APOLLONIUS OF PERGA

I say that they do not bigect each other

Fur af posable, let them bisect each other, and let the center of the seetions
be Y, and let AR be denwn parallel to EF snd CD to HG, and let K} be
joined, therefore KY and AB are conjugnte dismeters (1t 87) Likewise YK
and CD are also conpugate dinmeters And so also the tangent at 4 1 parallel
to the tangent at €, and this 13 1mpossible, for st meets 1t since the tangent at
€ cuts the seetions 4 and B {11 19), and the tangent at 4 sectionsCand D, 1t 18
evident slso that their pant of meeting 1s in the place under angle AYC
(1x 21) Therefore the straight bnes EF and GH not being through the center
do not bisect each other

Prorostrion 43

If a stratght line cuts one of the congugate opposite seclions in tue pownts, and
through the center one strarght line 15 drawn to the nudpoind of the cutling straxght
hine and enother straaght lines draws parallel fo the cutting strasght Line, they will
be conjugale diameters of the opposite scctions

Let there be the conjugate opposite sections A, B, € and D, and let some
straight bine cut seetion 4 at the tw.o posnts B and F, and let FE be bisected at
g}' and Jet ¥ be center, and let Y& be joed, and let CY be drawn parallel to

I say that A¥ and YT are conjugate diameters
For smnce AY 13 a dameter and isects EF, the tangent at 4 13 paralle] to

EF (u % and 50 afso t0 CY Sinee then they are opposite sections and &
tangent, has been drawn to one of them, 4 at 4 and from the center ¥ one
straght bone ¥ A s joiped to the point of contact and another €' has been
drawn parsllel to the tangent therefore YA nnd CY are conjugate diameters,
for thus has been shown before (11 20)

Prorosimioy 44 (Propuest)
Guren a seetron of g cone (o find a deameter
Let there be the mven come section on which are the pomts A, B,C I and
E. Then it 13 requured to find o diameter
Let 1t huve been done and let it be C4/ Then with DF nnd ENl drawn or
dinatewise and produced
DF=FB
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and
LCH=HA (First Def 1 4)

If then we fix the strmght lines BD and EA
positwon to be parallel, the pants H and F will
be gaven And so HFC will be gaven 1 position

Then 1t will be constructed (owrednoerar) thus
let there be the given comic section on which are
the ponts A, B, C, D and E, and let the straight
lines BD'and AE be drawn parallel and be bisected
at F and  And the straight hne FH jomned will
be & diameter of the section (First Def 1 4) And
m the same way we could also find an indefinite
number of diameters

ProrosiTioN 45 (ProBLEM)
Guen an ellipse or hyperbola, to find the center
And this 13 evident, for 1f two diameters of the section AB and CD, are

D

drawn through (11 44) the pont at which they cut each other will be the center
of the section, as indicated below

PropOMITION 46 (PROBLEM)
Gaven o section of a cone, to find the ax1s

Let the given section of & cone first be a parabpla on which are the ponts
F Cand E Then 1t 1s required to find 1ts aas

[N LT A TLI (' VSN - LI

.
the straight hines drawn perpendicular tot (birst Def 1 7) And the perpen.
dxcusln:z‘%o CD are also perpendicutars to A8, and so CD biseets the nernendie-
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ulars to AB If then I fix EF, the perpendicular to A B, 1t will be grven o posse
tion, and therefore
ED=DF,

therefore the pomt D 15 gaven Therefore through the
gren pomt I, €0 has been drawn paralfel 1 position
10 AB, therefore €D 15 gven 1 position

‘Then it will be constructed thus let there be the
gaven parabola on which are the pomts F, & and 4,
and let A B, & duameter of tt, be drawn (1t 44), and let
BE be drawn perpendacalar to 1t and let it be pro-
duced to F If then

r Y

4

EB=BF
1t 13 evadent that A8 1s the aws (First Def 1 7), butif e
not, let EF be hisected by D, and let CD be drawn ~
parallel to AB Then 1% 13 cvident that €D s the aas
of the section, for bemng parllel to & diameter, that 15 being & diameter (& 51,
end), 1t biseets EF at right angles Therefore CD has been found as the axs of
the given parabola (Fusst Def 3 7)

And 1£1s evadent that the parabols has only one aws Forif there 1s another,
as 4B 1t will be parallel to CD {1 51, end) And st cuts EF, and 501t also
isests 1 (Furst Def 1 4)

‘Therefore

BE=BF,
and this 13 absurd
Prnorostrion 47 (ProsuEy)

Gueen an hyperbola or ellipse to find the ans
Let thero be the hyperhola or elipse ABC, then 1t 18 required to find :its axis
Let 1t have been found snd let 1t be AD, and & the center of the section,
therefore K D tusects the ordinates totself and at right angles (First Def 1 7)

S

Let the perpendicular DA be drawn and let X4 and AL be jomed Since
then

CD=DA,
thereflore

Oh =hA
1f then we fix the msen pomt C, Ch will be mven  And so the aurele desertbed
with center K and radws KC wiif also pass through A and will be given
position And the section ABC 13 also gven 1n posttion, therefore the pamnt 4
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1 gven But the pownt € 15 alo given, therefore €4 1s miven 1n position Ao
CD=D¢,
therefore the pomnt D 1z miven. Bat al o A 1> given, therefore DK 1s given in
posttion.
A;}zen 1t will be constructed thus let there be the given hvperhola or ellipse
- Y- aeL e o

+—~domon
the de-
sen . be
Joned and let KD be drawn through to B
imee then
AD=DC

and DX 13 common, therefore the two strught hines CD and DR are equal to
the two straight hnes 4D and DA, and
base A 4 —base KC
gh:mh;;a EBD bisects ADC at nght angles Therefore AD 13 an axis (First
el 1
Let MEN be drawn through K parallel to C4, therefore W\ 1s the axs of
the section conjugate to B (First Def 1 8)

Prorostrion 48 (PROBLEM)

Thomemthst 1 g * 7 = to show that there are no other

- KG Then 1n the same way as
before, with AH drawn perpendcular,
AH=HL (First Def 1 4),

<
L N
a S 3
H g 3
K o T SED
\ X
N
A

AK=RL

and so also
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But also
AK=RC,
therefore
KL=KC,
and this 13 sbeurd
Now that the eirele AEC does not hut the section also i another pomt be~
tween the pomnts 4, B and €, isevident i the case of the hyperbols, and m the
case of the elipse let the pexpendxclgars CR and LS be drawn Since then
KC=

v

for they are xadn, also
sq KC=sq KL
But
su CR+sq RK=sq CK,
and
sq KS+sq SL=sq LK,
therefore
sq CR+sq REK=sq KS+sq SL
Therefore
difference betneen sq CR and sq SL=
difference between sq XS and sq RA
Agamn sinee
rect MR,RN-+sq RK=sq KM,
and also
rect M8, SN+sq SK=sq K3 (Eucl w 5),
theretore
rect ME,RN4sq RK=rect MS SN4sq SK
Therefore

difference betneen sq SK and sq KR=
difference between rect MR, RN and rect MS,SN
And it was showa that
Gifference between sq SK and sq AR=
difference between sq CR and sq SL,
therefore
difference betneen sq CR and sq SL=
difference between rect MR, RN and rect A1S,SN
And since OF and LS are ordinates
sq CR reet MR,RN 3q SL rect MS,SN (1 21)
But the <ame difference nas also shown for both therefore
8q CR=rect MR,EN,
wad
s SL=rect WS SN (Buel V 16,17 9
“Therefore the hne LCI 1s & errcle, and this 18 absurd, for it 13 supposed ar
cllipse

Prorostrion 49 (Pronrry)

Guten a scchon of 6 cone and & pownd rot wathen the scetion to drave from the paint
a stratght line louching the scction n one pomt
Let the g on section of a cone first be a parabola whose sxis18 BI Then s
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tequired to draw g strarght hine as presenibed from the given point which 1s not
within the section

Then the mven point 15 erther on the e or on the axs or somewhere else
outside
Now let 1t be on the line, and let 1t be 4, and let 1t have been done, and let 1t
be AE, and let AD be drawn perpendicular,
s

position

Then 1 Wil be constracted thus leh AD
be drawn perpencheular from 4, and let BE
be made equal to BD, and let A be jomned
Then 1t 13 evident that 1t touches the section
(s 33}

Agan let the given pomnt E be on the axs,
and let 1t have been done, and let AE be
drawn, tangent, and let AD be drawn perpendicular, therefore

BE=BD (1 85)
é‘nd BE 1s given, therefore also BD 1s given And the pont B1s given, therefore

let D4 be drawn perpendicular to D, and let AE be joined Then 1413 evident
that AF touches (1 33)
And 1t 19 evadent also that, even

17)

Then let C be the given pomt,
and let 1t have been dore, and let
CA be 1t, and through C let CF be
drawn parallel to the axis that s to
BD, therefore CF 15 gven 1n posi~
tion And from A let AF be drawn
ordinatewise to CF, then

CG=FG (x 35)
And the pomt G 1s given, therefore
F o alse gven And F4 hag heen
erected ordinatewsse, that 15, parallel to the tangent at G (1 32), therefore FA
1S given m position Therefore A 18 also given, but also C Therefore A 1s
El\:eu 1 position

2L 1./PY e el Ul L.
le .
(]

@ ooy
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Again let 1t be an hyperbola whose axis 1s DBC and center i, and asymp-
fotes HE and FIF Then the gwven pomt will be given either on tho section or

E

E

on the axs of within angle EIHF or s the adyacent place or on one of the
asymptotes contamng the sectton or i1 the place between the straght hnes
contaimng the angle vertical to angle EHP

Let the pomt A first be on the sect10n and let 1t have been done, and let 46
be tangept and fet AD be drawn perpendicatar and let BC be the transverse
mde of the figure, then

¢ DB CG GB (1 36)

And the ratio of €D to DB 1s given, for both the straight lines are given, there«
{ore also the Tatio of CG to GB 15 given And BC 1s given, therefore pamt G 18
T - » s ) 2 a1 " ~

and let AG be yoined Then 1t 19 evident that AG touches the section {1 34}
Then agon let the given pownt G be on the wxs and let it have been dong,
and Iet AG be druwn tangent, and let AD be drawn perpendscular Then for

the same retsons
G GB CD DB {1 3
And BC 1s given therefore the pomnt D s given And DA 13 perpendieular,
therefore DA ;s g0~ = =+ b -
therefore the poin
Then it will he ¢
and et 1t be contnved that
6 GB (D DB
and let DA be drawn perpendicular and lot AG bie jomed Then 1t 2s evidett
that AG decs the problem (1 31) and that, from § another tangent to the
cection eould be drawn on the other side
With the <ame things supposed let the mven point A be sn the place msde
anpgle EHF and let it be required to dran o tangent to the section from A
awhmebeen done and nbe A4 and tet A JF be Jomed and produred and &6
FIN be made equal to LI therefore they are all grven Then aleo LY will be
gnen Then fev A3 be drawn ordinatesre to YN
then also
NAORED UN M
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And the ratio of NK to KL 1s mven, therefore also the ratio of NAf to ML s
gven And the pawt L 1s guven, therefore also M 1s given And 34 has been
¢ erected parallel to the tan-
gent at L, therefore MA 1s
~ g@ven 1 positron And also
- the section ALB 1s given i
position, therefore the pomnt
c H A s given But K 1s also
B 5 given, therefore 4K 18
N gwven
Then 1t will be construct-
ed thus let the other things
be supposed the same and
the given point K, and AH
E  be jomed and produced, and
let HN be made equal to HL, and let 1t be contnved that
NK KL NM ML
and let MA be drawn parallel to the tangent at L (above), 2nd let KA be
1omed, therefore K4 touches the section (1 34)
And 1t 15 evident that a tangent to the section could also be drawn to the
other mde
With the same thmgs supposed let the given pomt F be on one of the
asymptotes contammng the section, and let 1t be requrred to draw from F a
tangent to the section And let 1t have been done, and let 1t be FAE, and

through 4 let AD be drawn parallel to EH, then
DH=DF,
since also
FA=AE (11 3)

And F, omt D 1s given And through the given point

\ "H 13 g1ven, therefore also p D, DA has been drawn parallel m
position to EH, therefore DA 1s given
m position And the section 18 also
given m position, therefore the pomnt
A 1s given But F s also given, there-
fore the straight ine FAE s miven 1n
posttion

Then 1t will be constructed thus

Jet there be the section 4B, and
asymptotes EH and HF, and the
gven point F on one of the agymp-
totes contaiming the section, and let
FH be bisected at D, and through D
let DA be drawn parallel to HE, a;\% IetD F;;i be jomned And since

]

thy
erefore also FA=AE

And g0 by things shown before, the straight line FAE touches the section
1n g,

With the same things supposed, let the given pownt be 1n the place under the
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angle adjacent to the straight ines containing the section, and let 1t be K, 1t 1s
required then to draw a tangent to the section from K And let 1t have been

done, and let 1t be KA, and let KH be jomed and produced, then it will be
gven n position If then a mven pont C1s taken on the section, and through
C, €D 13 drawn parallel to KX, 1t will be given 1n position And if CD 1s
bisected at E, and HE 15 joined and produced, 1t will be, 1z position, a diameter
conjugate to KH (Furst Def 1 6) Then let HG be made equal to BH, and
through'A Iet AL be :im\,vn parallel to B{I , then because KL and BG are con-

1salso given But it 1s also given in position, and the point ¥ 1s given, therefore
Lisalso grven And through L LA has been drawn parallel in position to BG,
therefore LA 13 given n position And the section 1s also mven 1 positron,
therefore the pomnt 4 1s given But also K, therefore AK 1s given 1n position

‘Then 1t will be constructed thus let the other things be supposed the same,
and let the given pomnt A be 1n the aforesard place and let A7 be jomed and
produced and let some point € be taken, and let CD be drawn parallel to AJY,
and let CD be bisected by E and let ZH be joined and produced, and let HG
be made equal to BI , therefore GB 1s a transverse diameter conjugate to AHL
(Tirst Def 1 6) Then let rectangle AH, I/L be made equal to the fourth of
the figure on BG, and through L let LA be drawn parallel to BG, and let A4 be
jomned, then 1t 18 clear that KA touches the section by the converse of the
theorem (1 38)

And 1f 1t 18 given 1n the place between the straight lines FII and HP the
problem 18 imposaible For the tangent will cut GII And so 1t will meet both
FH and AP, and this 1s impossible by the things shown i the thurty first
theorem of the first book (1 31} and 1n the third of this book (11 3)

With the same things supposed let the section be an ellipse, and the given
pomnt A on the section, and let 1t be required to draw from 4 a tangent to the
section Let 1t have been done and let 1t be AG, and let AD be drawn from A
ordinatewise to the axis BC, then the pont D will be given, and

CD DB CG GB(1 36)
And the ratio of €D to DB 1s given thercfore the ratio of CG to GB 15 also
given Therefore the point G 13 grven But alo A, therefore AG 13 given 1n
position
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Then 1t will be constructed thus let AD be drawn perpendicular, and let
CG GB *CD DE,

and let AG be jomed Then 1t 15

A evident, that AG touches, as alsomn
the case of the hyperbola (1 34)
Then again let the given pomnt
c be K, and let 1t be required to
B o draw a tangent Let 1t have been
done, and Jet it be K4, and let the
straight line KLH be joined to the

center H and produced to N, then
it will be given n position And if AM 13 drawn ordinatewrse, then
NE KL NM ML (1 35)
Andtheratio of NX KLs gven, therefore the

ratio of MN to L3 1s also given Therefore
the point M 13 g;iven And M4 has been erect-
ed ordinatewise, for 1t 15 parallel to the tan-
K N gent at L, therefore M4 13 given 1n position
Therefore the pownt 4 15 given But also K,
therefore KA 1s given m postiion
And the construction (svfesis) 15 the same

as for the preceding
Prorosrrion 50 (ProBLEM)
Guen the section of a cone, to draw a tangent which will make with the azis, on the
same side as the section, an angle equal to a gren acute angle
Let the section of & cone first be a, parabola whose axis 1s AB, then 1t 15 re-
g:ued to draw a tangent to the section wiich will make with the axis AB, on
¢ same side as the section, an angle equal to the given acute angle
Let 1t have been done, and let 1t be CD, therefore angle BDC1s given Let BC

ﬁ
F H G D Al B
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15 also gnen And it 15 1 posttion with respect to B4 and the given pont 43
therefore C4 1s given 1 posiion And the section is also given in poation,
therefore the point € 18 given And €D touches, therefore CD 1s given i
position
-

" 1 Can e -

— - . .~ i 1 S raps 13

{r 83)
1 say then that
angle CDB=angle EFG
For since
FG GH DB BA
and

HG GE AB BC,

G GE DB BC,
And the angles at G and B are night angles therefore
angle at F=angle at D
- s P

therefore ex aequals

r a . . 1 ERR L

the ratio of the square on CE to the square on LD 15 given, for each of the
rectangles CD, DE and DI, EC1s given Therefore the ratio of rectangle YE,
ED to the square on ED 13
given, and so also the ratio of
YE to ED 13 given And the £
angle at Eas given thercfore
the angle at ¥ 1s also gven
Then some straight lme CY ¢
has been drawn seress m Y 1) E
position with respect to the
strught hine YE and to the
guen pont ¥ oat a gnen
angle, therefore CY 18 given
i posttion And the section
15 also gven i position, therefore the pont C 13 given And CD has been
drasm aeross as tangent, therefore €D 13 given 1n position

Let the nsymptote to the section YF be drawn, therefore €D produced will
meet the asymptote (11 3) Let 1t meet 1t at 7 Therefore

angle FOL >angle YD

Therefore, for the construction the given acute angle wall have to be grester

n Yy perbola
JIG greater
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angle KHL=angle AYF,
and let AF be drawn from A perpendicular to AB, and let some point G be

B Y D A E
\
L
Hl
M H K
taken on GH, and let GK be drawn from it perpendicular to HK. Since then
angle FY 4 =angle LHK,
and also the angles at 4 and K are nght, therefore
YA:AF--HK:KL
HK KL>HK:EKG;
therefore also
YA+ AF>HK : KG.
And so also
sq YA sq AF>sq HK -sq KG.
But
sq YA .sq AF - :transverse upnght (x 1);
therefore also
transverse * upright>sq HK :sq KG
If then we shall contnve that
sq YA sq AF some other sq KG,
1t will be greater than the square on HK Let 1t be the rectangle MK, KH;and
let GM be jomned Smnce then
sq MK>rect MK, KH,
therefore
sq MK sq KG>reet MK, KH .sq KG
q YA sq AF
And if we shall contrive that
sq MK sq KG: sq YA :some other,
1t will be oo e

ne
Jomed fros

Let. uugle A YL be maue equau 10 sugle uMA theretore ¥ L will cut the sec~
S wt £F and Fonea 111,

sq YA :sq KC::sq MA :sq KG.
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But also

2 transverse - upnght  reet YE,ED sq EC (1 37),
an

transverse upnght reet MK,KH sq RG
And inversely
sq CE rect YE,ED sq GK rect ME,KH,
therefore ¢z acqual:
sq YE rect YE,ED sq MK rect ME,KH
Ang therefore
YE ED MK KH
But also we hod
CE EY GK KM,
therefore ex gequal:
E ED GK KH
And the angles at £ and K are nght angles, therefore
angle ot D=angle GHEK

Let the section be an ellipse whose avis1s AB Then 1t 13 required to draw &
tangent to the section which wath the axis will contain, on the same sude as the
section, an angle equal to the gven acute angle

Let 1t have been done, and let 1t be €D Therefore angle CD4 1s mven Let
CE be drawn perpendicular, therefore the ratio of the square on DE to the
square on EC 1s grven Let ¥ be the center of the section, and let CY be joined
'I"hcn the r:m‘o of the sguare on CE to the rectangle DE, EY 15 men, {orst L1s
R . v e =N RPN

¢

Then the problem wall be constructed thus let there be the myen acute
angle FGII, and fet some pownt I' be taken on FG, and let FIf be drawn per-
pendicular, and let 1t be cantrived that

upnght transserse sq FH rect GHLHK,
and let XF be jomed and let ¥ Le the center of the section, and let angle AYC
be constructed equal to angle GAF, and let €D be drawn tangent to the
section {11 49)
1 say that CD does the problem that s
angle CDE=angle FGI
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For since
YE EC RH FH
therefore also
sq YE sq L0 sq AH sq FH
But also

sq EC rect DEEY sq FH rect AH HG

for each 1s the same ratio as that of the upnght to the transverse (1 37 and

above) And ez aequal; therefore

sq YE rect DEEY sq AH rect AH HQ

And therefore
YE ED RH HG

But also
1E EC RH FH

ez gequalr therefore
DE EC HG FH

And the sides zhout the nght angles are proportional therefore

angle CDE —angle FGH
“Therefore CD does the problem

ProrosiTioN 51 (PRORLEM)
Given a sect on of a cone fodrawa tangent which unth the diameler drawn through
the pownt of contact wnll contain an angle equal to a guen acule angle

Let the given section of a cone first be a parabola whose axis1s AB and the
@venangle H then it 1s required to draw g tangent to the parabola which with

the diameter from the pownt of contact will contain an angle equal to the
angle at H

Let 1t have been done and let CD be draim a tangent making with the
diameter EC drawn through the paint of contact sngle ECD equal to angle H
and let CD meet the axs at D (1 24) 8 nce then AD 1s parallel to EC (1 51
e

ad) angle ADC  angle ECD

But angle ECD1s given forit1s equal to angle H therefore angle ADC s also

ven
& Then 1t will be constructed thus let there be a parabola whose ax s 15 AB

-~
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. e an s . I ¢ ew v aqth

Cbe

angle H =angle ADC,
and
angle 4DC=angle £CD,
therefore also
angle If =angle ECD

Tatso of the transverse to the upnght 15 mven, and 50 2lso the ratio of rectangle
EG,GD to the square on CG (1 37) Then let some gven straight line i be
H ? . s s - -

KL be drann perpendicular making

/
) i DA\

e

F H 1

rect FL IH sq LK transverse upnght,
and let FA and AH be Jomed Since then
angle PR H =angle LCD,
but also
reet EG GD sq GC  transverse upnght,
and
reet FL LIf ey LA transverse upnght,
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therefore triangle A FL1s sumular to tnangle ECG, and tnangle FHA to tnangle
ECD! And so
angle HFA =angle CED
Then 1t will be constructed thus let there be thelgwen hyperbola AC and
~ n T e w £ ¢ha

a segment of a circle pgreater than
a2 at
U
drawn perpendicular to FH and let NO
be cut at P m the ratio of UWto WY
and through P let PK be drawn paral
- S - R
Wi
¥ H L ¢l drawn perpendicular to 3t therefore 1t

15 parallel to FH And therefore
NP POorUW WY XAk KL
And doubling the antecedents
W WY MK KL

componendo
ZY YW ML LK
But
ML LK rect ML LA sq LA
therefore

ZY YW rect ML Lh sq LK rect 'L LH sq LK (Eucl mr 36)

Pappus 1n lemma IX to this book  Let tr angle ABC be 5 milar to tnangle DEF and
tnangle AGB to DEH the restlt s
rect BC CG sq CA  rect EF FH sq DF

A
4 ZD N &
£ H F B G C

Tor since because of sumilanty

and

therefore

Rut also

therefore

But also

therefore also compounded rat o s the same w th compounded. Therefore
rect BC CG 5q €4 rect EF FH sq FD

re
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Bui
Z1 Y1 transverse upnght,
therefore also
rect FL LH sq LK transverse upnght
‘Then let AT be drawn from 4 perpendiculsr ta 4B Since then
sq FA sq AT tronsverse upnght (1 1)
and also
tronsverse upnight  rect FL LH esq LA
and
sq FL sq LA>rect FL LH sq LA
therefore also
sq FL sq LA>sq EA sq AT
And the angles at A and L are nght angles thercfore
angle F<angle E

P - - .

Therefore also
rect FL LH sq Lk rect BEG GD sq 06
therefore triangle AFL 13 synular to triangle ECG and triangle AHL to tn
angle CGD avd tnangle AFH to tnangle CED And so
angle ECD=angle Fhll =angle Q

And if the ratio of the transverse to the upmght 1s equal to equal AL
touches the arcle FAH (Eucl nr 37) and the straght line jomed from the
center to A will be parallel to FH and itself wall do the problem

Prorostrion 52

If a straaght hine fouches an ellipse mohing an angle wih the d ameler draun
through the pont of contact 1t 13 not less than the angle adjacent to the one con
tawed by the straxgh £ hnes deflected at the middle of the section

Let there be an ellipse whose axes are AB and CD and center E and let 4B
be the mojor axis and Iet the straght hne ¢
GFL touch the section and let AC CB and
FE be yowed and let BC be produced to L £

1 say that angle LF L s not less than angle
LCt

For FE 18 erther paraliel to LB or not & A 3

Lot it first bo parallel and.

AE=EB
therefore also v
tH=n1C
And FE 13 ¢ dismeter 1 erefore the tangent at F 13 paratlel to AC (11 6) But
also FE s parallel to LBt erefore F HCL s o paraticlogram and thercfore
angle LFH =angle I CI

\nd since AE and FB are each greater than FC angle ACB 18 obtuse th erer
fore angle 1 CA 18 seute An b o also angle LFE And therefore angle GFE 18
obtuse

‘Then let EF not be paraliel to LB, and let FA be drawn perpendicular,
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therefore LBE 15 not equal to angle FEA But
rt angle pt E=xt angle at K,
therefore 1t 15 not true that
B sq BE sq EC sq EK sq KF
ut

SquE sq EC rect AE,EB sq EC transverse upnght (t 21)
an

transverse upnght rect GR,RE sq AI'(1 37)
Therefore it 13 not true that
rect Gh,KE sq hF sq KE sq KF
Therefore GK 1s not equal to KE Let there be Ind out  segment of o curcle

MUN aduntting an angle equal to angle ACB (Euel 1 33), and angle ACB1s
chtuse, therefore MUN 1s o segment less than a sermerrcle (Euc) 1 31) Then
fet 16 be contrived that

GK KE NX X ‘III

carrr xTvRen -

AEAY o wela A0 R
apd 4B and MN
angles ¢ E and
smtar Therefore
sq TN sq 70 sq BE sq EC

And since

TR=bY
and

RO>SU,
therefore

RO TR>SU S8Y,

RO OT<SU UX

the antecedents therefore
And, doubhing the antec e et ox

and convertendo

And seporando PT TO<YX UA
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But
PT TO sq TN sq TO sq BE sq EC transverse upnght (1 21),
and

transverse wpnght rect GK,KE sq KF (1 37),
therefore
rect GK,KE sq KF<YX XU
<rect YX XU sq XU
<rect NX, XM sq XU
I{ then we contnve it that
rect GK,KE sq KF rect MX,XN some ather,
xth will be greater than the square on XU Let 1t be to the square an X Since
then

6K KE NX XM,
and AF and YW are perpendicular and
rect Gh,AE sq AF rect MX, XN sq XW,

therefore
angle GFE =~angle MWN
Therefore
angle *77 ° PRPPAN P
and the adjacent angle « !
Therefore angle LFH

Prorosrrioy 53 (PrOBLEM)

Guen an ellipse to draw a tangent which will make wath the diameter drawn
through the pownt of contact an angle egual (o o giren acule angle, then 1618 re-
quired thot the guen scule angle be not less than the angle adiacent ta the angle
contawned by the straight lines deflected at the mddle of the scction

Let there be the gen ellipse whose major ax3 13 AB and mnor axis CD,
and center E, and let AC and OB be joined, and Jet angle U be the given angle

AE=ER
and
AE IB AF FC,
therefore
AF=FC
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And KE is n dusmeter, therefore the tangent to the section at K, that s HAG,
s parallel to Cd (11 G) And also £K 18 paralicl to @8, therefore AFCG1s &
poralielogram, and therefore
angle GKT =angle COT
And angle GOT 13 equal to the gven angle, that 1s U, therefore also
angle CRE=angle U

Then let
angle U>sngle 4CG,
then nversely
angle ¥ <angle ACE e e
- \
tore .
angle MNP <angle ACB
But
angle MNO=half angle YNP,
and
angle ACE =half angle 48,
therefore B
ae o~ ' e
Anc efore

And o nlso sq A5 s EC»5q MO sg Ng
Bat s AE=tect AEEB,
and

sq UO=meet YO OP=rect MO, OR By g5

thz—:reiq::eeCL (g BB su EC OF transier=e uprighy ¢ Wwro o
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Then let 1t be that
transverse upnght Q4" A'X,
and let QX be seeted at ¥* Since then
transverse upnght>RO ON,
also
Q4' A'X'>RO ON
And componendo
QX' X’A'>RN NO
Let the center of the circle be W, and 8o also
Y'X! XA'>WN NO
And separando
A'Y A'X'>T0 ON
Then let 1t be contnved that
A'Y' A'X' WO less than ON
such s 7O, and let IX and X7 and 1WZ be drawn parallel
Therefore
A'Y' A'AY WO oI ZS SY,
and componendo
VX XA Zx X8
And doubling the antecedents
Qx XA TX X8
And separands
QA" A’X’ or transverse upnght TS SX
Then let X and XP be jomed, and let angle A ER be canstructed on straght
hine AE at pont E equal +n anmle APY and then o 2 0t BT b donen
touching the section (11 v o a e - i
BN I,
and
Tt angle at S=rt angle at L,
Xue!rlciorc tnangle XSP 15 equiangular with tnangle KEL
34l

transverse upnght T8 SX  rect TS,5X
sq SA rect MX,SP sq 8X,
therefore tnangle ALE 1s sumilar to tnangle SXP, and toangle MXP to
tnangle K JE, and therefore
angle AP =angle HKE
But
angle MXP=angle MNP =angle ¥,
therefore also
angle HAE=angle ¥
And therefore
adjacent angle GA E=adjacent angle U
‘Therefore GH has been drawn ncross tangent to the section and making
with the dinmeter AE, drawn through the pownt of contact angle GAE equal
to the piven angle U, and this 1t was required to do



BOOK THREE

ProrosrrioN 1
If strarght hines, touching a section of a cone or crrcumference of a curcle, meel, and
durmeters are drawn through the pownls of contact meeling the tangents, the re-
sulling vertically related traangles will be equal
Let there be the sect1on of  cone or ewrcumference of a cirele AB, and let AC
and BD, meeting at E, touch AB, and let the diameters of the section B and

[

DA be drawn through A and B, meeting the tangents at C and D

I say that
trgl ADE=trgl EBC
For et AF be drawn from A parallel to BD, therefore 1t has been dropped
ordinatewise (1 32) Then1n the case of the parabola
pll ADBF=trgl ACF (1 42),
and, with the common area AEBF subtracted,
trgl ADE=trgl CBE
And 1n the case of the athers let the diameters meet at center G Since then
731
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AEC and BED be tangents, and AD and BC diameters, and let some pomt ¢

£

be taken on the section, and GKL and GMF be drawn parallel to the tangents
1 say that
trgl AIM =quadr CLGI
For triangle GE M has been shown equal to quadnlateral AL (1 42, 43), let
the common quadnlateral 7A be added or subtracted, and
trgl AIM =quadr CG*

PROPOSITION 3

W 4tk the same things supposed, 1f two pornts are taken on the section or crrcumfer-
_ g 3 v reoxos -

na

T v PO A [T I .

I t
s tha quadr LG=quadr MH,

1Eutocis commenting gves the proof for another and mmportant cuse ¢ It must bo
remarked that, if the point (18 taken between A and B 5o that the parallels are, for mstance,
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and
quadr LN =quadr RN
For since 1t has already been shown that
trgl RPA=quadr CG (1 2),
and
trgl AUI=quadr CF (1 2),
and
trgl RPA=trgl AMI4quadr PM,
therefore also
quadr CG=quadr Cl'+quadr PM,

MIGT and LGA one must draw A to the section at N for instance and through N draw

A\ parallel to BD for by what was said 1o the forty mnth and fiftieth theorems of the first
book (1 49 50) and 1n the notes to them
trgl AN =quadr AC
But tnangle AA Y 18 similar to tnangle A M@ because VG 19 panallel to NX, but it is alo
equal to 1t because AC 15 & tangent and GV s parallel to it and MY is a diameter and
Gh =AM
Since then trgl ANA mquadr AC=trgl AMG
with the common qus inlatcral AG subtracted as remamnders
trgd ATV mqusir CC
It wall be noticerd that, Just as 10 t! ¢ secon | note to 1 50 _the qua Inlateral CG is to bo
considercd a3 the dificrence between the thangles CIF and GFI
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and so

quadr CG=quadr CH+quadr RF

be taker

Tsay oy N

t the CH be subt d therefore as remainders
quadr LG=quadr HJ

F
the Snd therefore as 1 holes
quadr LN =quadr RN

ProrosiTiox 4

duced to F and G

I say that

trgl AGD=trgl BDF

d
- trgl ACF=trgl BCG

Tor let HL be drawn through I7 tangent to the section therefore 1t 1s paral
lel to AG (1 44 note) And since

AD=DH (1 30)
/

”
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trgl AGD=trgl DHL (Euel vi 19)
)

But
trgl DHL=trgl BDF (i1 1);

therefore also

trgl AGD=trgl BDF
And so also

trgl ACF=trgl BCG. +_

PRoposITION 5 i\

If two strarght lines touching opposite sections meet, and some pq

euther of the scctions, and from 1t lwo strarght lines are drawn, 1), &

the tangent, the other parallel lo the line joining the pornts of

triangle produced by them on the diameter drawn through the §

differs from the triangle eut a]"at tho' point of meeling of the tang\ «
T e . B " o H

: . mfe
5 . . . W

duced, and let FC and EC be joined and produced, and let some paint ¢
taken on the section, and through st let HGKL be drawn parallel to EF,
GM parallel to DF
I say that tnangle GHM differs from tnangle KHD by tnangle KLF
For since CD has been shown to be a diameter of the opposite sections
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39,38), and EF to be an ordinate to1t (11 38, First Def 1 5), and GH hasbeen

e e 120, R  errer .

. trgl KLF=quadr MGKD
PROPOSITION 6
d A -
~\) <
Y
be taker .
1
Eac‘h oo ‘angints
13
the:“hen quadr KF=trgl AIN

w since AR and D are opposite sections, and AF, meeting BD, touches

sction AR and AL has been drawn parallel to AF, therefore
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trgl. AIN =quadr. K7 (111, 2)*

Prarosition 7

For since
trgl, AOT=quadr RO (511 2),

T hentban nond e b o e Lo Ao oo o TEE Tt -

BudL T 3U), theretore

whole trgl MEL=trgl MEN+urg) AEF
With common triangle K VN subtracted, as remainders
el AEF mquadr KLEN

try

Let the commeon quadniateral FEN/ be added, therefore, 1n whole,
trgl AIN =quadr XLF]

And bhewise alio trg) BOLwquadr KNGO
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let the quadnlateral EO be added to both, therefore
whole trgl AEF=quadr KE

But also
4 trgl BGE=quadr LE (i1 5, note),
an
trgl AEF=trgl BGE (1 1),
therefore

quadr LE=quadr IKRE
Let the common quadnlateral NE be added, therefore as wholes
whole quadr TK =quadr IL,
and also
quadr KU=quadr RL

ProposITION 8

With the same things supposed, Instead of X and L let there be taken the
pomnts € and D at which the diameters it the sections, and through them let
the parallels to the tangents be drawn

1 say that

quadr D@=quadr FC
and

quadr XI=quadr OT

For sinee 1t was shown
trgl AGH=trgl HBF (11 1),
and the straight lime from A to B 15 parallel to the straight hine from @ to F',}
therefore

AE EG BE EF,
and convertendo

And also

E4 AG EB BF
CA AE DB BE,

.

1For the pomt H falls within the angle AEB (u 25) and the straight Line drawn from
0 the nudpomt of AB that 13§ 13 a diameter (11 29) and must therefore pass through E
(1 51 end) An analogous scries of propusitions 1s found for the opposite sectiong 11, 32
38 39

Then, since trgl GHA—trgl FHB
therefore trgl GFB=trgl CFA
Therr bases are the same, therefore their heights sre equal (Bucl. vz 1)
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for each 13 double the other, therefore ex acqual
4 AG DB BF
And the trangles aro stnular because of the parallels; therefore
trgl CTA trgl AHG  trgl XBD trgl HEF (Eud 1 19)

And glternately, but
tegl AHG=trgl HBF (i 1};

trgl CTA=tirg XBD
As parts of these 1t was shown
trgl AHG=trgl HBF,
therefore also as remainders
quadr DH =quadr CH.

therefore

And so also
quadr DG'=quadr CF
Aund since CO 1s parallel to AF,
trgl COB=trgl AEF.

trgl DEI=trgl BEG
trgl BEG=trgt AEF (m 1);

And hlewise also
But

therefore also
trgl COE=trgl DEX
And also
quadr D@ =guadr CF (ab
‘Therelore, as wholes, . e (sbove)
quads X[ =quedr O7

Prorostrion ¢

With the same things supposed, of one of the pomts 15 between the dismeters
as K, and the other 15 the same with one of the points C and D for snstance €
and the parallels are drawn 1 eay that

" trd CEQ@=quadr KE,
filel

quadr LO=quadr L3

And this s evident  For mnee 1t w58 ghown
trgl CEO=trgt ALF,
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and
trgl AEP=quadr. KE (i1 5, note),
therefore also ! !

trgl CLO=quadr. KE. §
And 5o also
trgl CRM =quadr, KO,
and

' quadr. KC=quadr LO. '
Prorostrion 10 . -
With the same things supposed, let K and L be taken not as points at which
the diameters hit the sections , i
Then it is to be shown that
quadr, LTRY =quadr. QYKI.
For since the straight hines AF and BG touch, and AE and BE are diameters

N

through the points of contact, and LT and KT are parallel to the tangents,
trgl TUE=trgl UQL-+trgl EF4 (1 44).

And hkewise also
trgl XEI=trgl XRK+trgl BEG.
But
trgl EFA=trgl BEG (1 1);
therefore
trgl TUE ~trgl UQL=trgl XEI—trgl XRK.
Therefore

trgl TUE+trgl XRK=trgl XEI+trgl UQL.
"Let the common area KXRULY be adided, Thereiore
quadr LTRY =quadr QYKI.
Prorosrrion 11

v - s T e
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for each 15 double the other, therefore ez acqual
C4 AG DB BF
And the tnangles are ssmlar beeause of the parallels, therefore
trgl OTA trgl AHG  trgl XBD trgl HBF (Euel vi 19)
And slternately, but
trgl AlIG=trg! HBF (w1 1),
therefore
trgl CTA=trgl XBD
As parts of these st was shown
trgt AHG=trgl HBF,
therefore also as remainders
quadr DH =quadr CH
And g0 also
quadr DG=quadr CF
And since CO 18 paraliel to AF,
trgl COE=trgl AEF
Aund ltkewise also
trgl DEI=trgl BEG
But
trgl BEG=trgl AEF (u 1),
therefore also
trgl COC=trgl DEI
And also
quadr DG =quadr CT (above)
‘Therefore, a8 wholcs,
quadr Al=quadr OT

Prorostrtov 9

With the same things supposed 1f one of the ponts 1s betw een the diameters,
as K, and the other 13 the same with one of the ponts € and D for mstance &,
and the paralicls are dravn 1 say that

trgl CEO=qundr KE,
and

quadr LO=quadr LAI

And thus 18 evdent Tor sinee it was shown
trgl CEO=trgl AFF,
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For let there be the same things as before, and let the ponts B and K be
taken at random on section AB. and through them let LBMN and KXOUP

be drawn parallel to AD, and BXR and LKS parallel to AE
1say that
quadr BP=quadr KR
For smce 1t has been shown
R trgl AOP=quadr ROES (i 11, end)
an
trgl AMN =quadr BMER (m 11, end),
therefore, as remanders, erther
quadr KR—quadr BO=quadr MP
or
quadr KR+quadr BO=quadr MP
And, with the common quadnlateral BO added or subtracted,
quadr BP=quadr X8

ProrosirioN 13

If 10 conjugate opposite sections strarght lines tangent to the adjacent sections
‘meel, and diameters are drawn through the pownts of conlact, then the triangles
. i .
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angle cut off on the langent and the diameter draun through the pont of contact
by the tnangle cut off o the point of meeling of the tangents

Let there be the opposite sectsons AB and CD, and Jet the tangents AE and
DE meet at E, and let the center be H, and fet AD and EHG be yoined, and fet
some pomt B be taken at random on the section AB, and through 1t let BFL be
drawn parallel to AG, and BM p:lr‘allel to AE

RS . -

Stnce then GE 15 a drameter, pnd AE touches, and 4G 13 an ordinate, and,
with pont B taken on the section, BF has been dropped {0 EG parsllel to 4G,

SAPMe mTe gmnr e * BAMF differs from
: . . ) qangle BMF differs

And 1t has i.>e¢n proved at the <ame time that
quadr BALI =trgl LKA

ProrosiTion 12
Wuih the same things besng 5o, 1f en one of the sections fuo pownts are taken, and
parallels are drawn from each of them, Likewrsc the quadrilaterats produced by
them wall be equal

IThat 1 1a the firet case
Rl RYFwirgl LIF+trgl JAF (x 45),
in the mcond case, onhy the mcre grneral statement  differs* hol Is true (1 43) 1t will be
noticed thes are dsfferent eases of 3 43 and s 45 from those given 1 the text i
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B and through it let X RS be drawn parallel to AG and X TQ parallel to BE
1 say that tnangle OHT duffers from tnangle X87 by tnangle HBF
Forlet AU be drawn from A parallel to BF Smnce then because of the same
things as before, LHM 1s a diameter of the section AL and DHB 1s a second
diameter and conjugate to 1t (i1 20), and AG 13 a tangent at A, and AU has
been dropped parallel to LAZ, therefore
AU UGcomp HU U4,
transverse side of figure on LM upnght (1 40)

But
AU UG XT TS,
and
HU UA HT 70 HB BF,
and
transverse ade of figure on LM upnght
upnight side of figure on BD  transverse (x 60)
Therefore

XT TScomp HB BF upnght side of figure on BD {ransverse

or
XT TScomp HT TO upnghi side of figure on BD  {ransverse
" - P TLoE AN v oar a_

X

ProrosiTION 15

If strarght lines touching one of the conjugote oppostie sections meet and diameters
are drawn through the poinis of contact and some pont 13 taken on any one of the
congugate sections and from it parallels to the tangents are drauwn as far as the
dumeters then the truangle produced by them at the section s greater than the
triangle produced at the center by the triangle having the tangent as base and the
cenler of the opposile sections as terter !

Let there be conjugate opposite sections AB GS T, and X, whose center 13
H andlet ADE and BDC touch the sectton AB and let the dismeters AHFT
and BHT be drawn through the pownts of contact A and B and let some pomnt
8 be taken on the sectton GS and through 1t let SFL be drawn parallel to BC
and SU parallel to AE

1 say that

trgl SLU =trgl HLF+trgl HCB

For let, YHG be drawn through H parallel to BC and AIG through G parallel

to AE anﬂ SO parallel to BT then 1t 15 evident that YGhs a drameter conyu

another tangent let 1t be contnived that
DB BL MN 2BC,

therefore YN 15 the so-called upnight side of the figure on BT (1 50) Let MN

be bisected at P, therefore

Thus proposition comes as a climax to a long senes and shows that the conjugate opposite
sections taken as a umt have the same property as the other comic sections The .
0ppos te scctians seem to be a sort of fifth scetion.
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DB BE MP:BC

h t 5t be ¢$rived that
Then fet 5t be contnve Yo T3 T8 R, @

then E also will be the so-called upnght side of the figure apphed to XG
& 16, 60)

Ssnce then
DB BE MP BC, &3]
but
DB BE sq DB rect DB, BE,
and
MP BC rect MP,BH rect CB,BH,
therefore
And sy DB .rect DB,BE rect MP,BH rect CB,BH
¢
rect AP, Bl{=sq HG,
beeause
8q XG=rect TB,MN (1 16) ()
and
" rect MP BH ={ourth rect T8 MN
an
sq HG=fourthsq XG,
therefore
sq DB reet DB,BE sq IIG rect CB.BH
Alternately
5 sq DB sq HG rect DB,BE .rect CB,BH
ut

s DB sq HG trgt DBE gl G,
for they are similar, and
reet DB,BE rect CB,BH  trgl DBE trgl CBH,
therefore
tegl DBE trgl GHI  trgl DBE trgl CBH
Therefore
trgl GHl=trgl CBI
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Again since
HB BCcomp HB MP,MP BC,
but
HB MP TB MN R X0 (above «and 1),
and
MP BC DB BE (above, 8)
therefore

HR BCcomp DB BE,R XG
And since BC 1a parallel to SL, and tnangle HOB 1s simlar to tnangle HLF,
and

HB BC HL LF,
therefore
HL LFcomp B XG,DB BE
or

HL LFcomp B AG HG HI

Ttatios as already given, therefore
trgl SLU=trgl HLF+trgl HCB (1 41)

ProrostTION 16

1f two sirayght lunes touching a section, of @ cone or cyrcumference of a circle meet,
and from some pownt of those on the sectron a strawght Line 1s drawn parallel to one
langent and cutting the sectron and the other tangent, then as the squares on the
langents are to each other so the area contasned by the strasght hines between the
sectron and the tangent wnll be to the square cul off at the pownt of conlact

Let there be the section of a cone or crrcumference of a aircle 4B, and let the
straight hnes AC and CB meeting at C touch 1t and let some pomnt D be
taken on the section AB, and through 1t let EDF be drawn parallel to CB

1 say that

sq BC sq AC rect FE,ED sq EA

For let the dismeters AGH and KBL be drawn through 4 and B, and DMN

through D parallel to AL, 1t 1s at once evident, that,
DAR=RAF (1 46,47)

and
trg) AEG=quadr LD (111 2),
and
trgl BLC=trgl ACH (i1 1)
Stnce then
DA =KF
and DE 1s added,

rect FE ED+sq DK=sq KE
And since tnangle ELA 15 sular to tnangle DNE,
sq ER sq hD trgl ERL trgl DNK
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And alternately
whole sy EK whale trgl ELK -
part subtracted sq DK part subtracted trg! DNK

L

Therefore also
B remainder rect FE,ED remamnder quadr DL sq EK trgl ELK
ut
sq EK tgl ELK sg CB gl BLC,
therefore also
5 rect FEED quadr LD sq OB trgl LCB
ul
quadr LD=trgl AFG,
and
trgl BLO=trgl ACH,
therefore also
rect FEED trgd AEG sq CB trgt ACH
Alternately
rect FRED sq CB trgl AFG trgl ACH
But
trgl AEG gl ACH  sq EA sq AC,
therefore also
veet FEED sq CB sq EA sq AC
And altesnately
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Prorostrioy 17

If tieo strayght lines touching a scchion of a cone or crrcumference of a crcle meet,
and lwo pornts are laken al random on the section, and from them wn the scchion
are drawn parallel to the langents straght lines cutling each other and the line of
the section, then as the squares on the {angents are to each other, so will the rec-
tangles contasned by the straight lines taken smilarly

Let: there be the section of a cone or circurnference of a aircle A B, and tan-
gents to AB, AC and CB, meeting at C, and let ponts D and E be taken at
random on the section, and through them at EFIA and DFGH be drawn paral-
lel to AC and CB

I say that
sq CA sq CB rect KF,FE rect HF,FD

Y= At i PR B R

the '
be

Sice then K has been cut equally at I and unequally at F,
rect KF,FE+sq FI=sq EI (Eucl u 5)

And since the tnangles are similar because of the parallels,
whole sq EI' whole trgl IME



750 APOLLONIUS OF PERGA
part subtracted sq JF part subtracted trgt FIL
Therefore also
vemainder reet KF, PE ¢ remamder quadr. FA :: whole
sq EI : whole trgl JME

But
sq. EI ., trgl. JME 2 sq C4 1 trgl. CAN 5
Therefore
rect KF,FE quadr. FAl :sq C4.trgl CAN.

But

trg) CAN=trgl CPB (ur. 1),
and

quadr Faf=quadr I'X (i1 3});
therefore

rect KF,FE quadr FX sq C4 trgl CPB.
Then Iikewise 1t could be shown that

reet HE, FD:quade. FX .. sq CB. trgl CPB,
Since then

reet KF,FE ., quadr FX..sq CA . trgl CPB,
and wnversely

quadr FX reet HF,FD gl CPB sq OB,
therefore ez gequalt

sq CA sq CB- rect KF,FE rect HF, FD

Prorostrioy 18

1f two strawght lines touching opposite sections meet, and some pornt 18 taken on
exther one of the sections, and from 1t some strawght line 18 drawn parallel to one of
the langents cutling the seclron and the other tangent, then as the squares on the
tangenis ave {6 each other, 30 wll the rectanple contasned by the straight lines
between the scction and the tangent be to the square on the straight line cut off ot
the pownt of contact

Let there be the opposnite sections 4 B and MN, and tangents ACL and BCH,
and through the points of contact the diameters 41X end BN, and let some
powt D be tahen at random on the section MY, snd through 1t let EDF be
drawn parallel to BH

1 say that

g BC -sq CA.:vect FE, ED sq AE.
Forlet DX be dmwn through D paraliel to AL Smco then AB is an hyper-
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bols and BN 1ts dsameter and BH 2 tangent and DF parallel to BH, therefore
FO=0D (z 48)
And ED s added therefore
rect FE, ED4-3q DO=sq EO (Eucl 1 6)
And since EL 15 parallel to DX, tniangle EOL 1s smular to tnangle DA0
Therefore
whole sg EO whole trgl EOL
part subtracted sq DO part subtracted trgl DAO, (

therefore also
B remainder rect DE, EF remamnder quadr DL sq EC trgl EOL

ut i

sq OF trgt EOL sq BC trgl BCL,

therefore also

rect FE, ED quadr DL sq BC trgl BCL
~ 1

And
quadr DL=trgl AEG (11 6 note),
and
trgl BCL=trgl ACH (x 1),
therefore
rect FE,ED trgl AEG sq BC trgl ACH
But also

trgl AEG sq EA  trgl ACH sq AC,
therefore ex aequals
sq BC sq AC rect FE ED sq EA1

-~ I a . +

sq AC sq CB rect EF FD sq FB
For let AG be drawn 3 a diameter through A and through B and G GK and BL
parallel to EF § nee then BH touches the byperbola at B and BL has been drawn ordinate-
wise AL LG AH HG (1 36)

But AL I8 CB BK

and AH HG AC KG
therefore also CB BK AC KG

And alternately AC CB KG KB

and sq AC sq CB sq CK sq KB
But 1t was shown 59 GR &g KB rect EF FD sq FB

therefore also 8q AC aq CB  rect EF,FD sq ¥B
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ProrosiTion 19

If {wo strazght ines touching oppostle rockons meet, and parallels ta ihe langenis
are drawn cutting each other and the seelion, then, as the squares on the fangents
are lo each other, 30 will the rectangle contarned by the straight hutes belucen the
acction and the pornt of meeling of the strazght lnes be 1o the rectangle contaned by
the streaght lines token sumlarly

Let, there be oppomite sections whose drameters are AC and BD and center
in E, and let the tangente AF and FD meet at F, and Iet GHIKL and SINXOL
be drawn from any points pamiiel to AF ond FD f

I say that

§q AF ;5q FD .rect GL,LI.rect ML LX.

Let IP and XR be drawn through X and 7 parallel to AF and FD
BH touches tho hpperbola at B, and BL has been drawn ordinatewse,
L LG AH HG(,36)
And since
sq AF tigl AFS sq HL trgt HLO sq HI tg) HIP,
therefore
B :cm:undet rect GL,LI remamder quadr JPOL **8g AF ugl 4FS
3it
trgl AFS=trgl DTF (m1 4),
and
uade JPOL=quadr KRXL (1 7
therefore also “ uacr (st 9,
But sq AF trgl DTF  rect GL LI quadr KRXL
u
trgl DTF sq FO  quadr KRXL rect AL, LX (hkewso),
end therefore ex aequaly
sq AF sq FD  rect GL LI rect ML,LX

Prorosirioy 20
If two strught binex louching apponte sectsons meet, and through the pont of
meeting some Strarehi lins 1 drawn parallel {0 the sbraight hine jointng the pornts
of contact and meeting each of the sections and some other stroght hne 1& drawon
parallel to the same st-awght hine and cutling the sections and the tangents, then, 65
the reciangle contatned By the strarght bines drawn from the potnt of meeltng o
cul the seclions 18 (2 the square an the tangent, 40 16 the rectangle contawned by the
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straight lines betieen the seclions and the langent to the square on the strarght line
cut off af the pownt of conlact

at random, and through 1t let ELSMNX be drawn parallel to AC.
Lsay that
rect BF,FD sq FA: rect KL, LX sq AL

For let KP and BR be drawn from K snd B parallel to AF Since then
sq BF trgl BFR sq KS trgl KSP. sq LS trgl LSF,

and
sq K§ trgl KSP
remainder rect KL, LX (Euel 11 5)
4 remamder quadr KLFP (Eucl v 19)
ang
sq BF=rect BF,FD (ut 39, 38),
and
o trgl BRF=trgl AFH (ur 11 and specia] case),
an(
quadr KLFP=trgl ALN (1 5),
therefore
rad rect BF,FD trgl AFH rect KL,LX trgl ALN
trgl ATH sq AF  trgl ALN sq AL,
then

rect BF,FD sq FA rect KL,LX sq AL
Prorosrion 21
Wtk the same things supposed, of two pbinis are taken on the section, and through
them straxght lines are drawm, the one parallel to the tangent, the other parallel to

the straaght line gorning the pornts of contact, and cutting each other and the sec
tions, then, as the rectangle contained by the straxght lines drawn from the pomnt
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of tneet #~ !
contat
the rer l
meeln

Forl
and through the
and ROW I Z(

1 say that

reet BF,FD sq FA rect KO,0Q rect NO OG

For since

5 sqg AF trgl AFH  sq AL trgl ALM sq XO trgl XOZ
an

sq AD trgl ADZ  sq XO trgl XGH,
therefore whole sq X0 whole trg} 102
paet subtracted sq XG part subtracted trgl LVGM,

therefore also
Brcmamdcr rect NO OF remamder quade GOZM  sq AP trg) AFH

ut

4 trgt AFH =trgl BUF (111 11 end speanl casc),
an;
quadr GOZM =quadr KORT (m 12),
therefore
sq AF tr@ BFU rect NO OG quadr AORT
But 1t was shown (1o the course of 11 20) trgd BUF sq BF or sect BF FP
(ur 39 38) quadr AORT reet KO O
therefore ex aequaly
#q AF reet BF FD rect AQ GG rect AO0OQ
And mversely
rect BF,FD sq FA4  tect RO OQ rect NO OG

Prorosrrrov 22
If two parallel strarght lines 12 2 . . .

dror v ..
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of the fqure on the straight line jorning the pownts of conlact 13 to the upright
$0 the rectangle contained by the straight lines betueen the sections and the pownt
of meeting will be to the rectangle contaned by the strarght lines between. the section
and the pownt of meeling

Let there be the opposite sections 4 and B and let AC and BD be parallel
and tangent to them and let AB be jommed Then let LXG be drawn across
parallel to AB and KELB parallel to AC

1 say that

AB upnght side of the figure rect GE EX rect KL EM
Let XN and GF be drawn through @ and A parallel to AC

Therefore

whole reet BL LA  whole sq LK
part subtracted rect BN NA part subtracted sq LE

‘ rect BL LA sq LA rect FA AN sq LE
or
NA-BF (1 21)

therefore also

Bt remamder rect I'L LN remander reet KE EM AB upnght

u

rect FL LN—rect GE EX

therefore

AR the transverse s de of figure upright
rect GE EX rect AE EM

Prorostrion 23

1If 1n conjugate oppostte sections {wo sirarght lines fouching contrary sections meet
n any one section gt random and any strasght hines are drawn parallel o the
tangents and cutling each other and the other opposite secirons then as the squares
on the tangenls are to each other so the rectangle contained by the strarght lines
between the sectzons and the pont of meeting wnll be lo the rectangle confazned by
the strarght lines sumnlarly taken
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Let there be the conjugate opposite sections AB, CD, EF, and GH, and their
center K, and let AWCL and EYDL, tangents to the sections 4B and EF

meet, at L, and let AK and EK be jomed and produced to B and F, and let
GMNXO be drawn from G parallel to AL, and HPRXS from H parallel to EL
1 say that
6q EL-sq LA .:rect HX,XS rect GX,XD
For let ST be drawn through S parallel to AL, and OU from O parallel to
EL Smce then BE 1s a diameter of the conjugate opposite sections 4B, cD,
EF and GH, and EL touches the section and HS has been drawn parallel to1t,
HP=PS (1t 20, First Def 1 5),
and for the same reasons
GM=M0
And since
) sq EL trgl EWL: sq PS trgl PTS .sq PX trgl PNX,
also
remamder rect HX,XS remamnder quadr TN,XS+ sq EL trgl WLE.
t

trgl EWL=trgl ALY (11 4),

and
quadr TNXS=quadr XRUOQ (1 15),!
therefore
B sq EL trgl ALY rect HX,XS quadr XRUO
ut

trgl AYL sq AL quadr XRUO rect GX,XO (same way),
therefore ex aequal:
sq EL sq AL rect HX,XS rect GX,X0

ProrosiTioN 24

If n conjugate opposite sections two strarght lines are drawn from the cenfer
through to the scctions, and one of them 18 taken as the transterse diameter and the
other as the upright diameter and any straight lines are drawn parallel to the two
diameters and meeting each other and the sections, and the pont of meefing of he
strasght lines 13 the place between the four scctions, then the reclangle contained by

AL gata o f ve-n ot - -

- * the opposite scctions
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the segments of the parallel 173 lhe transierse diameler together wnth the reclangle
1o whach the d by the ts of the parallel to the upright
dameter has the ralw whach the square on the upright diameter has to the square on
the fransverse, will be equal to tunce the square on.lhe“ hg'lf of'tlf tr‘ansverseA

§

or the an; T
the angle UE Ve %r 4 sk sk tha aatanola $n wiich tha

For let the asymptotes of the sections SET' and UEW be drawn, and
through 4, SGAW tangent to the section
Bince then

rect SA4,AW=sq DE (1 60, 1),

therefore
rect SA,AW sq EA sq DE sq EA
And
rect SA,AW sq AE comp SA AR WA AE
But
SA AE NX XH
and
WA AE PX XK,
therefore
sq DE sq AFcomp NX XH,PX XK
Bud

rect PX,XN rect KX,XH comp NX XH,PX XK,
therefore

sq DE sq AE rect PX,XN rect KX,XH
Therefore gl<o

sq DL sq AL sq DE+rect PA,XN sq AE-trect KX, XH
And

sq DE=vect PM,MN (x 11)=rect BN,NM (1 16),
and

sq AE=rect KF,FH (1t 11)=rect LH,HF (u 16),
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therefore
sq DE sq AE rect PX,XN-+rect RN, NM
rect KX,XH-rect LH,HF
And
rect PX,XN-trect RN,NM =rect RX, XM}
therefore

sq DE sq AE rect RX,XM rect KX,XH-+rect KF,FH
‘Then 1t must be shown that
rect FA,XL+rect AX,XH-rect KF,FH=2sq AE
Let the common square AE that s rectangle A F,FH, be subtracted, therefore
1t remans to be shown that
rect FX,XL+rect KX, XH=sq AE
And this s so, for
rect FX XL+rect KX,XH=rect LH,HF,}
rect FX,XL+rect KY,XH=rect KF,FH (1 16),
=sq AE (11 11)
Then let the straight lines FL and MR meet on one of the asymptotes at H
hen
rect FH HL=sq AE,
and
rect MH,HR=sq DE (u 11, 16),

therefore

sq DE sq AE rect MH,ER rect FH,HL

And so we want twice rectangle FH HL to equal twice the square on AE
And 1t does

1For RP=N3 (n 8),
and RO=0V (i1 3),
therelore PO=0N
But reet PY,AAN +sq O\ =sq ON (Euel u 8),

u
and for the same reasons
rect RN AV +sq ON=sq OM,
and rect R \M+sq O\ =sq O
Hence rect RN AA45q OV =rect RY \V+sq OX,
and adding equals to cquals,
rect. RN AV 4+sq O\ +rect P\ \V-tsq OY =rect R\ \¥+sq OV+eq ON
Subtracting t! e common squares
rect £V AWrect PU AN =rect RV XM/ of
{By the same manner of proof a3 in the note above, but using also Euchd 11 6 because
{he different ponition of the point \
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And let the pomnt X be withm the angle SEX or angle TWET' Then hkewise
by the composition of ratios L
sq DE sq AE rect PX,XN rect KX, XH

And
sq DE=rect PAM,RN=rect RN,NAL,
and "
sq AL=rect FH,HL,
therefore

rect RN,NA{ rect FH,HL

part subtracted rect PX,XN - part subtracted rect KX,XH
Therefore also
rect RN,NM rect FH,HL
remainder rect RX,XAI remainder (sq AE—rect KX, XH)
Therefore 1t must be shown that
rect FX,XL+(sq AE—rect KX XH)=23sq AE
Let the common square on AE, that 1s rectangle FH, HL, be subtracted,
therefore 1t remains to be shown that

rect hX,XH-+(sq AE—rect KX,XH)=5q AE
And this 15 so, for

rect KX,XH-+sq AE—~rect KX, XH=sq AE
ProposITIoN 25
With the same things supposed let the pomt of meeting of the parallels to
AC and BD be wathin one of the sections D and B, as set out below, at X

I say that the rectangle contained by the segments of the parallel to the
transverse, that 1s rectangle OX,XN, will be greater than the rectangle to
' f .

the half of the transverse
For, for the same reasons

sq DE sq AE rect PX,XH rect SX,XL

and

sq DE=rect PM,MH,

and

sq AE=rect LO,08 (u 11);
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therefore also

sq DE sq AE rect PM,MH rect LO,08
And since

whole reet PX,XH : whole rect LX,XS.:

patt subtracted reet PAf,MH part subtracted rect LO,0S,
or rect ST,TL (i 22),
therefore also
remainder rect BX,SM remainder reet TX,XK

(first note to 11 24, 11 8):.s5q DE:sq AE

Therefore 1t must be shown that,
rect OX, XN =rect TX, XK42sq AE

Let the common rectangle TX, XK be subtracted, therefore 1t must be shonn
that

rect OT, TN (first note to 11 24)=2s5q AE
Anditis (1 23)

ProrosiTion 26

And if the pomnt of mecting of the parallels at X 15 within one of the sections
A and C, as set out below, then the rectangle contawed by the segments of the
PRt S LT vn mL 1 ilan tha e

cter has to the square on the transverse by twice the square on half of the
transverse
For, since for the same reasons as before

sq DE sq AE rect WX,XS rect KX,XH,

therefore also
whole rect RX,XG' whole rect KX, XH+sq AE .:
sq upnght diumeter sq transverse

Therefore 1t must be shown that

rect LX,XF+28q ALl=rect KX, XH+sq AE

Forby n 11 reet 11G GS=8q DE,
an RW=GS (n 16)
Therefore by the first note to 11t 24, and 11 16 N
rect WX,A8+sq DE=rect WA, A8 4ret WG,GS~rect KX, XC
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Let the common square on AE be subtracted; therefore 1t remains to be
shown that

rect LX,XF+sq AE=rect KX,XH

or
rect LX,XF-trect LH,HI =rect KX,XH (u 16, 13)
And 1t 15, for
rect LH,HF+rect LX,XF=rect KX, XH!

ProrostTION 27

If the congugate diamelers of an ellipse or crreumference of a curele wre drawn, and
one of them 15 called the upright diameter and the olher the transierse, and two
straight lines, meefing each other and the line of the section, are drawn parallcl io
them, then the squares on the straght lines cut off on the straaght line drawn paral-
lel to the transierse between the pownt of meeting of the strarght lines and the line
of the seciion plus the figures described on the strawght lines cut off on the strawght
line drawn parallel to the upright diameter between the pownt of mecting of the
straxght lines and the line of the section, figures stmilar and sumilarly siluated to
the figure on the upright diameter, well be equal fo the square on the transierse
dwameter

For let there be the ellipse or circumference of a circle A BCD, whose center
o otraa ) " e it

F}, similar and simlarly situated to the figure on AC will be equal to the
square on BD

T oLatvy ae N A N SR Y 1 B

therefore also

BP BD sq AC sq BD
And
sq BD=figure on AC;
therefore
BP BD::sq AC:figure on AC

1T 18 snother case of the fimt note to 11 21
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And
sq AC figure on AC
sq NX figure on NX sumlor to the figure on AC (Eucl v1 22),
PRy
K G
o E L
[
P
therefore also
BP BD sq N\ figare on NX sirular to the figure on AC
And also
BP BD sq NX rect BX XD (1 21)
therefore

figure on NX or FL sumlar 1o the figure on AC=rect BX XD
Then hkewise we could show that
figure on AL sumular to the figure on AC=rect BL LD

And since the straght hine A T has been eut equally at ¢ and unequally at F,

sq HF+sq FN=2(sq HG+sq GF]=2[sq NG+sq GF} (Bucl v1 9)
Then for the same reasons also

sq MI4sq FA=2[sq KL4sq LF]

and the figure on MF and FA sumlar to the figure on AC are double the
sxm\ladr figures on AL and LF

An

figure on KL+figure on FL=rect BX XD+rect BL LD (above)
and
sq NG+4sq GF=sq AE+4«q EL
thetefore
sq VF+sq Fll+figures on Al and £ simdar to the figure on AC=
2lrect BX AD+rect BL LD+sq XE+4sq EL]
And since the straight hne BD has been cut equally at E snd unequaily at ¥,
reet BN \D4sq \E=sq BE (Lact 1 §)
And bkewse also
rect BL LD+sq LE=sq BL

and so

reet BX XD-+reet BL LD4sq AE+sq LE=2sq BE
Therefore the squares on NF and FH together with figures on hF and F. M
sumilar to the figure on CA are double the square on BL But also

sq BD=2sq BE

therefore the squares on AF and FH plus the figures on AF and FAM simslar
to the figure on AC are equal to the square on BD
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PROPOSITION 28

If wn congugate opposite sectrons conjugate diameters are drawn, and one of them
18 called the upright, and the other the transierse, and two siraight lines are draum
parallel to them and meeting each other and the sections, then the squares on the
straxght lines cut off on the strawght line draun parallel to the upright between the
pownt of meefing of the strawght lines and the sechions hate to the squares on the
strarght lines cut off on the straght line drawn. parallel {o the transterse belween the
point of meeting of the strarght lines and the sections the ratio whach the square on
the upright diameter has to the square on the transterse diameter

TLet there be the conjugate oppostte sections A, B, €, and D and let AEC
be the upnight diameter and BED the transverse, and let FGHE and LGMN

be drawn parallel to them and cutting each other and the sections
1 say that
sq LG+sq GN sq FG+sq GK  sq AC sq BD
For let LX and FO be drawn ordinatewise from ¥ and L, therefore they are
parallel to AC and BD And from B let the upright side for BD BP, be drawn,
then 1t 15 evident that
PB BD sq AC sq BD (1 15) sq AE sq EB
sq FO rect BO OD (1 21) rect CX XA sq LY (1 60, 21)

Thowofan -

—+sq LX
or
sq AC sq BD rect OX, XA+sq AE+sq EH
rect DO,0B-+sq BE+sq ME

But
rect CX,XA-+sq AE=sq XE,
and
rect, DO,0B+sq BE=sq OF (Eucl 1 6),
therefore

sq AC sq BD sq XE4sq EH sq 0E+sq EM.:
sq LM+sq MG sq FH+sq H
And, as has been shown,
sq NG4sq GL=2[sq LM+sq MG],
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and
8q FO+sq GK=2sq FH-+sq HG) (Cud 1 9);
therefore afso
sq AC.sq BD  sq NGsq GL sq FG+sq GK

Prorosrrion 29
» 1 1% the upright diameler culs the
"

oy
]

the

stesat
Xand 0
1t 15 to be shown that
s YO4sq GO+halfsq AC sq FG+sq GK  sq AC sq BD,
oF
sq XG-+eq G042sq AL «q FG+sq GK 8¢ AC sq BD

For mnce

LX =0V {11 16},
8g LOYsg GN¥2 rect NX,XL=sq XG-tsq GO}

therefore
fad sq XG4sq GOY2eq AE=sq LO¥sq GN
S\{
sq LG+teq GN sq FG+sq GK  sq AC g BD (u1 28),
therefore piso
#q XG+sq GO0+2eq AP sq FGteq GX sq AC sq BD

For
OMAMA
“Theyefore as nlemxm of Pappus sancs
2reet NAL42rg MA =25 ML (Fudl 11 5,
adding the cormmon squate on G4,
. 2rect, NA, VL+2Aq MY 428q GV =28q ML+28q GV
A

s 28 MLA23q G\ wsq MG+eq LD
an

28y MX+428q GU maq OG+eq GX (Buel u 9}
Therefore sy sbove
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ProrosiTioN 30

If tro straight lines touching an hyperbola meet, and through the pownis of contact
@ strasght Line 18 produced, and through the pomt of meeling a strarght line s
draun, parallel to some one of the asymptotes and cutting both the section and the
straight line gornang the potnts of contact, then the strawght line belween the point of
meeting and the straight line joining the points of contact wnll be bisected by the
section t '
s Let there be the hyperbola

ABC, and Jet AD and DC be
tangents and EF and FG
asymptotes, and let AC be
Jomed, and through D paral-
lel to I'E let DKL be drawn

1 say that

DK=FEL

For let FDBM be Jomed
and produced both ways, and
let FH be made equal to BF,
¢ and through the points B and

K let BE and KN be drawn

[ S e gy

. ' (e
sq BF sq BE HB upnght (n 1),

And

therefore also
sq DN sq N& HB upnght

But
HB upnght rect HN,NB sq NK (1 21);
therefore also
sq DN sq NK tect MN,NB sq NK
Therefore

rect HN,NB=sq DN

1 P N .

these ways
In proposition 37 we bave the line CF divided by the section at [ and F,end at B
by the straight hine joining the pornts of contact 1n such a way that
CF CD FE ED

Thus 15 the same form of the harmome proportion 83 we found 1n 1 84, and DF 13 the
barmonsc men between CF and 7,
T - PRy

et mdm bme @ ae . ’

ED
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And slso
rect MF,FD=sq FB ( 37),
because AD touches and AM has been dropped ordmatewise, and 50 also
rect HN,NB-+sq FB=rect MFFD+sq DN
But
reet HN NB+sq FB=sq FN (Eucl 11 G),
and therefore
rect MFE,FD+4sq DN=sq FN
Therefore DM has been hisected at N with DF added (Cucl 11 6) And KN
and L3 are parallel, therefore
DE=KL
Prorosrrion 31
If two strarght [ynes fouching oppostle sections meet, and a stratght line 1s produced
through the pownts of contact, and through the point of meetng a strasght line 19
drawn porallel to the asymptote and cutling both the secton and the straight hne
Jowning the pornis of contact, then the straaght line between the pomt of meeting ard
the strawght line jownang the pornts of contact wnll be dusecled by the sectun
T oiat 1o . - + gpd €8, ond
through Clet

1 say thst

CG=GH

Let CE be jomed and produced to D, and through E and € let NEKM and
GX be drasn parillel to 4B, and through G and K let KF and GL be drann
paraliel to CD

Swnce tnangle KFE s ssmifar to tnangle ALG,

sq AE sq KF  sq ML sq LG
And 1t has been shown
sq KERE sq KF  rect NLLLK sq LG {« and 8 of 1 30),

therefore

rect NL LK =sq ML
Let the square on KE be added to each, therefore

rect NL,LA+sq K&=sq LE=<q GX=sq ML+sq RKE

And

sq GX sq ML+sq KE sq XC sq LG4sq KF (Buel vi 4,V 12,
therefore

sq YC=sq LG+sq KF
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And
sq LG=sq XE
and
sq KF=sq on half of second dmeter (11 1),
=rect CE,ED (1 38),
therefore

sq XC=sq XE-rect CE,ED
Therefore the straight line CD has been cut equally 2t X and unequally st 2
(Euel 1t 5)
And DH 1s parallel to GX, therefore

ProrosITIoN 32

If two strarght lines touching an hyperbola meet, and a straght line 1s produced
through the pownts of contact, and a strasght line 18 drawn through the pownt of
meetang of the tangents parallel to the strawght hine jornang the pownts of contact,
and @ strarght line 15 drawn through the midpownt of the strawght line jowning the
poenis of contact parallel to one of the asymptotes, then the strarght hine cut off
between this madpont and the parallel unll be busected by the section

Let there be the hyperbola ABC, whose center 1s D, and asymptote DE, and
let AF and FC touch, and let CA and FD be joined and produced to G and H,
then 1t 15 evident that
Then let FK be drawn
through F parallel to AC,
and HLA through H para~
llel to DE

I say that

KL=HL

Let L3 and BE be drawn
through B and L parallel to
AC, then as hag been al-
ready shown (mx 30, e, 8,
and conclusion)

sq DB sq BE sq HM sq ML rect BM,MG sq ML,

therefore

rect GM,MB=sq MH
And also

rect HD,DF=sq DB
because AF touches and AH has been dropped ordmatewsse (1 37), therefors

rect GM MB+sq DB=rect HD DF+sq MH=sq DI (Euel 11 §)
Therefore FH has been bisected at M with DF added And KF and L gre
perallel, therefore
KL=LH

ProrostrioN 33

1 _— -
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contact, and stiTl another strarght line s drawn through the midpont of the straight
hine jormang the pownts of contact parallel to one of the asymplotes and meeling the

also let ALD be joned, then 1t 15 evident, that 1t 1s biseeted at L (11 30) Then
let BHE and CGF be drawn through G and H parallel to AD, nnd LMN
through L parallel to HK.

1 say that

LM=MN
For let ER and M X be dropped from £ and M parallel to GH, and MP
through M parallel to AD
Siwee then through things already shown (it 30, & and g)
sq HE sq EK  rect BA,XE sq XM,

therefore
sq HE sq EK  rect BX,AE4-sq HE sq KE-+sq VM (I'uel v 12)
or
rq HE sq EK  sq IY sq KE-+sq AN (Ducl 1 6)
But 1t has been shown (1 38, 11 1)
sq EK=rect GH HL

and
sq AM=sq HP,
therefore
And sq HE «q EK  sq HX orsq MP rect GH,HL+sq HP
nd
sq HE sq EK  <q MP sq PL{(Duci v1 4),
therefore

sq MP sq PL  +q MP rect GH,HL+sq HP
“Therefore
q PL=rect QH HL+-sq HP
Therefore the straight hno LG has been cut equally at P and unequally at
(Fuel 11 §)
And MP and GN are parallel, therefore
LM = 3MN
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PRrorosITION 34
If some pownt 15 taken on one of the asymploles of an kyperbola, and a strarght line
Jrom 1t touches the sectron, and through the potnt of contact a parallel lo the asymp-
totersdrawn then the strarght line drawn from the posnt taken parallel to the other
? T -
asymptotes CD and DE, and let a
T At ADIL 3 e

.

let CAG be drawn parallel to DE

I say that

CA=AG

For let AH be drawn through 4
parallel to CD and BK through B
parallel to DE Since then

CB=BE (u 3),

therefore also

A=KD
and
DF=FE
And since
rect KB,BF=rect CA AH (u 12),
and
BF=DK=CE,
and
AH=DC,
therefore
rect DC,CA=rect GC,CK
Therefore
DC CK GC CA
And
CD=20K,
therefore also
GC=204
Therefore
CA=AG

ProPosITION 35

Wath the same things bewng so of from the pount tuken some sirarght line 13 drawn.
vutiang the sechon ot twp pownts then os the whole strawght hine s o the straight
Lne cul off outside so will the segments of the strarght line cut off tnsmde be to each
other

For let there be the hyperbola AB and the asymptotes CD and DE and
CBE touchimg and HB parallel and through C let some straight hne CALFG
be drawn across cutting the section at 4 and F

1 say that

FC CA FL AL

For let CNX, KAM, OPBR avd FU be drawn through C, 4, B and F

.
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parallel to DE, and APS and TFRAMX through 4 and F parallel to €D
Since then

AC=FG (11 8),
therefore also
KA&A=TG (Eucl vt 4).

But
KA =DS;
therefore also
TG=DS
And so also
CK=DU.
And since
CK=DU,
also
DK =CU;
therefore
DK :CK::CU:CK.
And
CU:CK:: FC: AC,
and
FC:AC:. MK: K4,
and
4 MK :KA: pllg MD:pllg DA (Buel v1 1),
an

DK .CK- plig HK - pllg KN,
therefore also
pllg MD:plig DA -:plig HK pllg KN,

But

. plig DA=pllg DB (1 12)=pllg ON,
or

CB=BE (1t 3),
and
ho=0cC,
therefore
plig M2 plig ON - -pllig HK pllg KN,

and

der plig MH der plig BK 1> whale pllg MD . whole plig OV

And since

pliz DA=plig DB,
Jet the common parallelogram DP be subtracted,
therefore

pllg KP=pllg P
Let the common parallelopram A& be added, therefore

whole pllg BK=whole plig Al
Therefore
g MD plg DA - plig MIT plig AH
But
plig MD plig DA. MK KA TC 4C,

and
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plig MH ollg AH MW WA FL LA,
therefore also
FC AC TL LA

Prorosrrion 36

With the same things being so 1f the strarght line drawn aeross from the pownt
neyther cuts the section at two pornts nor 18 parallel to the asymptote 12 will meel the
opposite seclion, and as the whole sirarght hine 15 lo the strawght line belween the
sechion and the parallel Yirough the pownt of contact, so will the siraight ne be-
lueen the opposite section and the asymplole be to the strawght line between the
asymplote and the other section

Let there be the oppostte sections A and B whose center 1s C and asymptotes
DE and £G, and let some pomt ¢ be taken on CG, and from 1t let GBE be
drawn tangent, and GH nerther parallel to CE nor cutting the section 1n two
bomts (1 26)

It has been shown that GH produced meets CD and therefore also section 4
Let 1t meet 1t at 4, and let KBL be drawn through B parallel to CG

I say that

AK KH AG GH

Yorlet HM and AN be drawn from the pomts 4 and H parallel to CG, and
BX GP and RHSN from B, G and H parallel to DE Since then
AD=GH (11 16),
AG GH -DH HG
Bub
AG GH NS SH,
and
DH GH €S8 S86G,
And therefore
NS SH CS SG .
But
NS SH pllg NC pllg CH,
and
¢S 8¢ pllg RC plig RG,
therefore also
pllg NC pllg CH pllg RC plig RG

And ns one 18 to one so are all to all, therefore /
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plig NC:plig CH. whole plig ¥L whole pllg CH+-plig BG.
And since

EB=BG,
also
LB=BP
and
plig LX=pllg BG
And

pllg L¥=pllg CH (11 12);
therefore also
plig BG=plig CH
Therefore
plig NC plig CH  whole pllg NL whole pllg BG+pllg RG

plig N pllg OH - plig NL plig BX.

or

But
plig RX =pllg LH,
sinee also
pllg CH=plig BC (ut 12),
and
plig MB=pllg X
Therefore
. plig NC plig CH  pllg NL pliig LH
ut
| pliz NC plig CH .. N8 SH 4G GH,
oy
pllg NL pllg LH NR RH AK KH,
therefore also

AK RH  AG GH
Prorostrion 37

1f two straght ines touching a section of a cone or coreumference of a cérele of
opposite sectzons meet and @ strawght hine 18 jorned lo thew pornty of contact and
Jfrom the potnt of meeling of the tangents some siraight line 15 drawn across eutéing
the tine {of the section) ab tiro posnts, then as the whole strawght line 18 to the
stragght Line cut off oudside, so wnll the segments produced by the stratght line gommtng
the ponte of conlact be to eack other

Lot there be the section of a cone 45 and tangents AC and OB and ket AB
be jomed and let CDEF be drawn across

T ay that

CF CD FE FD

Lot the diameters CHf and AK be drawn through € and 4, and through F'
ond D, DP, FR LFM and NDO parallef to AH end LC Since then LFM 18
paraliel to DO

FCCDOLF XD FXN D0 LM XD,
and therefore
sq LY sq MO sq F3 sq DO

ut

B sq LM =q 30 gl LMC trgl XCO (Luel vt 19},
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and
sq FM sq DO trgl TRM trgl DPO,
therefore also
trgl LMC trgl XCO trel FRM trgl DPO
remainder quadr LCRF  remamder quadr ACP

But
quadr LCRF =trgl ALK (ur 2,11 11),
and
quadr XCPD=trg] ANX (1 2, m 11),
B
therefore
B sq LA sq X0 trgl ALK trgl ANX
ut
sq LM sq XO sq FC sq CD,
and

trgl ALK trgl ANX sq LA sq AX sq FE sq ED,

therefore also

sq FC sq CD sq FE sq ED

And therefore i
FC ¢CD FE ED

773
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Prorositiov 38

TWth the same things being so, 3f some strasght ine s drawn through the pont of
meeting of the langents parallel 1o the straight line jornang the pornts of contoch
and a straight fine draun through the midpoint of the strawght line jornang the
7= of contact culs the sechion 0 fuo points and the strawght line throuph the
" 7 4n the strmght line jorning the points of conlact, then a3
=M Jang cut off outside belueen the
ced by the straight line gorned

1o the points o) Lo

Let there be the section
AR and tangents AC and BC
and AR the steaght lne joine
g the ponts of contact and
AN and CM diameters, then
1418 evadent that A B has been
btsected at E (1 30, 30)

Let CO be drawn from €
parallel to AB, and let
FEDO be drawn across
through £

1 say that

FO:0D FE LD
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For let LFRM and DHGAN be
drawn through F and D parallel to
AB and through F and G T'R and
GP parallel to LC Then likewise a3
before (m1 37) 1t wall be shown that
anLu sq XH sq LA sq AX

d

sq LM sq XH sq LC sq CA
sg FO sq OD
and

sq LA sq AX sq FE sq ED,
erefore

sq FO sq OD sq FE sq ED

and

FO OD FE ED 5

ProrosiTiON 39

If two strarght hines touching opposite scchons meel and a strawght hine 18 pro-
duced through the points of contact and a strarght line drawn from the pownt of
meeting of the langents cuts both of the sections and the straight line joimang the
ponts of contact then as the whole strawght line drawn across s o the strawght ine
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cut off outside between the sechion and the sirawght line J01mng the poinls of con~
fact, so will the segments of the straagh! hine produced by the segments and the pownt
of meehng of the tangents be o eackh other

Let there be the oppostte sections 4 and B whose center 18 € and tongenta
AD and DB, and let AB and CD be jomed and produced, and through 13 et
some straght line EDFG be dravn across

1 say that
EG GF ED DF
Tor let AC be jomed and produced, and through E apd F let EHS sud
FLANXO be drawn parailel to AB, and parallel to AD, EP and FR
Since then FX and ES are parallel, and ET', XS, and A have been drawn
through to them,
EH HS FM MX
And alternately
EH FM HS MX,
therefore alse
sq EH sq FM sq HS sq MX

But

sq EH sq FM  trgd EHP ug! FRA,
and
sq #S sq MX  trgl DHS tgl XMD,
therefore also
trgl EHP trgl FRM  tegt DHS trgd AMD
And
trg! EHP=trgl ASK+-trgt DIS (tz 11},
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and
trgt FRM =trgl AAN+trgl XMD (mx 11)
therefore
trgl DHS trgl \MD trgl ASh+trgl DHS trgl A\N+trgl YMD,
and

remainder trgl ASK remunder trgl ANX  trgl DHS trgt AMD
But
trgl ASK trgl ANX  .q RA sq AN sq LG sq FG*

trgl DHS trgl \MD sq HD sq DM sq ED sq DF
Therefore also
EG FG ED DF

Prorostrion 40 _

Wuk the same things betng so 1f @ strarght line 13 drawn through the potnt of meet
1ng of the tangents parallel to the strarght line jorning the pownts of contac! end 3f a
slrazght hine drawn from the midpownt of the straight line jowrang the pownts of
cantact cuts both of the sections and the straight Line parallel to the strawght line
J0tnang the pornts of contact then as the whole straght line drawn across 1s o the
straight line cut off outside between the parallel and the section so unll the strarght
line 5 segments produced by the sections and the strasght line yoyning the pornis of
conlact be to each other

Let there be the opposite seetions A and B whose center 13 €, and tangents
AD and DB and let AB and CDE be Jomed therefore

AE=ER (ux 39)

And from D let FD@ be drawn parallel to AB and from £ LE at random

I gay that

HL LK HE EK

From H and K let NMHYX and KOF be drawn parallel to AB and HR and
A8 parallel to AD and let XACT be drawn through

Smee then XAU and AP have been drawn across the parallels X3 and
AP

XA AU MA AP

XA AU HE Eh

But

and
HE EA HV KO
because of the similanty of the tnangles HEN and KEOQ therefore
HN KO MA AP

f
therefore also

sq AN sq RO sq MA sq AP

*For
EG TG KA TA
sud
T¢ TF TA TN
and
TG—TF T6 TA-TN TA
therefore ez aequals

EG FG KA AV
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But
sq HN sq AQ trgl HRN trgl KSO
and

sq MA sq AP trgl XMA trgl AUP,

therefore also
trgt HRN tred RSO tegl AMA trgl AUP

And

trgl HNR=tr@ \MA-+trgl MAD (1 1)
and

trgt K8O=trgd AUP4-trgl DOP (1 11)
1l erefore also
trgt WMAtegl YND tigl AUP+tegl DOP  trgl AMA trgl AUP,
therefore also

remander trgl AL remonder gl DOP whole whole

But

trgt AVA trigl AUP sq X4 sg AU
ond

trgl VUD trgl DOP  sq MN sq PO,
therefore also

sq MN sq PO sq XA sq AU

But

sqg UM sq PO sq ND sq OD
and

sq YA sq 4U sq HF sq EK,
and

sq ND sy DO sq HL sq LK,
therefore also
eq HE sq ER sq HL sq LA
Therefore
HE EhA HL LK

ProrosiTioy 41

If three straight lines {or ching & paral ola » eet each other they will be cutsn the
same ratto "
Tet there be the parabola ABC and tangents ADE EFC and DB
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Tsay that
¢r FE Lp DA FB BD

For let 4C be jomned and bisected at G

Then 1t 15 evident that the straght
hne from E to G 1s a duameter of the
section (11 29)

If then 1t goes through B, DF 1s
parallel to AC, (1ir 5) and mll be br-

sected by E, and therefore
AD=DE (1 35),
and
CF=FE (1 35),

and what was sought 15 apparent
Let 1t not go through B, but
through H, and let KHL be drawn
through H parallel to AC, therefore
1t will touch the section at H (1 32),
and because of things already sard
{1 35),
AK=KLD

and

LC=LE
Let MNBX be drawn through B parallel to EQG, and A0 and CP through A
snd (' pasallel to DF Swce then MB 1s parallel to EH, MB 15 a dimeter
(1 40, 1 51 end), and DF touches at B, therefore AQ and CP have been
dropped ordmatewise (1t b, First Def 1 4) And smce M B 1s a diameter, and
CM 2 tangent, and CP an ordmate
MB=BP (1 35),

and so also

MF=IC
And since

MF=FC
and

EL=LcC,

MC cF EC CL,
and alternately

MC EC CF CL

But

MC EC XC CG,
sherplore alss

CF CL XC Cg
And

CL EC CG C4,
therefore ez acgualt

CA XC EC CF,
and comertendo

EC FE CA AX,
separando

CF FE YC 4X
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Again smee MB 15 a diumeter and AN a tangent and
AQ an ordinate,
NB=BO (1 35),

and
ND=D4
And also
EK=RA,
therefore
AE KA NA DA,
alternately
AE NA KA D4
But

AE NA G4 AX,
KA DA GA AX
AE RA CA G4,

therefore also
And abo

therefore, ex aequal,

AE DA C4 AX,
separando

LD b4 AC 4X
And 1t was also shown

XC AX CF FE,

therefore
CF I'F ED DA
Again since
XC 11X CP A0,
and
CP=2 BF,
and
CM=2 MF,
and
AO=2 BD,
and
AN=2 ND,
therefore

XC AX FB BD Cr FL ED DA

Pro1ostrion 42

If wn an hyperbola or ellipse or circumference of @ circle or opposile seeliond
straght lines are drawn from the vertex of the diameler parallel to an ordinole G
some other straight line at random 1s drawn langent wt will cut off from them
straight lines contaiming a rectangle equal to the Jourth part of the figure to the garié
diameter

Tor let there be some one of the aforesad sections whose diameter 13 458
and from 4 and B let AC and DB be drawn parallel to nn ordinate and let
gome other straght hine CED be tangunt at £

1 say that

reet AC,BD=fourth part of figure to A8
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For let 1ts center be F, and through it let FG be drawn parallel to AC and BD
Sice then AC and BD are parallel, #nd FG1s also parallel, therefore 1t 13 the
dumeter conjugate to AB (First Def , 1 6), and so

sq I'G=fourth part of figure to A8 (Sec Def 1 3)

If then F@ goes through E in the case of the ellipse and crcle,
AC=FG=BD (z 7),
and 1 15 immedzately evideat that
- Ao

Neon PO o fa cblive wt nf B ¢ 4D

et . .
Since then
rect AF,FL=sq AF (1 37),
KF AF AF FL,
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and
KA : AL:+ KF 1 AF or FB (Eucl v, 19);

inversely

FB:KI::AL:K4;
componendo or separando

BK-KI'::LK: KA.
Therefore also

DB FH .:EL:CA.
Thercfore

rect DB,CA=rect FH,LL,
=rect. HF,FM.
But
rect HF,FM=sq FG (1 38),
=fourth figure to AB (Sec Def 1 11);
therefore also
rect DB,CA =fourth figure to AB.

ProrosiTiox 43

If a straight lLine touch an hyperbola, 1t will cut off from the asymploles, begnming
wuth the center of the section, strarght lines containing a rectangle equal to the Tec-
tangle contained by the siraight lines cut off by the tangent at the section’s verles af
s axis

Let there be the hyperbola AB, and asymptotes CD and DE, and axis BD,
xér:;i let FBG be drawn through B tangent, and some other tangent at random,

n
1 say that
rect FD,DG=rect CD,DH.

For let AK and BL be drawn from
A and B parallel to DG, and AM and
BY parallel to CD Since then CAH
touches,

CA=AH (u 3);

and so

CH=24H
and

CD=2AM
and

DH=24K,
Therefore

reet CD, DI =1rect KA, AM
Then lihesise 1t could be shown
rect FD,DG=4rect LB,BN.
But
rect KA, AM =rcct LB, BN (1 12)
Therefore also
rect CD,DH =rect FD,DG 4
Then likewise 1t could be shown, even 1f DB were some other diameter 8%
not the axs.
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ProrosrTioN 44
If two strarght hines touching an hyperbola or epposie sechions meet the asymp-
otes then the strayght lines drawn o the sections will be parallel to the strawght line
ommng the potnts of contact

Forlet there be exther the hyperbola or the opposite sections A B, and asymp-
totes CD and DE apd tangents CAHF and EBHG, and let AB, FG, and CE be
joined

1 say that they are parallel

For sinee

rect CD, DF =rect GD,DE (ur 43),

therefore
CD DE GD DF,

therefore CE 1s parallel to FG And therefore

HF FC HG GE

And

FC AF GQE GB,
for each 1s double (1 3), therefore ex aequal

HG@ GB HF FA
Therefore FG 15 parallel to AB

Prorosrrion 45

If wn an hyperbola or ellipse or circumference of a cwele or opposite sections
straight lnes are drown from the vertex of the ax13 af raghl angles, and g rectangle
equal to the fourth part of the figure s applied {0 the axis on each side and exceed-
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ng by a square figre vn the case of the hyperbola and ~=~= .
crent wn the case of the ellipse, and some ~~ .
and meciing the perpendicular .
pownis of meeling bo the ponts 1 ~ o rignt angles af the
gforcsard points *

Lot there be obe of the sections mentioned whose axisis AB, and ACand BD

¥
A
<
] € o
E
c@ f Zt <

1%The pornts of applicatton *are 1 modern termnology the fors af the eonics The 2t
ig soen bere 36 an elipwe whoso tne for or focal poits coanide with the renter This ﬂm;:
is, of course, 8 spetiak appheation of Duchd v 28 and 20, tero theorems on which depes
one whole side of Greek geomets

Ty
hApgnomux never spu ks of the foeus of the parabole, butat can be found by snalogy Witk
ke el

pse
“Thus wa the ellipse sbove
rect AP, FO~fourth yect ABR
where R 12 the patameter Or
rect AP, (4B~ AF) =fourth tect ABR

AF fourth B AR (ABR—~AF)
“Then if we sonmder Kbe elluper 29 s axis, AB getsaslarm as se ploase, we can think of it 22
spproacking ws bear avae phas to & parabola with parameter 8 The zatio A5 (AB-~2F)
spprooches a9 near a3 we phase to equahty and force also the xato

ac

AP fourth R At the kit ne ean thnk of the ellipee os the pyabols, 7
s sus 4B a8 nfiorte and A5 a5 equsl o AB~ AT Then Af will be S
equal to s fourth # Thus the foons of a parabols will be diufined ay the ¢l

potnt o8 318 20E 8t g distance {rom the vertex equal to aro quarter of

the parxmetet Then many of the properties of the foer of 1he el 7

can be proved analogousty for the parabola Thus fn the ease of this

propostion, FD %1l became paratic! o CE Tence any straight ke Isht
fram the focs of & parabola parstict to 8 tangrat « i make 8 fight angle wth the stea :m
Tine drasen f5om the foeus to the interseetion of the tangent and the porpendicular [
aws st the vertéx
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ai nght angles and CED tangent and let the rectangle AF FB and the rec
nre - d on each s de
G be jomed

For since 1t has been shown
reet AC BD=fourth figure on AB (1 42)
and sinee also
rect AF FB=fourth figure on AB
therefore
rect AC BD=rect AF FB
‘Therefore
AC AF FB BD
And the angles at po nts A and B are nght therefore
" angle ACF =angle BFD (Eucl v1 6),

an

angle AFC'=angle FDB
And since angle CAF 13 night_therefore

angle ACF{angle AFC=11t angle

And 1t has also been shown that

angle ACF=angle DFB
therefore

angle AFC-+-angle DFB—1 nght angle

Therefore

angle DFC=1 nght angle
Then hikewrse 1t could also be shown

angle CGD—1 nght angle

PROPOSITION 46
With the same thangs beng so the sireaght lines Jomed make equal angles with the
tangents
Yor with the same fhungs supposed 1 say that
angle ACF—angle DCG
and
angle CDI'=angle BD@
Tor smce 1t has been shown
that both angle CFD and angle
pert)

angle DCG—angle DFG
for they are on the same segment
of the circle And 1t was shown
R s angle DFG—angle ACF (mx 45),

and g0
- angle DCG=angle ACT

And blewmse also

angle CDI'=angle BDG
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Pnoxzosrno'v 47

Ty the Same things bezrzg 50, the Straigns Line drayy, Jrom the Pont of Meeling
of the Jotneq Slrasgh, lines 4, the 9t of conlact ) be Perpendicylay o the
tanycnl

For Jet the same thingg 28 beforg be SUbposeq and Jet o and Fp meet eqep
Other 44 H, and let 0p and B4 Prodyceq Mmeet ¢ &, and let By be joineq
I 82y that LH g perpeud(cular toop
Foryr not, Jet HL b dray from y7 perpendzcu!ar to Cp Stnee then

angle Cpp, =angle Gpp [543 46),

and g,
Tt angle DBC’=rt angle DLH,

!hore{ore tnangle Deg 8 sy, to triangj, Lup Thereforc
GD Dy y: %) or
But

GD Dy rc (&/74
beeayse the angleg 44 Fang Gare Hight angles (yry 45) ang the angles nt 7 ry
equal, by,
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Let EM be drawn from E parallel to AC, therefore 1t will have been dropped
ordmatewise to AB (11 7), and
BK-KA-.BM MA
And
BM MA::DE.LC;
therefore also
DL CL::DL:EC,
and this s absurd Therefore HL 1s not perpendxcular nor s any other straight
Lne except HE *

ProrostTiov 48

Wath the same things being 0, 1t must be shown that the strarght lines drown from
the pownt of contact to the pownts produced by the application make equal angles

with the tangent

*There is the analogous theorem for the parabola FD becomes & straight kne paralle] to
Ci @

CE and CG & straxght hine parallel to 4B Agm HE 11 perpencheular to CE, snd thg enn bo
proved nigorously as well as understood by snalogy
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For let the Same thmgs be supp,
Isay that

Jomed
angle CEF:angIe GED
For Stnce angleg Doy wd Dpp
dcscnbed about pzy as

are ngh¢ angleg (mr 45 47,
* diamete, Will pass tbroug
r 3y, and o

), the cirele
h the Pomts g and @ (By,
angle DI]G'aaugIe Dre (Cuct 120,
for they are in the Samg Segment kaemse then also
angle CEFaaugle CHp
Byt
angle CI[Faung]e DHG,
for they are Vertica] angles, therefore alsp
angle CEF=nngIe Drgs
Wtk the
Pendieyy,
ends of th

Same things °tng so, Jfrom o, of the Points (ofapplzmlmn)a e
728 dray p, 2 the tan, l, then the Slrasghy lines Jrom that pont g 4y
¢ azys Make right angle
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Forlet the same things be supposed, and let the perpendicular GH be drawn
from @ to CD, and let AH and BH be jomned
Isay that angle AHB 1s o night angle
For since angle DBG 15 a nght angle and also angle DHG, the circle deseribed
about D@ as a diameter will pass through H and B, and
angle BIG=angle BDG
But 1t was shown
angle AGC =angle BDG (i 46),
therefore also
angle BHG=angle AGC=gangle AHC (ECucl m 21) |
4And s0 also
angle CHG=angle AHB
But angle CHG 15 a night angle, therefore also angle AHB 1s a nght angle

'
Prorosrrion 50

Witk the same things being so, of from the center of the section there falls lo the
tangent a strawght line parallel to the straight Line drawn through the pownt of con~
tact and ane of the pownts (of application), then 1t wnll be equal to one half the azis
For let there be the same things as before and lét H be the'enter, and let EF
be jomed, and let DC and BA meet at K, and through'H let HL be drawn
)

parallel to EF g
I say that 1 3
HL=HB
]
EDL g
[SLw H ANF
M o4
L L
[of
TG H FjA i

For let EG AL, LG be joned and through @ let G be drawn parallel to
EF Since then
rect AF, FB=rect AG, GB (See m 45),
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therefore

AF=GB
But also

AH=HB,
therefore also

FH=HG
And so also

EL=LM

And since 1t was shown (111 48)
angle CEF =angle DEG,
and
angle CEF =angle EMG,
therefore also
angle EMG=angle DEG
And therefore
EG=GM
But 1t was also shown
EL=LA3M
therefore GL 1s perpendicular to EM And so through what was shown before
(i1 49) angle ALB 18 o nght angle and the arcle described about AB 253
diameter will pass through L And
HA=HE,
therefore also, since HL 1s a radius of the semmerrcle,
HL=HB

Prorosrrioy 51
If a rectangle equal to the fourth part of the figure 13 applied from both ;ules fo t:;
A famdarr o PEDG PPN

much as the azs
For let there be an hyperbola or opposite scctions whose axs 18 AB and
center C, and let each of the rectangles AD DB and AE, EB be equal to the
fourth part of the figure and from points E and D let the straight lines EF' and
FD be deflected to the hne of the section
I say that
EF=FD+A4B
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Let FKH be drawn tangent through F and GCH through C parallel fo FD,
therefore
angle AHG=angle KFD,
for they are alternate And
angle AFD=angle GFH (u1 48),

therefore
GF=GH
But
GF=GE,
sice also
AE=BD
and
AC=CB
and
EC=CD,
and therefore
GH=EG
And so
FE=2GH
And since 1t has been shown (11t 50)
CH=CB*
therefore
FE=32(GC CB)
But
FD=26C,
and
AB=2CB,
therefore
FE=FD+AB .

And so EF 1s greater than FD by AB

ProrosrTION 52

If n an ellipse a rectangle equal 16 the fourth part of the figure 15 applied from both
sudes o the major axis and deficient by a square figure and from the points result
ang from the application straight lines are deflected o the hine of the section then
they unll be equal fo the azis

Let there be an elipse whose majoraxis1s AB and let each of the rectangles
AC CBand AD DB be equal to the fourth of the figure and from C and D let
the strarght ines CE and ED bave been deflected to the line of the section

I say that

CE+ED—AB

*For

GF-CH
and by fu 50 a Line C(X) drawn parallel to GF 15 equal to CB But also
cy=ct

Hence
CH=CB



e APQLLONIUS OF PERGA
Let FEH be drawn tangent, and @ be center and through 1t let GEH be
drawn parallel to CE Since then
Angle CEF =angle HEK (1 48),

and
angle CEF =angle EHK,
]
E
3
N AT G o
therefore also
angle EHK =angle HEK.
Therefote also
HK=XKE
And since
AG=GB,
and
AC=DB,
therefare also
CG=GD,
and so also
ER=AD
And for thus reason
ED=2HK,
and
EC=2KG,
and
ED+EC=2GH
But also
AB=2CGH (u 50%
therefore
AB=ED+EC
Prorosrmon 53
Ifsnan byperbola or elhpse or ¢ of a carcle or opposite sectons stratgh!

Tines are drawen from fhe verfex of o diameter paraliel fo an ordinate, and straihh
Tines drawn from the same ends to the same point on the Line of the sechiont cul the
parallels then the rectangle contatned by the strasght lines cul off v egual & the
[figure on that same diameter

Let there e one of the aforesmd soctions A BC whosw dimeter 1s AC, and
let AD and CE be drawn paralict to an ordinate, and let ABE and cBDbo
drawn neross

1 say that

rect AD FC=figure on AC
For let BF be drawn from B parallel to an ordinate
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Therefore

rect AI'FC sq FB  transierse sde upnght side
sq AC . the figure (1 21)

But
rect AF,FC sq FBcomp AF FB FC FB,
therefore
figure sq AC comp FB AF,I'B FC
But
AF I'B AC CE,
and
r¢ FB AC AD,
therefore
figure sq AC comp CE AC, AD AC
And zalso
rect AD,CE sq AC comp CE AC, AD AC,
therefore
figure sq AC 1ect AD, CE sq AC
Therefore

rect AD,CE=figure on AC
ProposrTiov 54

If two tangents to & sectiont of a cone or to a curcumference of a cirele meet and
through the pornts of contact parallels to the langents are drawn and from the
pownts of contact to the same pornt of the line of the scction strarght lines are drawn
across cutfing the parallels, then the rectangle contained by the strawght lincs cut
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off to the square on the strawght line jornaing the ponts of contact has a ratio com-
pounded of the ratio whick the insude segment Line Josning the pownt of mecting of
the tangents and the midpownt of the straaght line yotnang the points of conlact hasn
square lo the remainder, and of the ratio which the rectangle contained by the tan-
gents has to the fourth part of the square on the strarght line jowning the pownts of
conlact

Let there be a se : . e
gents AD and CD,
Joined, and let AF .
AD, and let some point H on the sectron be taken, and let the straight lmes AH
and CH be jomned and produced to G and F

I say that

rect AF,CG sq AC comp sq LB sq BD, rect AD,DC
fourth sq AC or rect AE,EC

Forlet KHOXL be drawn from H parallel to AC, and from B, MBN parallel

to AC, then 1t 1s evadent that M 1s tangent (11 29, 5, 6) Since then

AE=EC,
also

MB=BN .
and

KO=0L
and

HO=0X (1 T)
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and

KH=XL
il[nce then MB and MA are tangents and KHL has been drawn parallel to

sq AM sq MB sq AK rect
XK,AH (1 16)

or
sq AM rect MB,BN sq AK
rect LH,HK

And

rect NC,AM sq AM rect LC,
AR s5q AK (Euc v1 2,v, 18),
therefore ez aequali

rect NC,AM rect JMB BN
rect LC,AK rect LH,HK

But

rect LC,AK rect LH,HK comp

G LC LH,AK HK
or

rect LC,AK rect LH,HA comp FA AC,GC CA
which 15 the same as
rect GC,FA sq CA




796 APOLLONIUS OF PERGA

‘Therefore
rect NC,AM rect MB BN rect GC,FA sq CA
But, with the rectangle ND, DA taken as a mean
rect NC,AM rect MB,BN comp

rect NC,AM reet ND,DM,1ect ND,DM rect MB,BN,

therefore
rect GC,FA sq CA comp

rect NC,AM rtect ND,DM, rect ND,DM rect MB,BN

But
rect NC,AN rect ND,DM sq LB sq BD,

and

rect ND,DM rect NB,BM rect CD,DA rect CE,EA,
thorefore
rect GC,FA sq CA comp sq BL sq BD, rect CD,DA rect CE,EA

ProrosiTioN 55

If tuo strarght lines touching opposile scctions meet, and through the pownt of
mecting a straight line +s draun parallel to the straxght line jornang the pownls of
conlact, and from the points of contact parallels to the tangents are drawn across,
and straight lines are produced from the pownts of contact to the same pownt of one
of the scetions cutiing the parallels, then the rectangle contarned by the siraight lines
cut off toill hate to the square on the strarght line jornang the pownts of contact the
rat1o whach the reclangle contained by the tangents has lo the square on the straight
Line drawn through the pownt of mecting parallel to the straght line jotning the
poris of contact as far as the section

Let there be the opposite sections ABC and DT, and tangents to them AG
and GD and let AD be jomed and from G let CGE be drawn parallel to AD,
and from A AV parallel to DG and from D, DM parallel to AG, and let some
powmt F be taken on the section DF, and let ANF and FDH be jomed

1 say that

sq CG rect AGGD sq AD rect HA,DN
For let I LAB be drawn through I' parallel to AD




CONICS 11T 797
Since then 1t has been shown that
sq EG sq GD rect BL LF sq DL (ux 20),
and
CG=EG ( 38), -
and

BE=LF (u 38),
fherefore

And also

sq GD rect AG,GD sq DL rect DL, AK (Euel v1 2,1);
therefore ex aequaly
sq GC rect AG,GD  rect KILFL rect DL,AK

sq CG sq GD rect KF,FL sq DL

But
rect KF,FL rect DL,AK comp KF AK, FL DL
But
KF AK AD DN,
and
FL DL AD HA,
therefore
sq CG rect AG,GDcomp AD DN, AD HA
And also
sq AD rect HA,DN comp AD DN, AD HA,
therefore

sq CG rect AG,GD sq AD rect HA,DN.
ProrostrioN 56

If two strawght lines touching one of the opposile sections meet, and parallels te
the tangents are drawn through the pownts of contact, and strarght lines cutting the
parallels are drawn from the pownts of contact to the samne pownt of the other sechion,
then the rectangle contained by the sirarght lines cut off will have fo the square on.
the straght line jormng the pownts of contact the ratwo compounded of the raho
which, of the strarght line jowning the pownt of meeting and the midpoint that part
between the madpoint and the other section has m square {o that parl betueen the
same sechion and the pownt of meeting, and of the ratio whach the rectangle con-

tarned by the tangents has to the fourth part of the square on the strawght hine Jorn-
wng the pownts of contacl
T

ot thora b 4L = 4 -
get
be .
an
CL, ana 1ev UM and LAY be joiped

1 say that

rect MA, BN sq ABcomp sq LD sq DE, rect AE, EB
fourth sq AB orrect AL, LB
For let GCK and HDF be drawn from C and D parallel to AB, then 1t 18
evident that

HD=DF,

AX=XG, L

and
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and also
XC=XP,

and so also

CR=GP
And sirce 48 snd DC are oppostte sections, aud BEH and HD are tangents,
and AG 15 parallel to DH, therefore
sq BH sq HD sq BE tect PR, KC (m1 18, note)

But
sq HD=rect BD,DF,
rect PK, KC=rect KC,CG
Therefore
sq BH rect HD,DF. sq BK rect KC,CG
And also

rect FA,BH sq BH rect G4,BK-sq BK;
therefore ex gequal
reet bA,BH rect HD DF .rect G4, BR rect KC,C0
And, with recuxngle HE, EF tsken a8 a mean,
reet FA,BH rect HD,DF comp
4 reet FA,HR rect HE EF, rect HE, EF rect HD, DF;
an
" rect FA,HB vect HE,EF sq LD sq DE,
ant
reet HE,EF rect HD,DF  rect AE,FR rect ALLB,
therefore
rect GA,BK rect KC,CCcomp sy LD sq DE, rect AF, FB:

waot, AL LB
And
Bt tect GA BK rect AC,CGcomp BK KC,GA CG
1

BK.KC MA 4B,
and

GA CG BN AB,
therefore

rect WA BV sq ABcomp MA AB BN AB
comp sq LD sq DE, rect AE, LB rect AL, LB
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TRANSLATOR'S APPENDIX oN TaREE-and
Four LivE Loct

The three-line locus property of conies 1s easily deduced for the elhpse:_ hy-

na tant ratio to the rectangh t: d by the other two distances
Tt1s shown in 111 54 that 1 the case of come sections and circles

rect AF, CG 55 AC comp 8y EB = BD, rect AD DC fourth sq A(.'

Nowifwe -

therefore

that the

them and the rectaugles contained by them, are also fixed and gwen Then

represents the distance from H to
AD at another given angle, and Z¢
represents the distance from H to
DC at another given angle Then
by stmtlar tnangles

CZ ZH AC AF,

AY YH AC (G,
therefore compounding
rect CZ, AY rect ZH,YH sq
AC rect AF,CG
Now we have seen that the rec-
tangle AF, CG1s a constant mag-
mtude as the pomt H changes
and the square on AC 15 constant,
therefore themr ratio 1s constant
Therefore
rect CZ,AY rect ZH YH1s a
constant ratio [¢)]
Again by similar triangles

ZH HX CD DE,

YH HX AD DE
therefore compounding
rect ZH,YH sq HX rect CD,
AD sq DE
But rectangle CD,AD and the
square on DE are constant magnt-
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tudes as the point T changes, therefore thetr ratio 1s constant Thercfore
rect ZH,YH *sq HX 1 a constant ratto
Compounding (1) and (2}, we get a constant rat, that is
reet CZ,AY sq HX 1s s constant ratso
In other words, as the pomt H
3 the rectanel 3

by the distances from H to two of
the gien stiaught hnes (at given
ongles to those stratght lines) has
a constant ratio to the square on
the distance to the thurd straght
hoe (at a given angle to that
strarght hae) And it can easidy be
proved by meansof simalar triangles
that if any other three angles are
chosen for the distances than those
chosen here for the demonstration,
then the corresponding ratio wall
be tonstant although not equat
The four-ime locus property can be easily deduced from the threctine ¥ to
any comse section we construct four tangents AG, BL, A1, and EC, and the
stratght hines FG, G, ID and DF, jomung the pomts of contact, end draw the
distanees from any point H on the conte to these straight lines at any gven
angles (perpendiculars are convement), then by the three-ing locus property
with respect to tnangle FBQ for any powt H on the come
rect HX,HV sq HP1s constant, (23]

with respeet to tnangle AIG

rect FIX,HY sq HR s constant, 8
with respect to tnangle DCI

rect HY HZ sy f1818 constant, @)
with respect to tnangle 7 D

rect Hg IV sq Qs constant [}

Tt watl be noticed that we have taken 1n suceesaton a par of adjaccnt tangents
and the strmght bine juinmg thew pomts of contact It walf also be noticed that
the rectangles m the four ratios present o eyebie o arringenient, so that if the
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mverse of {a) 13 compounded with (8}, and the inverse of () with (§), we would
have two constant ratios
plipd HY,HP,HP plipd HV,HR,HR, ©
plipd HV, HS,HS plipd HY,HQ,HQ ®
Agan compounding the first of these with the second, we would have finally
rect HP, HS rect HQ, HR, a constant ratio
And this 1s the property of the four line locus, namely the locus of points H
such that the rectangle contaned by the distances from pornts H to any two
gven fined straight lines FG and ID has to the rectangle contamed by the
distances from H to two other fixed straight lines IG, FD a constant ratio
e rigorous method of effecting these compoundings 1s as follows Tor -
verting (), by Eucl x1, 32 we have the constant ratios
sq HP rect HX,HV pllpd HP,HP,HY pllpd HX,HV,HY,
rect HX,HY sq HR plipd HX,HY,HV plipd HR,HE,HV
Henee by defimtron the ratio (o constant one) compounded of these two1s
plipd HY HP,HP plipd HV,HE HR
And 1n the same way we find the constant ratio compounded of the inverse of
(y) and (5) Now -
vlipd HY,HP,HP plipd HV,HR HRcomp HY HV,sq HP sq HR,
plipd HY, HS,HS plipd HY, HQ HQ comp HV HY,sq HS sq HQ
IF then we take two lines Af and N such that

HP HR HR M, (n)
HS HQ HQ N, ®
then
sq HP sq HR HP M,
sq HS sq HQ HS N
Hence

ratio comp HY HV,sq HP sq HR ratio comp HY HV,HP M

B :atm comp HY HY,sq HS sq HQratiocomp HV HY,HS N

u

rect HY HP rect HV M comp HY HV,HP M,

s rect HY,HS rect HY,N comp HV HY. HS N,
an

nlnd HV 0D T N 5 T ar v o

rect HP,HS rect N,M
Now taking L and O as some constants
rect HP HS rect N,M L O
and
rect HP HS rect HR HQ rect HR,HQ rect M,N
by compounding (1) and (8) But equal ratios have equal duplicate ratios
(Heath's note to Cuchd v1 1212“) aund hence
R+ oo

L2
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magnitudes MA and BN may change, but the rectangle MA BN 1s a constant
magmtude
For as before let CX be drawn parallel to DE, CY to E4,CZ to EB By
simlar tnangles
AY YC AB BN,
BZ ZC AB MA,
therefore compounding
rect AY,BZ reet YC,ZC <q AB rect MA,BN
Since rectangle MA, BN 1s constant as C changes and slso the squarc on AB
1s constant therefore
tect AY,BZ rect YC,ZC 1s a constant ratio )
Again by sumtlar triangles

ZC ¢X EB EL,
Y

YC CX EA EL

therefore compoundin,
rect ¥YC,Z2C sq CX rect EB EA sq EL
Hence
reet Y€ ZC sq CX1sa constant ratio @

Compounding (1) and (2} we have a constant ratio

reet A},BZ sq C\
But A1 and BZ arc equal to CA and CB the distances from ¢ This 18 the
property of the three-line locus of section C with respect to the straight hines
EA and EB tangents to the other section and LB the strarght line 1olmrLl(§

Again from 11 55 we ean conclude that both of the opposite sections t‘?-
' ' ita

Now since the three last terms of this proportion are evidently constants a8 the
point F changes, therefore al-o although A4 and DA change with F, yet n*c;
tangle HA, DN remains constant in magnitude Then reprodueing the figure @
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1 55 we drop YF parallel to DL, and FZ to K4, and FX to GE, where E1s
the midpomt of AD Then by similar triangles

YD:FY :AD-HA4,
AZ FZ +*AD DN;
therefore compounding
rect YD, AZ rect FY,FZ+ sq AD.rect HA, DN.

But the last two terms are constant, therefore

rect YD, AZ rect FY, FZ 1s a constant ratio [6))
Again by stmilar triangles
Iry-FX--DG-EG,
FZ FX--AG EG,
therefore compounding

vect FY,FZ sq FX --rect DG,AG rect ED,EG.
But the last two terms are constant, therefore

reet FY,FZ sq FX 15 a constent ratio 2)
Compounding (1) ﬁntd (2), we see that

rect YD,AZ sq FX 1sa constant ratio
D i ar aeoa A

AZ=KF,
and 777 12 tha dictanca fram R n 4D And andlac o £row a1 10

L1,
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magnitudes M4 and BN may change, but the rectangle MA BN 13 a constsnb
magnitude
For as before let CX be drawn parallel to DE, CY to EA,CZ to EB By
similar triangles
AY YC AB BN,
BZ ZC AB MA,
therefore compounding
rect AY,BZ rect YC,ZC sq AB rect MA BN
Since rectangle AfA BN s constant as ¢ changes and also the square on AB
18 constant, therefore
rect AY BZ rect YC ZC1s o constant ratio (4]
Again by similar tnangles
ZC CX EB EIL

Y

YC CX FEA EL
therefore compounding
rect YC, ZC sq CX rect EB,EA sq EL
Hence
rect YC ZC sq CX 1s a constant ratio @
Compounding (1) and (2) we have a constant ratio
reet AY BZ sq CA
But A} and BZ are cqual to CA’ and CB  the distances from ¢ Thts 18 the
property of the three hine locus of section C with respect to the straight lnes
EAand LB+ ©o e ' nnne
thetr points ¢
tangents to t
could be shown in the same way as before
Agamn from 11 55 we cin conclude that both of the opposite seetion? to-
gether are a three line locus to the tnangle formed by a tangent to each of the
scctions and the straight ine joiming their pomts of contact For by mt 55
rect HA DV sq AD  rect AGGD sq CG he
Now since the three last terms of this proportion are evidently constants asthe
potnt F changes, therefore also although HA and DV change with F, yet m;
tangle /A, DV remains constant 1n magmtude Then reproducing the figuro
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But it was shown in the course of t 55 that
B

K= LF,
BL=KF,
Hence
TA=BK=YD=LF,
AZ=KF=BL
Therefore

veet LF,KF aq FX::rect BK,BL:sq BR. L.
Hence any powt £ on ane opposite section fulfills the same constant ratio with
yespeet ta its distanees from the three fixed hnes 4D, GD, and 4G as any pont
Fooxoa 3 .

. our
hir . 1on
each section (the pownts being four powmts of contact of four tangents, and the
straight hnes, the straight bines jouning them)

for

AR

A
i

S
1
'
t
!
\]
rch

To sam up, & prrabola, etlipse, circle, and hyperbola sre three-line loci with

respect ta any two tangents to them and a straght hine joumng the ponts of
contact ' P

fangents
points of

with rcngpct 10 two tangents, each to one of the sections, together with the

sections togpiber are a four-hne loos to any faur steaght, lone yoping four
ponts, two fymg on each opposite section,
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BIOGRAPHICAL NOTE
‘NicoMacrUS, fl. ¢. A.D. 100

T w L i e tha e Adla of tha hret fene

eamsm Jambhchus says of Nicomachus “The man 15 great in mathematics,
and had as instructors those that were most skilled 1 the subject ”

Nothing 13 known of the personal life of Nicomachus except what 1s saxd or
imphied 1n the dedication of the Introduction fo Harmonzcs to an unknown lady:
“But I must spur on all my zeal, most noble and august lady, smce 1t 1s you
that bid me And, if the gods are willing Just as soon 2s I shall have lessure
and a rest from my journeyings, I will comple for you a better and more de-
tarled Introduction dealing with this very subject and, so that you may the

~ will take my beginning, say, from the same
r when I was ding the

ar

[ N A A T

which 15 one of the best sources on Neo-Pythagoreanism, extracts and para-
Prormses Ui Vs work Survive m »isler anunymoes work of the same name and
m the Bibliothece a collection of extracts from ancient works made 1n the minth
century by Photius, patnarch of Constantinople Nicomachus also wrote an
- ~ ERPR T

also an Introduction fo Astronomy, thereby completing the quadnwial series
The success of the Inlroduction to Arithmetic must have been immediate It
807
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wns used 85 @ text book throughout later antiquity and, m the Iatin para-
phrase of Bocthius throughout the Middie Ages It had a host of commenta-
tors In the Philopains, attributed to Luctan, o character says “You reckon
hke Nicomachus ' This remark lends itself to more than one interpretation,
but 1n any case it 1s enidence of tus fame Nicomachus alee appears to have
‘been eansidered one of the ¢ golden chain,” or succession, of true philosophers,
for Proclus, the fifth century Neo-Platonst, wha belonged to that “chan,

claned, on the besia of 2 dream, that he had withun bim the soul of Nicomachus
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BOOK ONE

CHAPTER 1

{1} The ancients, who under the leadership
of Pythagoras first made science systematic,
defined philosophy as the love of wisdom In~
geed the name stself means this, and before
F ythgoras all who had knowledge were called
Wise” indiseriminately—a earpenter, for ex-
mple, 5 cobbler, s helmsman, and 1n & word
2yone who was versed 1n any art or handi-
maft Do L Co e,

LI ;o M

S:SIgu:t?d the desire and pursmt of this knowl-
e v ' 1 -

o LI

' Ve o

. o . .
clear the sense of the term and the thing de-
fined Thus “wasdom” he defined as the knowl-
edge, or stience, of the truth n real things, con-
ceving “seience” to be a steadfast and firm
apprel of the underl; b and
real things” to be those which continue um-~
formly and the same 1n the universe and never
fom Ny

Brart os an heafle Frmes 4L

cerve 1 connection with or together with mat-
ter,such Lt

largeness, smallness, equality, relations, actu-

alities, dispositions, places, times, all those

thangs, 1n & word, whereby the qualities found

1 each body are comprehended—all these are
th | d

ang
but acerdentally they share 1n and partake of
the affections of the body to whuch they belong

[4] Now 1t 18 with such things that “wisdom”
is particularly concerned, but acaidentally also
with things that share in them, that s, bodies

CHAPTER 11
[1] Those things, however, are immatenal,
eternal, without end, and 1t 15 their nature o
permst ever the same and unchanging, abiding
by their own essential being, and each one of
them 1s called real 1n the proper sense. But
what are involved 1n birth and destruction,

them, they are not actually real by their own
nature, for they donot abide for even the short~
est moment mn the same condition, but are al-
ways passing over m all sorts of changes [2]
‘To quote the words of Timaeus, 1n Plato,?
“YWhat 18 that which always 1s, and has no
T e e .

[8] Therefore, 1f we crave for the goal that
LY e e

1Tamaeus, 27

*The word used by Nicomachus, ebfalaptd™=
once employed by Anstotle in the Tokans
1098> 20 &

811
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the like, which are properly and pecuharly
called ¢ des”, others are d t

m & side-by-side arrangement, and, s 1t were,
1 heaps, nhich are called “multitudes,” a
flock, for instance, a people, a heap, « chorus,
and the like

{5] Wisdom, then, muct be conwidered to be
PR R il JI - ,

starts from 2 definate root and never ceases m
creasing and magmtude, when division begin
nng with a limuted whole 1s earried on, cannot
bring the dividing process to an end, but pro
ceeds therefore to infimity-—and mnee sciences
ao.

1 avecn amanafl

14nd famm ab £21 1 n -

A0l L L LaL UL L U WL YUALLLLY, et oLl
from multitude and size set off from magni-

tude
CHAPTLR III
Fer s
FPU ‘
b tatcl, sulel, LUl obe ADG One-

half time<,” * one and one-third times ” and so
o

farth v aelaaedl $5cn a8 o a1

{2] And once more, inasmuch as part of
“‘Bize’ 15 1n & state of rest and stability and
ansther part 1n motton and revolution, two
other sciences 1n the same way will nccurately
treat of ‘sze,’ geometry the part that abides
and 1s at rest, pstronomy that which moves and
revolies

8] Without the aud of these, then, 1t 15 not
possible to deal accu::\tcl) with the forms of

1 S etaa .

e = atn

nees of theory, o 1n truth lines numbers, har-

NICOVIACHUS OF GERASA

x O LY -

oftheparts About geometry,indeed, and anth
metie and astronomy, they have handed down
to us a clear understanding and not lenst also
about musc Tor these scem to be sister ser-
ences, for they deal with sister subjects, the
£ e £ "

pear one to him who studies nghtly, and what
we say will properly appear if ane st:ldlcs u{‘l
. s v U a

. R LT R e

INE WY L QESLTILG, I L 10T By patbis o
not anl bl mmans = she b ¢kl and
. .

to those comprehended by the mm'd 1:1(1 un
[RRPT PPt A RSP
.

souls, and sbove all to the reason whaeh 1313
our souls

7] And likenise in Plato’s Republic, when
the interlocutor of Socrates appears to bring
certain plausible reasons to bear upon the
mathematical sciences, to show that they are

useful to human bife anthmetic for t!‘tkomn;;
dribut i an

mentc intervals, and the lutions of circles

1Cf Anstotle, Met, 1V 15 1020° 20

) the found-
partnerships, geometry for mieges
ng of cities and sanetuancs, and the partition
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ofland, music for festivals, entertmnment, and
lh: warshup of the gods, and the doctrine of the

beeause you seem to fear that these arc useless
studies that T recommend, but that 13 very dif-

cult, nay, impossible For the eye of the soul,
blinded and bured by other purswts, 18 re-
kindled and aroused agam by these and these
#lone, and 1t 13 better that thus be saved than
thousands of boduly eyes, for by 1t alone 13 the
truth of the umverse beheld 1

CHAPTER IV

[1] Which then of these four methods must

e firet lenrn? Dvidently, the one which natu
tally evstabefore themall, 1ssupencrand takes
e place of origin and root and, as 1t were, of
Dother to the others [2] And thus 19 anithme-
tie? not, solely because we smd that 1t exsted
before all the others in the mind of the creating
bike some universal and exemplary plan,
relinne -t s 1 ek 1
. L
0 [ o
' ' .

v, 1
other seiences with itself,? but 13 not abolished
together with them For example, “anunal * 18
naturally antecedent to ““man,’ forabolish “an-
mal and “man’ 15 sbohished, bug if * man”
beabolished, 1t no longer follows that “anmal *
1sabohshedat thesame time Andagarms,  man”
1 antecedent to ‘ schoolteacher , for if * man"
does not ewst, neither does * schoolteacher,”
but f schoolteacher ’ 1s nonexistent, it 15 stll
possible for ‘ man' to be Thus sinee 1t has the
property of abobshing the other ideas with it~
self, 16 18 likewise the older
5] voa e .

posten

atsell 4

for this muiways mupues mun  Agun, take
‘horse ,* ammal '138lnaysimplied along with
‘ horse,” but not the reverse, for 1f ' ammal *
evists, 1f 19 not necessary that horse’ shoutd
exist, nor if ‘ man” exsts, must “musician”
also be implied

Republic 527 £
Plato Rep 522
L5 below 10 22 3 CF Anstotlo, 2et, 1019

“Cf Anstotle e g, Top, VI 6 14417 alo
Top,II 4 111225

813

[4] So 1t 18 with the foregoing sciences, if
geometry exists, arithmetic must also needs be
implied, for 1t 18 with the help of this latter
that we can speak of tnangle, quadnlateral,

hed hed ouble, eightfold, of
one and one-half tumes, or anything else of the
sort which 13 used as & term by geowmetry, and
such thungs cannot be concerved of without the
numbers that are implied with eich one For
how can “triple’” exist, or be spoken of, unless
the number 3 exists beforchand, or “eightfold *
without 8! But on the contrary 3, 4, and the
rest might be without the figures existing to
which they give names [6] Henee anthmetic
abolishes geometry along with iteelf, but 13 not
abolished by 1t, and wlule 1t 1s imphed by ge-
ometry, 1t does not itself imply geometry.

CHAPTLR V

[1] And once more 15 this true 1n the case of
music, not only because the absolute 1s prior to
therelative, as “great * to “greater’ and “nch
to “ncher” and “man’ to * father,” but also
because the musical harmonies, diatessaron,
dispente, and diapason, are named for num-
bers, similartly all of therr harmonic ratios are
anthmetical ones, for the diatessaron 18 the
ratio of 4 3, the diapente that of 3 2, and
the diapason the double ratio, and the most
perfect, the didiapason, 13 the quadruple
ratio

[2] More evidently still astronomy attains
through a1thmetic the investigstions that per-
tan to 1t, not alone because 1t 13 later than
geometry® in origin—for motion naturally
comes after rest—nor because the motions of
the stars have a perfectly melodious harmony,
but also because nsings, settmgs, progressions,
retrogressions, increases, and all sorts of phases
are governed by numerical c cles and quant:

rere s 1 1. oy e

sake of clearness

CHAPTER VI
{1] All that has by nature with systematic
method been arranged 1n the universe seems
both 1n part and as a whole to have been deter
muned and ordered 1n accordance with number,
by the forethought and the mind of him that

¥t Plato, Rep, 528
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created all things, far the pattern wss fixed,
tike a preliminary sketeh, by the domsnation
= atant in the mind of the world-

1 ome

true and the ewels «
= »r# stie plan, showtd vy «
~a

[2] 1t must neeus w,
number, being seb aver such things as these,
N = ~nely constatuted, 1o accord-
. Lralf

.
ed 13 kot togewnes o .
course, out of real things, for neither can nou
existent things be set tn harmony, nor can
things that exist, but are like one another, nor
yet things that are different, but have no rela-
tion one to anather It rematns, accardingly,
that those things out of which a harmony 15
made are both real, different, and things with
some relation to ene another

[4] Of such things therefore, screntific num-
ber consists for the most fundarnental species
n 3t are $wo, embracing the essence of quan-
iy, different from one snother and not of &
wholly different genius odd and even, and they
are recipracally woven ito harmony with each
other, mseparably and umformly, by a wonder
ful and dwvine Nature as stearghtway we shatl
see

CHAPTER VII

{1] Number 1s imited multttude ar o com
inatton of units or a flow of quantity made up
ofunita and the first davision of numberseven
and odd

3 = that which can be divided

——an e

be divaded nto vno .
aforesmd inten ention of a umt

{81 Now tlus s the defimtion alter the ordi-
nary conception by the Pythagorean doctnne,
hosncver, theeven number1s that which admts
of drvision %o the greatest and the smallest
parts at the same operation, greatest in stze
and smallest 1 quantity 1n accardance with
the nafural contramety of thewe two genera
aod the odd 15 that nhick does not allow this
10 be done tost, but 1sdivided into two unequal

parts
[4] Instifi another way, by the nncient defi-

sCf Euchd, VII, Def 6

NICOMACHUS OF' GERASA

nittion, the even 13 that whick ean be divided
alike mto two equal and two unequal parts ex-
cept that the dyad, which 19 its efementary
form, admats but one divisson, that mio equs!
parts, and 1n any division whatsoes er 1t briags
to light only one species of number, honeverst
may be divided, independent of the other The
odd 1s a number which mn any division whatso-
ever, which necessanly 12 a division into wn-
equal parts, shows both the two species of num

ber together, never without itermuxture one
with another, but always in one another’s com

pany

{6] By the definition m terms of each.ather,
the 0dd 18 that which differs by & umt from the
even 1n erther diurection, that 1s, toward the
greater or the less, and the even 1s that which
differs by o umit 1 esther direction from the
odd, that 1, 1s greater by o umt or less by 8
umit

CHAPTER VIII

[1] Every number 13 at once half the sum of
the two an ether side of itelf, and amilorly
half the sum of those next but one i aither
direction, and of those next beyond them and
50 on as far 23 1t 18 possible to go [2] Unmty
slone, beeause 1t does nob have two pumbers
on exther side of 1t 18 half merely of the adjotn-
mgnumber hence unity 1s the natural starling
pomt of slt number

{37 By subdsvision of the even, there are the
even-times even the odd times even, and the
even-hmes odd The even times even and the
even Lmes odd are apposite to one anothet,
like extremes, and the odd times even 18 COM*
mon to them both Iike & mean term

* N~w the even bimes even? 15 8 pumber

4 - Asd intotwo

roperties

of itagenus auuy . smdarly

eapable of division and again in the same WaY

each of their parts divistble mto two cquals un

td the diviston of the successive eubdivinons

renches the naturally indivisbleumt [5] Take

for example 63 one half of this 18 32 and of

this 16, and of this the hall is 8, and of this 4,

and of this 2, and then finally uwity s half of

the latter, and this 18 naturally sndivisible and
will not admut of a half

[6] 1t 15 & property of the even himes ever
that, whatever part of st be taken, it 1 Blnays

M uchd & definition 12 * The even times cvent
number ¢5 that which 18 meatured by sn cﬂ{‘
wumber an evea number of times' Elements VIh
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even times even in designation, and at the same
time, by the quantity of the units 1 1t, even-
times even 1n value, and that neither of theso
fvo things will ever share 1n the other cf
{7] Doubtless 1t 13 becouse of this that 1t 18
talled even times even, because 1t 13 stself even
tod alnays has its parts, and the patts of its
parts down to unity, even both 1n name and 1n
velue 1 other words every part that 1t has1s
fien times even in name and even-times even
1 value
{8] There 138 method of producing the even-
tines even, Eo that none will eseape, but all
noa . iy

8 anace 1

lostance, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512

[10] Now each of the numbers set forth was
produced by the double ratio, beginning with
unity, and 15 1 every respect even times even,
and every part that 1t may be found to have 13

'waye named from some one of the numbers
before 1t m the senes, and the sum of umts 1.
this park 13 the same as onc of the numbers be-
fore 1t by & system of mutual correspondence,

wdeed and mterchange If there 18 an even
Titmhee af sa— IR .

vu eLLle] 81G¢ 0L Lhe Tieans then 10 the next on
either side, untal 1t comes to the extreme terms,
80 that the whole will correspond in value to
unity and umty to the whole For example, 1f

extremes umty 13 one one hundred twenty-
eighth, and conversely 128 1s the whole, to cor-
respond with umty

[11] Tf, however, the serics conststs of an
odd number of terms seven for example, and
we deal with 64, there will be of necessity one
mean term 1n accordance with the nature of
the odd, the mean term will correspond to it~

815

self because 1t has no partner, and those on

either aide of 1t 1n turn will correspond to one

anather until this correspondence ends 1n the
- . ' v

eighth part, with nothing else to correspond
toit

[12] Tt 13 the property of all these terms
when they are added together successtvely to
e equal to the next in the senes, lacking one
umt, so that of necessity their summation 1n
any way Whatsoever will be an odd number,
for that which fauls by a umt of bewng equal to
an even number s odd [13] This observation
will be of use to us very shortly in the construc-
tion of perfect Exumbers 1 But to take N exam-

the sums of those below them are sumilarly re~
lated Thus umty itsel{? s within one umt of
equaling the next term, which 1s 2, and these
two together fail by 1 of equaling the next, and
the three together are within 1 of the next in
order, and you will find that this goes on with
out interruption to mfinity

[14] This t00 1t 13 very needful to recall If
the number of terms of the even times even
series dealt with s even, the product of the ex
tremes will 2lways be equal to the product of
the meana 1if there 13 an odd number of terms,
the product of the extremes will be equal to the
square of the mean For, 1n the case of an even.
number of terms, 1 times 12813 equal to 8 times
16 and further to 2 times 64 and agan to 4
times 32, and this 12 50 1n every case, and with
an odd number of terms, 1 times 64 equals 2
times 32, and this equals 4 times 16, and this
agam equals 8 times 8, the mean term alone
multiplied by 1tself

CHAPTER IX
l( 1] Theeven tm}cx odd number s one which

the genus common to 1t and.the eve

even, the halves are not .
1Sec Chapter 16
Cfonl 87 »
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%] 1v1s ihe property of the even times odd
that whatever factor it may be discovered to
by B

patt never by any means 1s of the same genus

asitsname Totakea single example, the num-

ber 18, 1ts half, with an even name, 189, odd m
v a4

on ol

a3 you care to proceed The greater terms al-

ways differ by 4 from the next smaller ones,

‘t.he reason f(:r whach 13 that their enginal basic
e ar ozt a0

by a ditlerence of 4, passing over three terms,
and produced by the multiplication of the odd
numbers by 2
{€] They are sad to be opposite n proper-
ties to the even tumes even, because of these
e T

tha nvantach aebe mn & o

parts! from extremes to mean term or terms
makes the product of the former equal to the
- e

tremes, of if there should be two means therr
sum equals that of the two extremes

CHAPITR M

A1smae e omb "

o

i¢r 1 8.10
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tioned species like a single mean between two
extremes, for m one respect 1t resembles the
even timeseven, and 1o another the even times
odd and that property wherem 1t vanes from
the one 1t shares with the other, and by that
property whieh 1t shares with the one it differs
from the other

f2] The odd times even number 13 an even
number which can be thvided 1nto two equal
parts, whose parts also can so be divaded, and
sometimes even the parts of its parts, but it
cannot earry the division of 1ts part's as fa’r u'

PR
as far as the naturally mdivisible umt
fat ar ol - it PURE T

even

{4] Tt alone has at once the proper qualtties
of each of the former two 1 and theaagain prop-
erttes which belong to neither of them, for of
them one had only the highest term diwisible,
and the otlier only the smallest indiviaible, but
this nerther, for 1t 13 obsert ed to have more di
Wisions than one in the greater term, snd more
than one indivisible 1n the lesser

16) Furthermore, there are 1t certamn parts
whose numes are not apposed to thew values
nor of the opposite genys,* after the fashion of
the even times even and therc are also alvays
other parts of o name opposite and contrary i
Iund to their values after the fashion of the
even times odd For example, 1n 24, there are
Parts not opposed m name to the values, the
fourth part, 6, the half, 12, the sixth, 4,acd the
twelfth, 2 but the third part, 8, the eighth, 3
and the tnenty fourth 1, nre opposed, and 80
1t 13 with the rest

16] This number 1s produced by o somewh;'
complieated method, and shows, after & fasf ;
101, even 1n 1ts manner of production, that
13 & mixture of both other kinds  or whereas
the even times even 13 made from even num,
bery the doubles from umty to mfimty, 28
the even imes odd from the odd nyrbers from
3, progressing to infinity, this must be woves

f196
CII8T,02
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el

e
3,8,7,9,11,13,15,17,19,. ..
and the even times even, beginming with 4,
2gn one after another 1n & second sertes after
ther own order
4,8,16,32, 64,128, 256, ...

‘e resulting numbers, then again multiply by

thesecong number of the same senes the same

numbers once more, as far as you can, and wnte

down the resylts, then with the thivd mumber

2621 multsply the same terms anew, and how-

mrfar you g0 you will get nothing but the
My~ = 1

Yy Which we must note down in one line Then
n -

NP % mow sbask 1 4L

817

term, or their product, should there be two.
Thus this one species has the peeuliar proper-
ties of them both, because 1t 13 a natural mix-
ture of them both

CHAPTER XI

[1} Again, while the odd isdistinguished over
against the even 1n clasmification and has noth-
g m common with 1t, since the latter s di-
visible into equal kalves and the former 1s not
thus diwnisible, nevertheless there are found
three spectes of the odd,! differing from one an-
other, of whith the first 15 ealled the pnme and
composite,t that which 1s opposed to 1t the
secondary and composite, and that which 18
midway between both of these and 18 viened as
2 mean among extremes, namely, the variety
which, 1 itself, 18 secondary and composite,
but relatively 1 prme and 1ncompostte

[2] Now the first species, the pnime aud in-
composite, 18 found whenever an odd number
admts of no other factor save the one with the
number itself as denomnator, which 1s alwaya
umty, for example, 3, 5, 7, 11, 13, 17, 19, 23,
29, 31 None of these numbers wil by any
chance be found to have a fractional part with
a denommator different from the number 1t-
self, but only the one wath this as denomnator,
and this part will be umty 1o each case, for 3
has only & thurd part, which has the same de-
nominator 22 the number and 1s of course um-

0dd numbers

3 5 7 9 1 1315
Lven tames even 478 16 32 B4 128 206
12 124 481 96192 | as4| 768

Sl20 140 80| 160|320 | 6401250

0dd times even numbers, F|2s |56 | 112 | 221 |44 | s06 | 1702
&1 80 | 72 | 144 1 288 | 576 | 1152 | 2304

44183 1176 | 352 | 704 | 1408 | 2816

Length

112, 224, and 1n the same way as far a5 you
care to go, you will get simular reaults
[10] Now when you arrange the products of
multipheation by each term 1n 1ts proper line,
ing the lines parallel, mn marvelous fashion
there will appear along the breadth of the table
the peculiar property of the even times odd,

square of the ean, should there be one mean

ty, 5 a fifth, 7 a seventh, and 11 only an eley-
enth part, sud w all of them these parts are
untty

3] It bas recerved this name becanse 1t can
be measured only by the number which 1s firet
and comm('m to all, umty, and by no other,

O . . -

. . M
0 AL T v, .
aceordance with their own quantity To besure,
“whenihey ote combimed with thiemstives, other

'Ci Euchd, Elem VII, DR, 11-14

1Cf Euchid, Elem , VII, Def 11, Anstotle
VIIT 2 15739 -
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numbers might be produced ongnatng from
them as from & fountain and a root, wherefore
they are ealled “prime,” beeavse they ewst bev
forehand as the beginnings of the others For
- feoa

anything
CHAPTER XII

elementary quality, for it getsits otigin by the
combination of something else For this reason
1t 18 charactenstie of the secondary number to
have, in addition to the fractional part with
the number 1tself as denominator, yet another
part or parts with different denommators, the
former always, as m all cases, unty, the latter
neyer unity, but always erther that number or
those numbers by the combination of which 1t
was produced For example, 9, 15 21, 25, 27,
33, 35, 39 each one of these 1s measured by
umity, 2s other numbers are, and like them has
a fractional part with the same denominator as
the number itself, by the nature of the class
common tothemall butby exception and maore
pecuharly they also employ a part, or parts
with o different denomnator 9, m addition to
the minth part has 5 third part besides 158
third and a 6ith besides a fifteenth 21 a sov
enth and a third besides a twenty first, and 25,
1 addition to the twenty fifth, whichhasasa
denomunator 2o itself, also a fifth with a dif
ferent denomtnator

{2] 1t 13 called secondary, then, beeause 1t
can emplay et another measure along with
unity, and because 1t 13 not elementary, but 1
produced by some oth bined with
1teell or with something else in the case of 9,
3 1n the case of 15, 5 or, by Zeus, 3, and those
following n the same fashion And 1t 1s called
composite for this or some such reason that
1t may be resolyed 1nto those numbers out of
whichit nasmade, since it can al<o be measured
by them For nothing that can be brohen down
1s icomposite but by all means composite

CHAPTER M
[1] Now while these tno #pecies of the odd
are oppo<ed 1o each other a third one? 13 con-

b
number

3CE Tuckd, Elements V11 Def 14
3Ct Tucld, Elements, V11 Def 13
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cewved of between them, derving a1t were,
ats spearfic form from them both, namely the
number which 1s 1n 1tself secondary and com
postte, but relatively to another number 18
p d te Thisexstswhenanum
ber, in addition to the common measure, unity,
18 measured by some other number and 13 there-
fore able to admut of a fractional part, or parts
with denonunator other than the number itself,
25 well as the one with itself as denominator
When this 1s compared with another number
of simular properties, 1t 1s found that 1t cannot
be measured by a measure coramon to the oth
er, nor does 1t, have o fractional part with the
same denommnator as those i the other Asan
illustration, let 9 be compared with 25 Each
1 1teelf 15 secondary and composite, but rels-
tively to each other they have only unity asa
common measure, and no factors in them have
the same denominator, for the third part i the
former does not exist in the latter nor 18 the
fifth part in the latter found in the former
2] T} 4 of these numt lled

by Eratosthenes the “sieve,” because we take
the odd numbers mingled together and indis
enminate and out of them by this method of
production sepsrate, 83 by a kind of instrument
or sieve, the prime and mcomposite by ther-
selves, and the secondary and composite by
themselves and find the mixed class by them-
selves

3] The method of the “sieve ” 15 as follons
1 set forth all the odd numbers in order, begin=
ning with 3, 1n as long a series as posaible, end
then starting wath the first I obserye what ones
1t can measure, and I find that it can measure
the terms two places apart, as far a3 we ¢3r¢
to proceed And I find that 1t measures not 8
itehancesand at random but that 1t will mess
ure the first one that 14 the one two placesre-
moved, by the quantity of the one that stan i
first 1n the series thatis by its own quantity,
for 1t measures 1t 3 times and the one ¢80
places from this by the quantity of the second
1n order, for thia 1t will measure 5 times a0
againtheonetwo places f1rther on by the quar
ity of the third inorder or7 times, and (hcon?
two places still farther on by the quantity ©
the fourth n order or 9 times and so adinffnt
ftum 1n the same way

- P

- il
four places apart the first by the quantity D{
the first 1n order, or 3 times the second by (h!(
of the second, or & times, the third by that 0
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the third, or 7 times, and 1n this order ad wnfi-
i

[5] Agam, asbefore, the third term 7, taking
over the measuring function, will measure
ferms aix places npart, and the first by the
quantity of 3, the first of the senes, the second
bythat of 5, for thus 1s the second number, snd
the thurd by that of 7, for this has the third
Posthion 1 the series

{6] And analogously throughout, this proc-
eswill go on withont 1gterruption, so that the
muabers will succeed to the fune-

819

1ts own quantity, for 1t 13 5 tunes 5, these num-

s hay e nO common messure exeept unity

[10] We shall now mvestigate how we may
have a method! of discerning whether numbera
are prime snd incomposite, or secondary and
composite, relatively to each other, since of the
former unity 13 the common measure, but of
the latter some other number also besides um-
. e

us to whether they are pnime and

tion 10 accordance with their fixed position 1n
the senes, the anterval separating terms meas~
tred 15 determined by the orderly progress of
the even numbers from 2 to wfimty, or by the
doubling of the position 1n the series occupred
¥ the measuring term, and the number of
times 5 term 18 measured 1s fixed by the orderly
Ni;’;?ce of t]:e odd numbers in senes from 3

Whatenn ne

e in accordance with 1ts own

quantity will
ave but one fract: d t
wreav

1ncomposite relatively to each other or second-
ary and composite, and 1f they are secondary
and composite, what number 12 their common
messure We must compare the given numbers
and subtract the smaller from the larger as
many times as possible, then after thia sub-
traction, subtract in turn from the other as
many times as possible for this changing about
and subtraction from one snd the other 1n turn
will necessarily end either 1 unity or m some
one and the same number, which will necessar-
1y be odd [12] Now when the subtractions
terminate 1n umity they show that the numbers
are prme and 1ncomposite relatively to each
other, and when they end 1n some other num-
ber, odd in quantity and twice produced, then
say that they are secondary and composite rel-
atively to each other, and that their common
measure 13 that very number which twice ap-
pears

For example, 1f the given numbers were 23
and 45, subtract 23 from 45, and 22 will be the

1 part with
A . ‘P 4.

are measured by two measures at the same
time, wilt have several fractional parts with
other denomunators bestdes the one with the
same a8 the number 1tself, these will be second-
ary and composite

5] The third dwisiom, the une common to
both the former, which 15 1n 1tself secondary
and but primary and P m
relation Eo another, will consist of the numbers

3 this from 23, the re-
mainder 15 1, subtracting this from 22 as many
times as possible you will end with umty
Hence they are pnme and wmeompoute ta one
another, and unity, which 15 the remander, 15

therr common measure
f1o1D ¢ v

secondary and composite relatively to each

[ S
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other, and 7 their common measure in addition
to the universal umt

CHAPTER XIV
[1] Tomake agamn a fresh start, of the simple
even numbers some are superabundant, some
deficient, hike extremes sct over against each
other, and some areintermediary between them
and are called perfect {2} Thosewhicharesud

rections of the greater and the less for apart
from these no other form of 1mequality could
bLe conceived, nor could ewl! disease, dispro-
portion, unseemlhiness nor any such thing, save
n terms of excess or deficiency I orintherealm
of the greater® there anse excesses, overreach-
ing, and superabundance, and n the less need,
deficiency, privation, and lack, but 1n that
which lies between the greater and the less,
namely, the equal, are virtues, wealth, modera-
tion, propriety, beauty, and the like, to which
the aforesmid form of number, the perfect, 18
most akin

3] Now the superabundant number 13 one
which has, n\ver‘_and ahove the factars which

o

the poet says, and ten mouths, or with mine
lips, or three rows of teeth, or o hundred hands,
or too many fingers on one hand Sunilarly 1f,
"when elf the factors 1n » number are examined
and added together 1n one sum, it proves upon
i estigation that the number’s own factors ex-
ceed the number itself, this is called & super-
abundant number, fot 1t oversteps the symme-
try which exists between the perfect and 1ts
PR o .

P P

they make 36, which, compared to the ongmal
number, 21, 18 found to be greater than it, al
though made up solely of its factors Hence
this case also the parte are i excess of the
whole

i 117 2,4,6,al5a1 23 4

3Cf Anst, Ethies 11 6 1106°33

10 Anst, Eiies 11 6 110621, 33,

sHomer, Odyssey, 211 858
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CHAPTER XV

£17 The deficent number 18 one Which has
qualities the opposite of those pomted out, and
whose factors added together are less 1n com«
panson than the number itsctf It 18 asf some
ammal should fall short of the natural nutber
of limbs or parts or as1f 4 man should have
but one eye, s 1n the poer, “And one vound
orb was fixed m his brow”, or as though one
should be one-handed, or have fever than five
fingers on one hand, or lack a tongue, or some
such member Such a one would be called de-
ficient and so to speak mammed, after the pe-
cubiar fastion of the number whose factors are
less than itself, such as § or 14 For 8 has the
factors half, fourth, and eighth, which are 4,2,
and 1, and added together they meke ’I.L and
P 220 mE b Slame

.
make 10, lesa than the onginal number So ths
number also 13 defierent 1 its parts, with re
spect to making up the whole out of them

CHAPTDR XVI
{1) While these two vareties are opposed
after the manner of extremes, the so-called per-
fect number appears as a mean, Which is dis+
covered to be i the realm of equality, “'“,d
- - AR AP

were, moderation between excess and deficien
cy, and that which 13 1n tune, between pitches
too high and too law

2] Now when a number, corparing With
1taelf the sum and combination of all the fac-
tors whose presence it will adlmat, nesther ex~
cceds them n multitude nor 15 excecded bY
them, then such a number 15 properly sad to
be perfeet, as one which 1s equal to its ov8
parts Such numbers are 8 and 23 for Ghasthe
factors half, third, and sixth, 3, 2, and 1, re-
speetisely, and theee added toguther make ‘z

o Laan

SFuclid 8 defimtion Flem , V[T 22 i “A pety
fect number ig oas that Is equal toits 0% parts.
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pars greater than the whole nor the whole
]g::t:{: u'fha:‘ i.heh parts, bub their companson
v, which 1 the peeull ahity of

be perfect umber protierautiye
cdg\f! Tt comes nbout, that even a3 forr and ex-
ent things are few and easily enumerated,

wlde ugly and evil ones are widespread, so also
theginerh ndacs ~v a1 4 B

:::ted and arranged with switable order, for
mv ¢33 founqd among the units, 6, only one
Other among the tens, 25, and a third 1n the
;!:{:lni the hundreds 496 alone and a fourth
) i the humts of the thousands, that 1, be-
oW ten thousand, 8,128 And 113 thewr accom-
Panyng characteristic to end alternately 1n 6
o8 and wlways to be even

{41 There 13 & method of producing them,*
n;m aod unfuling which perther passes by any
of the perfect numbers nor fails to differentiate
any of those that are not such, which 1s carried
outin the following way
bei oamust set forth the even times even num

13 from unity, advaneing m order 10 one line,
= far s you please 1,2, 4, 8, 16, 32, 64, 128,
56 512, 1,024, 2,018, 4096  Then you
st add them together, one at o time, and
each time you make a summation observe the
?fult o see what it ys If you find that 1b1s &

Dbrime and meomposite, multiply 1t by the last
term added, and the result will be 5 perfect
5 -

demonstrations, for 1t has no factor with de-
nomumator different from the number itself bub
onfy that with denominator agreeing There-
fore L multiply 1t by the last number to be tak

ennto the sum thatis, 2 Iget 6, and this I
declare to be the first perfect number 1n sctu-
ality, and to have those parts which are beheld

1Cf Euelid (IX 36)
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1n the numbers of which 1t 1s composed Forit
will have umty as the factor with denomnator
the same as itself, that s, 1ts sixth part, and 3
as the half, which 13 seen 1 2, and conversely
2 asts third part

[5] Twenty-eight hikewise 18 produced by
the same method when another number, 4, 13
added to the previous ones For the sum of the
three, 1, 2,and 4,187, and 1 found to be prime
and mecomposite, for 1t admits only the factor
with depominator like itself, the seventh part
Therefore I multiply 1t by the quantity of the
term last taken into the summation and my
result 19 25, equal to 1ts own parts, and having
1ts factors denved from the numbers already
adduced, & half corresponding to 2, » fourth,
107, a seventh, to 4, a fourteenth to offset the
half, and a twenty-eighth, 1 accordance with
1ts own nomenclature, which 1s 1 1n all num-
bers

[6] When these have been discovered, §
among the umts and 28 i the tens, you must
do the same to fashion the next 7] Agan add
the next number, 8, and the sum 1315 Observ-
1ng ths, I find that we no longer have & prime
and mcomposite nurmber, but m addition to the
factor with denomtnator like the number itself,
1t has also o fifth and & third, with unhke de-
nominators Henee I do not multiply 1t by 8,
but add the next number, 16, and 31 results
As thig 18 & prime, 1ncomposite number, of ne-
cessity 1t will be multiplied 1n accordance with
the general rule of the process by thelast num-
beradded 16, and the result 13 406, tm the hun-
dreds and then comes 8,128 1n the thousands,
snd s0 an, as far as 1t 13 conventent for ane to
follow

[8] Now umty 15 potentially a perfect num
ber bub not actually, for taking 1t from the
senes a8 the very first I observe what sort 1t 1s,
according to the rule, and find 1t prime and -
composite for 161350 1 very truth, not by par-
ticxpation like the rest, but 1t 18 the pnmary
number of all, and slone meompoaste £9] 1
m:xltpzly 1t, therefore by the last term taken

CHAPTER XVII
{1] Now that we have fiven a prelimmary
systematic account of absolute quantity we
come 1 turn to relative quantity
2] Of relative quantity, then the highest
genenc divisiony are two, equality and tnequal-
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aty, for everything viewed 1n comparison with
another thing 15 erther equal or unequal, and
there 13 no third thing besides these

{3] Now the equal 1s seen, when of the things
compared one nesther exceeds por falls short i
comparison with the other, for example, 100
compared with 100, 10 with 10, 2 with 2, s
mirs with 8 mns, o telent wath a talent, s cu-~
bib with & cubst, snd the Iike, esther 10 butk,
length, weight, or any kund of guantity [4]
And as a pecuhar charaetenstic, also this rela-
tion is of wself not to be drnded or separated,
a8 betng most elementary, for 1t admits of na
difference Tor there 19 no such thing as this
kind of equality and that kend, but the equal ex-
1sts 1n one and the same manner [5] And that
which corresponds to sn eqqual thing ta be sure,
does not have a different name from it, but the
same, like ‘friend,” “seghbor,” “'comrade,”
g0 slso “equal , for it 15 equal to an equal

[6] The unequal, on the pther hand, 1s spht
up by subdivistons, and one part of it 18 the
greater, the other the less, which have opposite
names and sre antithetieat to one another 1
their quantity and relation For the greater ss
greater than some other thing, and the less
agawmn 15 less than another thing in companson,
and ther names are not the same, but they
each have different anes, for example, ¢ father”
and *son,  stnker’ and ‘ struck,” “teacher”
and pupd,’ and the hke

{7} Moreover, of the greater, separated by
& second subdivision into five speeies, one kind
ssthe muluple another thesuperparticular, an-
ather the superpartient, another the multsple
superparticular, and another the multiple su-
perpartient 8] And of its apposnte, the less,
there arsee smularly by subdivision five species,
opposed to the foregong five varieties of the
gn'a:xter, the submult:p!e,‘subsupemamculu,

NICOMACHYS OF GERASA

first place, 13 and is ealled the double, 3 triple,
4 quadruple, and so or, for “more than once™
means twice, or three times, and 50 on 0 sue-
cession os far &s you like

[2] Answenng to this s the submultiple,
which s jtself prmary 1 the smaller division
of nequality It 13 the number which, when 1t
18 compared wth 2 larger, 13 able to measuret
completely more than onge, and “more than
once’” starts with twce and goes on tomfinity
8] 3f then st meazures the larger number that
19 bemg compared twice only, 3t 15 properly
called the subdouble, 83 119 of 2, 1f thrce, sub=
tnple, as 1 of 3, 1f four times, subquadruple, 83
1 of 4, and 8o on 1n suceession

{4] While each of these, the multiple and
the submultiple, 18 genertcally wfimte, the va~
neties by subdivision and the species also are
ohserved naturally to make an infimie series
For the double, beginning with 2, goes on
through all the even numbers, as we sclect al
ternate numbers out of the neturel eenes and
these w il be called doubles in comparsan with
the even and odd numbers succossively phiced
begnmng with unity {57 All the numbers from
the hemrning two places apart, and third
arder, nse triples, for example, 3, 6, 9, 12, 15,
18,21, 21 1tus thew property to be alternately
odd and even, and they themselves in the regu-
Iar serses from unity are tnples of all the num-
bers 1n succession 23 far as one wishes to go o8
with the process

{6] The quadruples are those i the fourth
places, three apart, for mstance, 4, 8, 12, 16,
20, 24, 28, 32, and g0 on These arc the quad-
ruples of the regular senes of numbers from
umity gotng on 88 far as one finds 1t convenient
1o follow. It belongs to them ali to be even, for
aore needs only to take the alternate torms oub
of the even mumbers already eclected Thus

sent P perparticu-
lar, andsubmultiple-superpartient for aswhole
suswers to whole, smaller to greater, so slso the
vaneties correspond, each o sach, 1n the afore-
said order, ith the prefix sub-

CHAPTER XViil

[1] Oncemore then the multiple ss the spe-
cies of the greater first and most ongnal by
nature, s straightnay we shall see, and 1t 12 6
number which, When 1t 13 observed an compars
son with another, contamns the whole of that
sumber more than once Far example, com-
pared with umty, all the successive numbers
beginning with 2 generate in thewr praper order
the regular Jorms of the multsple for 2, 1n the

1y 1t 18 true that the even numbers,
with no further dewignation, are alt doubles,
the alternate ones quadruples, thase tnoplates
apart sextuples and those throe places RpU
octuples, and this series will go on, on thy
same analogy, mdefinstely

[7] The quntuples will be seen to be those
four places spart, placed fifth from one 8o~
other, and themeelves the quintuples of the
succesaty e numbers beginning %ith vty Al
ternntely they sre odd and even, like the
tnples
CHAPTER XIX

1] The superparticular, the necond speces
of {h‘l greater both naturatly sad :n order, 158
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number that contams wthin sself the whole

Mihps —1

ter, and the smaller subseagualter, af 3t 13 &
i, sesquitertian and aubsesquitertian, and
83300 g0 on throughout 1t will alw ays thus
sgree £o that these apemes also will progress
to mfinity, even though they are species of at
tolumsted genus

Forst.cornes about that the irst species, the
squialier ratio, has ag 1ts consequents the
®en nubers 1n succession from 2, and no
other &t afl, and s antecedents the triples in
tdecession from 2, and no other {8 These
mustbe yoimed together regularly, first to first,
second ta second, third to third—3 2,6 4 9 6,
12 8—and the snalogous numbers to the ones
waresponding 4o them i position

[4] } we care to mnvestigate the second spe-
aes of the superparticular, the sesquitertian
{for the fraction naturally following after the
Baif 15 the third), we shall have thus defirstion
o it—a number which contans the whole of
the number compared, and & thard of 1t 1n addy
ton to the whole We may have examples of
1, m the proper order, i the euccessive quad
Tuples beginmng with 4 jomed to the triples
from 3, each term with the one m the corre-
sponding position 1o the senes, for example, 4
886,12 9,andsoonte wfimty [5] Itisplam
that that which corresponds to the sesquter-
Yian but 1s called wath the prefix sub-, subses-
Quitertian, 1 the number, the whole of which
13 contained and a third part m addition, for
E)'mmp!‘e, 34, GLS’ 912, and the simlar paus

sumber the third two the fourth three the
&(th four and so on as far as you hke [7]

greater

[8] That by nature and by no disposition of
ours the multiple 13 & more elementary and an
older form than the superparticular we shail
shortly learn through a somewhat mtrieate
pracess And here, for a simple demonstration,
e must prepare 10 regular and parallel hnes
th tiples specified above tather

8§23

vaneties, first the double 1n ane hine, then in 2
second the trple, then the quadruple m a thurd,
and 50 on as far as the fenfold multiples, so
that we may detect thesr order and varety,
therr regulated progress, and which of them s
naturslly prior, and indeed ather corollanes de-
hghtiul in their exactness Let the duagram be
s follows {9]

1 2 3 4 5 & 7 & 9 10
2 4 6 8 10 12 14 16 18 20
3 6 9 12 15 18 21 24 27 30
4 8 12 16 20 2% 28 32 36 40
5 10 15 20 25 30 35 40 45 50
6 12 18 24 30 36 42 48 B4 €0
7 14 21 28 35 42 49 § 63 ¢
8 16 24 32 40 48 56 64 72 &0
g 1§ 27 36 45 54 63 V2 81 90
10 20 30 40 50 €0 70 80 90 1

[10] Let thers be set forth in the first row
the natural series from umty, and then 1 order
those species of the multiple which we were
tudden 10 yasert

[11) Now then 1o companson with the first
rows beginning with umty, if we read hoth
across and up and down in the form of the let-
ter garoma, the next rows both ways, them-
gelves 1n the form of a gamma beginning with
4, are multiples according to the first form of
the multiple, for they are doubles The first
differs by umity from the first, the second from
the second by 2, the thied fram the thurd by 3,
the next by 4, those following by 5, and you
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structure of the diagram m places just above
the fruples, and 1n the subsequent forms of
the multiple the snalogy will hold throughout
[14] In companson with the sccond line

order beneath display the first spectes of the
superparticular, that 13, the sesquualter, be
theen terms oceupying correspanding places
Thus by divine nature, not by our convention
or agreement, the superpartienlars are of later
ongmn than the multiples Tor dlusteation, 318
the <esquunlter of 2 G of 4,9 0f 6, 120 8, 15 of
10, and throughout thus They have as & dif-
{erence the suceesste numbers fiom umty, hike
those before them

{15] The sesquatertians, the second spenies
of superparticular, proceed with a regular, even
advance from4 3,8 6,12 9, 16 12, snd so on,
having also a regular mcrese of ther differ-
ences {16] And i the ather multiple and su-
perparticular relations you will see that the re-
sults are 1z harmony and not by apy means

P

the corners are units, the one gf, the beginning

2 simple umt, that 2t the end the umt of the

third course, end the ather two umits of the
- i oo

gannant mn

either way there 18 bn €16 progress from unity
ta the teos and again on the opposite stdes tao
ather progressions from 10 to 100

{19] The terms on the disgonal from 1 to
100 are all square numbers, the producta of
equals by equals and those flanfng them on
either side are all hieteromerse unequal and
the products of sudes of which one 13 greater
than the other by umty and so the sum of tno
succeastoe squares and thice the heteromeeic
numbers betwcen them 1 always e <quace and
converely s square 1 alnays produced from
tho tiwo heteromectc numbers on the sides and
twice the square between them

£20] An ambitious per=on mght find many
ather pleasmg things displayed in this duagram
upon shicl 5t 15 not now the time to dnell for
we have not yet guned recogmtion of them
from vur Introductton and 2o we must turn to
1he next subject For after these two genene
relations of the multiple and the superparticu
iar and the other 80, 0] postte to them, with
the prefix sub-, the submulttiple and the sub-
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superparticular, there ate i the greater div-
s10n of mequality the superpartient, and in the
less 1ts opposite, the subsuperparbient

CHAPTER XX

[1] T4 1s the superpartient relation when &
number contams withia itself the shole of the
number compared snd 1 addition more than
one part of 1t and “more than one” starts with
2 and goes on to all the numbers in guccession
"Thus the root-form of the superpartient 18 nat-
urally the ane which has 1 addition to the
whole twa parts of the number compared, and
asa species will be called superbipartient, after
this the one With three parts besides the nhole
will be ealled supertaipartient as a epectes then
comes the superquadnipartient, the superqwn-
tipartient, and so forth

12] The parts hny e thew root snd ongn with
the thard, for 1t 18 smpossible n this case 10 be
g with the half For if we assttme that any
umber contains two halves of the compas
number, besdes the whale of 1t, we sholl 1ad
vertently be setting up n multiple mstead of &
,supemament,,bemuse each w!:alc.) P't‘f t“:\f

—ava

N .

ot the problem lud before us nor 1n secord
with the systematic construction of cur saiente

{8} After the superpartient the subsupr?
ypartient unmedintely 15 produced, Whepever 8
number 13 completely contamed m the one coms
pared with it, and i addition several partd of
1t, 2, 3, 4, or 5, snyd so on

CHAP1ER 3X1
{17 The regular arrsngement and ‘:rgcﬁy

P of both species & ot :‘;:
g

we set forth the succesave even an ool Hhem

5in

pes

ond to cecond—that 1, 7 to 3,~~thrd to zhxﬁl
—that 12, 8 ta 5,—~fourth ta fourth—that 1%

to 6, and 80 on in the samo order 29 far 23
you like In this way the lorms ol the super
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qunt , and further in sum-
tlsr manner, for after the root-forms of each
species the anes whaeh follow them will be pro~
duced by doubling, or tnpling, both the terms,
and w general by multiplying after the regular
forms of the multiple

825

in the first patt, that 15, the multiple, 1t will
have double, triple, quadruple, quntuple, and

TABLE OF THE SUPCRPARTIFNTS

Root-forms 5 3 7 4 9 5 1 6 13 7
0 6| 14 8| 181022 12|26 14
15 9 02112 ] 27 15 (2 18|32
20 12 | 28 16 | 36 20 | 44 24 | 52 2
25 15 | 35 20 | 45 25 | 55 30 | 65 33
30 18 | 42 24 | 54 30 | 66 36 | 78 42
35 21 | 49 28 | 63 85 | 77 42 | 91 49
40 24 | 56 32 | 72 40 | 85 48 {104 36
45 27 | 63 36 | 81 45 { 99 51 [117 63

[2] Tt must be observed that from the two
parts m addition to the whole which are con-
tawed 1 the greater term, we are to under-
?tand “therd,” 1n the case of three parts,

fourth,” with four parts, “ffth,” with five,
LR S ot

“BIXEh ¥ and cnan on that 8

tions of relative quantity are these which have
een enumerated Those which are compound-

¢d of them and as 1t were woven out of two

nto one are the following, of which the ante-

cedents are the multiple superparticular and

multiple and the

the ones that d an

so forth, and 1n the second part, genenically
from the superparticular, 1ts speaific forms 1n
due order, the sesquralter, sesqutertinn, ses-
quiquartan, sesquiquintan, and so on, so that
the b will proceed i hat this

rder

Double sesqualter, double sesquitertian,
double an, double
double se=quisextan, and analogously

Be; g once more triple sesquualter, ti-
ple sesquitertian, triple sesquiquartan, tniple
sesquiquintan

Agaun quadruple sesquialter, quadruple ses-
quiterban, quadruple sesququaitan, quadru-
ple sesquiquintan

Apgan qumtuple sesqualter, quintuple ses-

18e
with each of the former, named with the prefix
stth tamothow v ¢h thaw ot~ o

prefix sub-
CHAPTER XXIT

LR N S PO ]

[2] As a compound, such 2 number 15 dou-~
bly diversified after the peculianties of nomen-
clature of 1ts components on either side, for 1n~
asmuch as the multiple superparticular 1s com-
posed of the multiple and superparticular ge-

quitertian,

sesquiquintan, and the forms analogous to
these ad wfintum Whatever number of times
the greater contams the whole of the smaller,
by this quantity the first part of the ratio of
the terms joned together in the multaple super-
yparticular 12 named, and whatever may be the
factor, 1 addition to the whole several times
contaired, tzmt 15, m the greater term, from
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The successis e terms beginning with Sand dsf-
fering by 5 will be without exception double
seaqualters of all the successn e even numbers
from 2 on, when terms 1o the same position in
the geres are corapared, and begnning with 3,
if all those with a difference of 3 be sct forth,
8s 3, 6, 9, 12, 15, 18, 21, and 1n another seres
there be set forth those that differ by 7, to -
finity, a8 7, 14,21, 28, 35, 42, 43, and the great-
er be compared with the smailer, first to first,
second Lo second, third to third, fourth to
fousth, and so an, the second speoies will ap-
peer, the double sesquitertian, dispased 1 its
proper order
£4] Then agam, to take o fresh start, of the
simple series of quadruples be set forth, 4, 8,
12, 16, 20, 24, 28, 32, and then there be placed
bestde 1t m another senes the successive nui-
bers begsnning with 0, and wcreasing by 9, as
9, 18, 27, 38, 45, 54, we shall have revealed once
more the multiple superparticular 1 2 speesfic
form, that 15, the double sesquiquartan n its
proper arder and any one who gesires ean con~
trive this to an unlumted extent
18] The scrond kand begins with the tnple
sesquislier, such a3 7 2, 14 4, and sn general
the numbers thst adyance by steps of 7 com~
pared with the even numbers in order from 2
[6] Then ance mare, 10 3isthefirst tnpleses-
guitertian, 20 6the sccond and, ma word, the
ftiples of 101 § swith
the successive triples This indeed we can ob-
serve with greater exactstude and clearness i
the table studicd above, for in companson with
the first row the succceding rows wm order,t
compared a3 whole rows, display the forms of
the multiple s ceguler order up tomfimty when
they are all compared in each case to the same
fizst row and when each row s compared to
sl thoee abos e 31, 10 suceesston, the seeond row
being taken as our starting point, all the forms
of the euperparticular are produced in ther
proper order and i we start with the thnd
row, all of those begnning wath the fifth that
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foutth, and follow the corresponding order as
farssweareabletogo /7] Itis plsin that here
toa the smaller terms have names correspond-
ing to the Iarger omes, with the prefix sub-, ac-
cording t6 the notrenclature given them atl

CHAPTER XXIII

[1] The multiple superpartient is the re-
mamng refation of number. This, and the re-
Tation catled by a corresponding neme with the
prefix sub-, evst when o mumher contains the
whole of the number compared more than onte
(that 13, twice, thice, or any pumber of times)
snd certawn parts of 1t, more than one, cither
two, three, or four, snd so on, besdes {#f
These partst are not hal es, for the ressons men-
tioned sbove, but esther thirds, fourths, or
Bithe, and &0 on

8] From what has already been sud it 13
not hard to concerve of the vaneties of this re-
labion, far they are differentiated sn the same
way a5, and conssstently with, those that pre-
cede, double superbipartient, double supertns
partiont, double superquadnpartient, and o
on T'or example, 813 the double superbiports
ent of 3, 16 of 6, and w general the numbers
begnning with 8 and ddffening by § are doubls

b of those by sth 3 and

difersng by 3, shen those m corresponding
places n the senes are compared, and i the
cnse of the other vareties one could wscertan
thesr proper sequence by following out what
has lready beensmd In ths case, tos, nonaust
concerve that the nomenclsture of the susiber
compared goes slong and suffers corresponding
changes, with the addition of the prefix sub-

(4] Thus ne come ta the end of our specula-
ton upon the ten anthmetient relatrons for &
first Introduction There 13, hawever, s methed
very exact and necessary for al} discussion of
the nature of the unneree whieh very dearly
snd indssputably presents to us the fact that
that which 18 fair and limted, and which gube

g m ble, and ugly, and

sre odd 1n the seres when they are 1
with this same turd row, and thowe follos ing
st, will show alf the forms of the supcrpartient
s proper order In the case of the multiple su~
pempatticultar, the compansons sl hase a nat~
uraf order of their onn tf we start nath the sce-
ond row and compare the terms from the fifth,
firet to firat, sccond to second third to thisd,
and so on, and then the terme of the eerventh
row to the tinrd, those of the ninth to the

Mteferrng ta the table in Chapler 19

Jects stself to knowledge,is naturily priet $0
the uni h

furthermore that the parts snd vaneties of the
miinste snd unhmited are given shape and
boundanes by the former, and through 1t st~
tain to ther fitting order and equence, AR

like objecta brought beneath someseal ar mew
ure, all gin a share of hikeness 1o 1t amd ami
tanty of name when they fail under its xnﬂui
ence Tor thus it 12 reasonable that the rationa

e 20 2 sbove
crrzs
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part of the soul will be the agent which putsin
order the 1rrations) part, and passion and ap-
P R P S PO T4 e

L1t 7ess,

P ) . Y . the
prnciple that pertains to these umversal mat-
fers Jt 35 capable of proving that all the com-
plex species of inequality and the vaneties of
these species are produced out of equality, first
and alone, as from & mother and root.

171 Let there be gven us equal numbers m
three terms, first, umts, then two’s n another
Broup of three, then three's, next four’s, five’s,
and 50 on a8 far as you bke For them, a8 the
EE’!‘hng forth of these terms has come about by
ad s a

and then the qumtuple, and, following the or-
der we have previously recogruzed, ad 1nfini-
um, second, the superparticular, and here
2ga1n the first form, the sesqualter, will lead,
and the next after 1t, the sesquitertian, will fol-
low, and after them the next 1o order, the ses-
Ququartan, the sesquiquintan, the sesquisex-
tan, and so on ed wnfimtum, third, the super-
Dpartient, which once more the superbipartient
will lead, the supertnipartient will follow im-
mediately upon it, and then wall come the

start, 1f the superparticulars are set forth m
the order of their production, but with tem‘:s
PP

hem from the sesquitertian, the superquadri~
partient from the sesquiquartan, and so on ad
wnfinatum, {11] If, however, the superpnrh:u—
. S e e “

from the third, the sesquiquartan, and so on
[12] Fram those produced by the reversal of
the superparticular, that 1s, the superpartients,
and from those produced without such revers-

tient, the 'y
and according to the foregoing as far as oue
may proceed

{8] Now you must have eertan rules, like
1nvanable 2nd mviolable natural laws, follow-
ng which the whole aforesaid advance and
progress from equality may go on without fal-
ure. These are the directions Make the first
equal to the first, the second equal to the sum
of the first 2nd second, and the thrd to the sum
of the first, twice the second, and the thid
For if you fashion accordmng to these rules you

IR AT P o

your paywg any heed or offertng any a1d From
equality you-will first get the double, from the
double the triple, from the triple successively

0t Anstotle, Ethcs, 1107° 4 & See thd,
103411, 11458 8

3 1 relations

[18] The following must suffice as illustra-
tions of all that has been said lutherto, the pro-
duction of these numbers and their sequence,
and the use of direct and of reverse order [14]
From the relation and proportion 1n terms of
the sesquialter, reversed so as o begin with the
largest term, there anses a relation in super-
;iame‘nt rati0s, the superbipartient, and from

relation 1n ferms of sesquitertians, beginning
with the greatest term, 1s dernved a superpar-
tient, the supertnipartient, beginning with the
smallest term, a double sesquitertian For ex-
ample, from 16, 12, 9 comes erther 16, 28, 49
or 9,21, 49 Aud from the relation m terms *
sesquiquartsns, when 1t 1 arrange® *
with the largest term, 1s denved a
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tient, the superquadnipartient, when 1t starts
with the smallest term, a multiple superpar-
ticular, the double sesqmquimtan, for instance,
from 25, 20, 16 comes either 25, 45, 81 or 16,
36, 81

[ 16] In the case of all these relations that
are thus differcntiated, and of the one from
which hoth of the differentwated ones are
derived the last term 1s alnays the same
end a square, the first term becomes the
smallest, and invamably the extremes are
squares

{167 Moreover the multiple superpartients
and superpartients of other kinds are made to
appear in yet another way out of the superpnr-
tients, for example, from the
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est term comes the double superbipartient, but,
arranged 60 as to start with the greatest, the
superpartient ratio of 8 5 Thus from 9, 15, 25
comes either 9, 24, 64 or 25 40, 64 ['rom the
supertnipartient, beginning with the smallest
term, we have the double supertripartient, and,
beginning with the largest, the ratio of 11 7
Thus, from 16, 28, 49 comes either 16, 44, 121
or 49,77, 121 [17] Agnin, from the superqun
tlparhent a8, for example, 25, 45, 81, begn
ming with the lesser term we denve the double
superquintipartient in the terms 25, 70, 196
but beginning with the greater & aupcrpmhent
again, the ratio of 14 9, i the torms 81, 126,
196 And you will find the results an:\lognus
and with the f m oll suc-

rclatmn arranged 50 as to begin with the smnll-

cessive eases to infimty



BOOK TWO

CHAPTER 1

[1] An element is sad to be and 13 the
smallest thing which enters mto the compos!
tion of an object and the least thing 1nto which
L‘f::ke analyzed Letters for example are
al YR *

Terse i general are simple bodies fire water
ar and earth for out of them i the first in
stance we aecount for the constitution of the
umverse and into them finally we concerve of
1 as being resolved

We w sh also to prove that equality 15 the
Ella{entary prune ple of relat ve number for
" v 1

1
'

' 1 N [
1

autlu oy e lave [owever aemonstrated
that 1 the realm of iequality advance and
ncrease have therr orig n 1 equal ty and go on
to absolutely all the relations with a certamn
regulanty through the operat on of the three
rules 2 It rema ns then m order to make 1t an
element 1n very truth to prove that analyses
also finally come to an end 1n equality Let this
then be considered our procedure

CHAPTER II

{1] Suppose then you are given three terms
1w any reiation wiatsoever and tn any rat o
wlether multiple superparticular superparty
ent or a compound of these mult ple super-
particular or multiple superpartient provided
only that the mean term 1s seen to be m the
same rat o to the lesser as the greater to the
mean and vice versa Subtract always from

Sceonl 23 4
Beeon] 23 8

the mean the lesser term whether st be frst or
last 1n order and set down the lesser term 1t
self as the first term of your new series then
put as your second term what rematns from
the second after the subtraction then after
having subtracted the sum of the new first term
and twice the new second term from the re-
masmng number—that 18 the greater of the
numbers ongmally g ven you—make the re-
] 1

way you subtract the remamder from these
same terms 1t will be found that your three
terms have passed back into three others more
prmztive and you will find that ths always
takes place as a consequence until they are re-
duced fo equality whence by every necessity
1t appears evident that equality 1s the elemen
tary principle of relative quant ty

18] There follows upon this speculation &
most elegant principle extremely useful 1n 1ts
appl cat on to the Platome psychogony® and

the problem of all harmome ntervals for mn
+HhaD . < «

CHAPTER III

der any aircumstances

#3ee Plato Tumaens 35ff
“Refers to the tablein

829
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£2] The doubles, then, will produce! sesqu-
alters, the first one, the second two, the third
three, the fourth four, the fifth five, the sixth
s1x, and neither more nor less, but by every
necessity when the superparticulars that are
generated attain the proper number, that s,
when their number agrees with the multiples
that have generated them, at that pomt by &
dvine device, as 1t were, there 13 found the

NICOMACHUS OF' GERASA

Sixteen, the fourth double, will stand at the

head of four sesquialters, 24, 36, 54, and finally

81, 50 that they may of necessity be equat m
. FR N R NS T

amVefaet te

infinity, C
[4] For the sake of illustration let there be
set down the table of the doubles, thus*

The double ratio m the breadth of the table

1 2 4 8 16§ 32 &
3 6 12 2 48 9%

The tnple ratio along 9 18 236 72 141 Tho sesqualter ra-

the hypotenuse 27 54 108 216 tioin the depth
81 162 324
243 486
‘ 729
number which terminates them all beeause it
CHAPTER IV

naturally 13 not divistble by that factor where-
by the of the lar ratios

[1] We must make a smilar table i illus-

went on. o tration of the tniple:
The tnple ratio in the breadth
1 3 9 27 81 213 729
4 12 36 108 324 972
The quadruplo ratio 16 48 144 432 1296  The sesquitertian
on the hypotenuse 64 192 576 1728 ration the depth
256 768 2304
1028 3072
4096

From the triples all the sesquitertians will

proceed, likewise equal 1n number to the num-
e af 40n “aau .

mga after therr pendent, pro-
grcls;s:or: 1o a number that 1 not divisible by 4.

reache

3!
1 &

nas o Tul uipas Ul GG BSYUIALLED ODLY, §,
S

wehial i mbpe g o

P P A T

Tn the foregoing table we shall ohscrve that
in the same way the first triple, 3, stands at the
head of but one sesquitertian ratio, 4, lts" avxn
' e Va1 deoftthe

1n order 13 the triple 27, three times removed
from 1, for the triples progress thus 1, 5,8, 27
Therefore this number will stand at the hea
of three sesquitertian ratios and no more The
first 18 1ts own, 36, the second the sesquitertisn
EP 57T a Fatat s ot and thie

' - A
' M

10

cotree, five. ot et amifor
1 K
¥ . PR . i
13 we found to be true in our previous dis
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&on, Nature shows us that the doubles are more
aexly onginal than the tniples, the triples than
the quadruples, these latter than the quintu-
Ples and 50 on throughout For the highest
rowsof figures, acrosg the breadth of the tables,
i they are doubles, will have doubles lying par-
allelto them, and the numbers lying diagonal-
Iy on the hypotenuse, will be of the next suc-
eedmg varety, greater by 1, that 15, triples,
&en also 1n & series of parallel Lines If, how-
ever, there are tniples across the breadth, the

agonals will by all means be quadruples, 1f
the former are quadruples, then the latter are
Quntaples, and so forth

CHAPTER V
{1] Yt remains, after we have explamed what
other ratios are produced by combination of
Tatios, to pass on to the succeeding topies of
the Introduction.
{2] Now the first two ratios of the super-

Particular, combined, produce the first ratio of
the 1t nla wnme 1 4L 3 13 2

2 double -

For avnranl o a "

indeed 4, Iying between 6 and 3, gives the ses
quitertian ratio to 3 and the sesquialter to 6

[8] It was nightly said, then, that the double,
‘when resolved, 1s resolved 1to the sesquialter
and the sesquitertian, and that when sesqui-
alter and sesquitertian are combined there
anses the double, and that the first two forms
of the superparticular combined make the first
form of the multrple

{4] But agan, to take another start this
first form of the multiple which has thus been
produced, together with the first form of the
superparticular, will produce the next form of
the same class, that 1s, the second mult:ple, the
tnple, for from every multiple and sesqualter
combned a tnple of necessity anses For ex
ample, as the double of 6 13 12, and the sesqui
alter of this 1s 18, then immediately 18 1s the
tnple of 6 and to take another method 1f Ido
not care to make 12 the mean term, but rather
9, the sesquialter of 6, the same result will come
about, without deviation and harmomwously,

83t
for while 18 18 the double of 9 1t will preserve
the tnple ratio to 6 Hence from the sesqualter
and the double, the first forma of the superpar-
ticular and the multiple, there anses by com-
bnation the second form of the multiple, the
tnple, and 1nto them 1t 13 always resolved [5]
For look you, 6, which 1s the triple of 2, will
have a mean term 3, which will exhibit two
ratios, the sesquialter with regard to 2, and the
double ratio of 6 to itself

But if this triple ratio, hkewse, the second
form of the multiple, 1s combmed with the ses~
qutertian, which is the second form of the su-
perparticular, there would be produced from
them the next form of the multiple, namely,
the quadruple, and this also will of necesaity be
resolved into them after the same fashion as
the cases previously set forth and the quadru-
ple, taking into comt thi
will make the quintuple, and, once mare, the
latter with the sesquiquintan will make the sex-
tuple, and so on to the end Thua the multiples
1 regular order from the begnning with the
superparticulars 1n regular order from the be-
ginning will be found to produce the next larger
multiples For the double with the sesquialier
makes the triple, the tnple with the sesquiter-
tian the quadruple, the quadruple with the ses-
quiquartan the quintuple, and as far as you
‘wish to proceed no contrary result will appear

CHAPTER VI
[1] Upto this point then we have sufficiently
discussed relative number, by a process of se-
lection measuring out what 13 easily compre-
vra s .

subjects which we must first survey and ob-

R61yA ars canaerad it 1

suce they are more closely related to magu-
tude, 13 properly given n the Geometracal Infro-
duction Yet the germs of these idens aze taken
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with itself, but 1s not abolished by them, and
conversely 15 of necessity rmplied by them but
does not 1tself imply them

{2] First, however, we must recognize that
each letter by which we mndicate a number,
such as 10ta, the sign for 10, kappa for 20, and
omega for 800, designates that number by
man’s convention and agreement, not by na-
ture On the other hand, the patural, unart:-
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which 1s concerved of as between two hiruts

{4] The first dimension is called “line,” for
“line” 1s that which 1s extended 1 one diree-
tion Two dimensions are ealled “surface,” for
a “gutfece” 18 that which 1s extended 1 two
directions Three dimenstons are called “solid,”
for a “solid” 13 that which 1s extended i three
directions, and 1t 1 by no means possible to
concetve of a sohid which has more than three
d

ficial, and therefore ssmplest of num-~
bers nould be the setting forth one beside the
other of the units contained in each For exam-
ple, the nwnting of one umt by means of one
alpha will be the mign for 1, two umts side by
side, that 1s, g genes of two alphas, will be the
sign for 2, when three are put 12 a Ime 1t will
be the character for 3, four i a line fo1 4, five
for 5, and so on  For by means of such a nota-~
tion and indication alone could the schemat-
1¢ arrangement of the plane and sohd num-
b;rs mentioned be made clear and evident,
thus

The pumber 1, a
Thenumber2, ea
Thenumber3, ana
Thenumber4, caaa
The number, aaacaa

and further in similar fashron

{3] Umty, then, occupying the place and
character of 5 paint, will be the beginning of
tervals and of numbers, but not itself an -
terval or & number, Just as the point 1s the be-
gmming of a line, or an interval, but 1s not 1t-
sc'l! hlne or interval Indeed, when 8 pomnt 13

case of equality among the relatives for a pro-
FRACRR W TaTseryede— A BT s o et
ond, so the eecond 13 to the third—but no in-
terval 13 generated sn the relation of the ex-
tremes to each other as there 1s 1 all the other
relations with the exception of equality In ex-
aetly the same way umty alone out of all num-
ber, when it multiphes stself, produces nothing
greater than atsell
Unuty, therefore, 18 non-dimen<ional and ele-
mentary, and dimensson first 19 found and seen
m 2, then 1n 3, then in 4 and 0 sueceesion 1
the following numbers, for ““dimension’ 13 that

12378

depth, breadth, and length By
these are defined the gix directions which are
sard to ewist in connection with every body and
[ -

- - < A e aknd

upon one, forward and baekw ard upon the sec-
ond, and nght and left upon the third

{6] The statement, also, as 1t happens, can
be made conversely thus If a thing 1s solid, 1t
has by all means three dimenstons, length,
depth and breadth, and conversely, 3f 1t has
the three dimensions, 1t 1s always a solid, and
nothing else

{6] That which has but two dimensions,
therefore, will not be » sohd, but o susface, far
the latter admits of but two dimensions Here
t00 1t 15 posaible sumulazly to reverse the state-
ment directly stated, a surface 15 that which
has two dimensions, and converscly, that which
has two dimensions 1s always 3 surface

[7] The sutface, then, 13 exceeded by the
solid by one dimension, and the line 15 exceeded
by the surface by one, for the line1s that which
15 extended m but one direction and has only
one dimension, and 1t falls short of the solid by
tno dmensions The pont falls short of the
latter by one dimension, and hem;‘o 1 hu’:g'

one
CHAPTER VI

{1] The pont, then 13 the beginning of di-
mension, but not self a dimenston, snd hike-
wiee the beginmng of a line, but not 1tsell 2

f surface but
hne the hne 18 tl'w bcgmn:ng::d e

it Plato Timaeus 43
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{3] Exactly the same m numbers, untty 13
the begsnning of all number that advances unit
by wnit i one direction, Linear number 13 the
begamng of plane number, which spreads out
lke 5 plane 1n one more dimension, and plane
number s the beginming of solid pumber, which
Possesses & depth! 1n the third dimension, be-
sdes the onginal ones To illustrate and clasgi-
fy, hnear numbers sre all those which begn
%1th 2 and advance by the rddition of 1 1 one
1d the same dimension, and plane pumbers
are those? that begin with 3 as their most ele-
mentary root and proceed through the next

succeeding numbers They recerve their names
£l 11 the same erder, for there are first the
. v

brneal

with 3
(4] The tnangle, therefore, 13 found to be
the most ongnal and elementary form of the
plsne number Thus we can see from the fact
that, among plane figures graphically repre-
gented, of Lines are drawn from the angles to
the centers each rectilinear figure wxl! by all
R L

Moana 1. 1

other It 15 therefore the element of the others,
and has steelf po element [5] Likewise, 2s the
argument proceeds in the realm of numercal
forms, 1t will confirm this statement

CHAPTER VIII
[1] Now a tnangular number 13 ore which,

find that such a numerical seres as far a3 you
like takes the tnangular form, 1f you put as the
most elementary form the one that anses from
unity, so that umty may appear to be poten-
tally a tnangle, and 3 the first actually

[2] Ther sdes will 1ncresse by the succes-

ICI Plato, Twmacus 53
"But of Euchd i Elements VI, Def 17
Cf Plato, Temaeus, 53
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stve numbers, for the side of the one potentilly
first 15 umity, that of the one actually first, that
19, 3,15 2, that of 6, which 15 actually second, 3,
that of the third, 4, the fourtk, 5, the fifth, 6,
and g0 on

[38] The tnangular number1s preduced from
the naturl senes of number set forth in & line,
and by the continued addition of successive
terms, one by one, from the begmnning, for by
the binat and addit of

iy 1 P

.- kN
v L 1 [
1 1 1 12, 0 [
8,9, 10, 11, 12, 13, 14, 15, I take the first term
and have the tnangular number which 13 po-

tentially first, 1, j

s then adding the

set bepeath one umit and the number three 15
made s tnangle

>

[ N S I

Agam, the number that naturally follons, 4,
added 1n and set down below the former, re~
duced to umts, g2ves the one in order next after
the aforesaid, 10, and takes a trangular form
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numbers a3 have been added from the natural
series 0 produce 1}

Side 7

CHAPTER IX

[1] The square ts the next number after this,
s »o longer 3, bke the former,

11

sle,

1, 4,9, 16, 25, ovy vy ep
of these bers are 1!

square figures, as here shown, and 1t will be
stmlar &9 far 88 you wish ta go

a
a
L]
9

16

[2] Ttas true of these nummbers 831t was also
of the preceding, that the ackvanee in their sdes
progresses with the natural sertes The side of
the square patentially first, 1 19 1 that of £,
the first 1n setuality, 2 that of 9, actually the
second, 3, that of 16, the next, actuaily the

NICOMACHUS OF GERASA

third, 4, that of the fourth 5, of the fifth, 6,

and so on m general with all that follow
[3] Ths number afso 1s produced if the aat-
ural setzes 1s extended m s hing, Increasing by
1, and no longer the successive numbers are
added to the numbers i order, as was shown
before, but rather all those 1n aiternate places,
that 15, the odd numbers For the fint, 1 1
potentially the firat square, the second, 1 plus
. T ¢ » aetuality, the thed, 1 plus3
envth, 1

ality,
. srmer

nUMLEL, , and

50 on
£4] In these cases also, 1t 15 & fact that the
wide of each consists of as many tmbs 88 there
are numbers taken mto the sum to produce it

CHAPTER X
[1] The pentagonal number 13 ope which
ukewsze upon 1ts resolution o units and de-
piction as o plane figure assumes the form of
an equilateral pentagon 1, 5,12, 22,35, 51, 70,
and analogous numbets ace exarmples [8] hach
side of the first actunl pentagon, § 182, for 11
* ' ~antnpon potentially ﬁrsb"{llj'l
ekt 4

o1,

on

a

are the numbers v av her

to produce the pentagon choserout of s 28t

ural arthmetical senes set forth n a son For

10 n Wike and sumiar manner, there are sdded

together to produce the pentagonal numbers

the terms beginnmg with | to any extent whal

ever that are two places apart, that 1, those
that have a difference of 3

Uity 15 the first pentagon, potentiaily, snd

13 thus depicted

8, made up of 1 plus 4, 18 the second, sty
represented

212 the third, 1a made up out of the two formet
numbers with 7 added £ them so that 1t may
have 3 as n mde s three numbers hase beea
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added to make 1t Sumilarly the preceding pen-
tsgon, 5, was the combmation of two numbers
and had 2 as1ts side The graphie represents-
tion of 1219 this

a
a <
@ a «
¢« a a
a a a

The other 1 numbers will be produced
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numbers and corresponding varistion in thetr
total constitution
[4] In order that, as you survey all cases,

with sumilar increase

by adding together one after another 1n due
order the terms after 7 that have the difference
3,as, for example, 10, 13, 16, 19, 22, 25, and so
o8 The pentagons will be 22, 35, 51, 70, 92,
117, and so forth

CHAPTER X1
{1] The hexagonal, heptagonal, and suc-
eeeding numbers will be set forth n their senes
by following the same process, 1f from the nat~
wral series of number there be set forth series

with their differcnces wmeressing by 1 For as
the fmare b we oL _

ditfer bt 9 and ava ana w0 wa 3 ar

botlJa of them and of the polygonal numbers

ERT NN - . -

'
Aafamn  mas L&

114 10, 41, «b, 31, 00 2nd Soon Lhe heptagons
that thus anise are 1, 7, 18, 34, 55, 81, 112, 148
and so forth

[8] The octagonals merease after the same
fashion, with a difference of 6 in their root-

Trangles 13 &
Squares 1 4 9 16
Pentagonals 1 5 12 22
Hexagonals i 8 15 28
Heptagonals 1 7 18 3

CHAPTER XII
{11 C the nature of plane polygon-
als th fist fora first Introd; That,

honever, the doctrine of these numbers 1s to
the hughest degree 1n accord with their geomet~
nieal repre<entation, and not out of harmony
with 1t, would be evident, not only from the
graphic representstion 1n each case, but also
from the following Every square figure dieg-
onally divaded 13 resolved 1nto two tniangles
and every square number 1s resolved 1nto tvo
consecutive triangular numbers, and hence 13
made up of t% o successive tniangular numbers
For example, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55,
and so on, are triangular numbers and 1, 4, 9,
16, 25, 36, 49, 64, 81, 100, squares [2] If you
add any two tonsecutave tmangles that you
please, you will always make a square, and
hence, whatever square you resolve, you will
be able to make two tnangles of it
Again, any tnangle joined to any square fig
ure makes a pentagon, for example, the triangle
1 joined with the square 4 makes the pentagon
5, the next triangle, 3 of course, with 9, the
o ! ' - )

‘ [y .
1

v .

again the same tnangles with the latter will

make the h tn order, the

after the heptagonals, and 56 on to infimty
[

15 21 23 38 45 b5
64

3 51 W 9 17 145
5066 a0 1m0 15 10
55 s 112 18 19 »
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Y ou ean also set forth the succeeding polygon-
als 1 sumtar parallel ines

{&] In general, you will find that the squares
are the sum of the tnangles abose those that
oceupy the same place 1n the senes, plus the
numbers of that same class 1 the next place
bach, for example, 4 equals 3 plus 1, 9 equals
6 plus 3, 16 equals 10 plus 6, 25 equals 15 plus
10, 36 equals 21 plus 15, and so on

The pentagons are the sum of the squares
above them m the same place 1n the senes, plus
the elementaty trangles that nre one place fur-
ther back 1n the series for example, 5 equals 4
plus 1, 12 equals 9 plus 3, 22 equals 16 plus 6,
33 equals 25 plus 10, and so on.

{6] Aguin, the hexagonals are siularly the

12 plus 3, 28 equals 22 plus 6, 45 equals 35 plus
10, and as far as you like

[7] The same apphes to the heptagonals, for
715 the sum of G and 1, 18 equnls 15 plus 3, 34
equals 28 plus 6 nnd €0 on Thus each polyg-
onal humber 18 the surz of the polygonsl in the
same place 1n the senes with one less angle,
plus the tnangle, m the ighest row, one place
back m the senes

8] Naturally, then, the trnangle 1s the cle-
ment of the polygon both mn figures and in
numbers, and we say this hecause m the table,
reading exther up and down or across, the suc
cesgive numbers 1 the rows are discovered to
hareasdiflerences the trsanglesinregularorder

CHAPTER XUI

1] From tlus it 13 easy to sce what the sobd
numbier 18 and how 1is series advances with
equil sides for the number whuch, 10 addition
to the two dimencions contemplated i graphie
representation n a plane length, and breadth,
has a thard dimension, which some call depth,
pthers thickness, and some hesght, that num-
brr would be 4 solid pumber extended in three
directions and having length, depth, and
hrgnqth

PPISURS TV VR o

first after the trangular forn from 2 tnangular
base, eecond after the form of the equare from
2 square base, and succeeding theee after the
pentagonal form from & pcr:mgoml b:lsc‘, then

NICOMAGIIUS OF GLRASA

figures, 1f one 1magines three Lines from the
three angles of an equlateral tnangle, equal
A ER I Rra

1he 510068 0F The SQUOTE, e L0 Luck, 4l BLuil
converging 1n the dimension height to one nnf,!

[AVa
[6) So hkewse among numbers, each linear
number increases from nmity, s from & powt
nsfor exaraple, 1,2, 3,4, 5 and successive pum
bers to mfimity, and from these same numbers,
which nre hnear and extended 1n one directior,
combined 1 no random manner, the polygonal
and plane numbers are fashxoned—ﬂch trane
L e

T om meq

tranguiar pyramud from the tnangles, the
square pyramid from the squares, the pentsg
ona) from the pentagons, the hevagonst from

mhng up of the tnangular numbers onc upon
the other, first 1, then 1, 3, then 1, 3, 0, then
10 1n adddition to these, and next 15 togethes
sith the foregoing, then 21 besdes these, net
28, and 0 on to infinsty

197 It 15 clenr that tho greatest number 13
coneetved of as bemng lowest for 1t 1s diecos-
ered to be the basc the next succeeding 0':"
18 on top of 1t, and the nest on top of ﬂ‘mt ‘;
until unity appears at the apex nnd,{;o bt
spedk tapers off the completed pyramid 10
a pont
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CHAPTER X1V

{1] The next pyramuds m order are those
with & square base which nise m this shape to
one and the same pomt These are formed 1n

146, and again set the successive terms, us 1n
aple one upon the other 1n the dimension
height when T put 1 on top of 4, the first ac~
bual pyramid with square base, 513 produced,
forhere agam umity 1s potentially the first [2]
Onee more, I put this same pyramid entire,
omposed of 5 umts, just as 3t 15, upon the
#uare 9, and there 1 made up for me the pyra-
nd 14 with square base and side 3—for the
former pyramud had the sde 2, and the one
l:‘f":’—ﬂ';ully first 1asa ?lde 1 or here too enc}:

and gomng on to mfintty 1n each case
14 ‘me this too 1t becomes evident that
anal e Ahw b T am & e £ b

truncated, and tn truncated pyramids tbe
names of which we are eure to encounter i se1

e bn o dha

Decomes & PLilie LEWLE Wit We s8I0 DUINLEL
of angles as the base If, however, in addition
{0 the farlure to terminate 1n umty 1t does not.
even termunate in the polygon hext toumty and
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o . e 3 aaad

it or five ttmes trunested ot the next step,
and 50 on 85 far as you care to casry the nomen-
clature

CHAPTER AV
1

cwn PR}

'
FATAL £ mncsoe aenal A O TR 9% 2R

.

s0 on with the succeeding squares throughout

3] Here too, the sides will be composed of
23 many umts psweren the sides of the squares
from which they arose, 1n each case the sides
of 8 will be 2, like those of 4 those of 27, 3, hike
those of 9 those of 64 4, like those of 16, and
50 on 50 that hkewise the side of umty, the
potential cube, will be 1, which 18 the side of
the potential square, 1

In general, each square 18 s single plane, and
has four angles and four sides, while each sev-
eral cube having mncreased out of some one
square multiphed by 1ts owaL side will have al-
- - . .

nal square

CHAPTER XVI

[1] Now since the cube 18 a solid figure with
equal sides 1n all dimensions, n length, depul.\



B "t

~=dq equally extended m ali the
sht dhere s

R PN
. vl to
[ ws 4,
or 2 times 4 Lumes 8, we o 12, or
a figure which follon s some other scheme of -
equabty
[2] Such sohd Hgures, 1n which the dimen-
stons are everywhere unequsl one to another,
are ealled sealene an general Some, honever,
using other names, eall them “wedges,” for ear-
penters’, house-builders’ and blacksmths’
wedges and those used i other crafts, having
unequal sides 1 every direction, are fashioned
s0 48 to penetrate, they begin with & sharpend
and Hly hroaden out dly m all
thed: Iso call them sphekiske

NICOMACHUS OF GERASA

provided only that one mde 1s greater than the
other by 1 and by no other number If, how-
ever, the sides differ otherwise than by 1, for
mstance, by 2, 3, 4 or succeeding numbers, 83
1 2 fimes 4, 3 timeg 6, 4 times B, or honever
else they may differ, then no longer will such a
number be properly called a heteromecte, but
an oblong number For the anents of the
school of Pythagoras and his successors saw
“the other”? and “otherness” primardy i 2,
and “the same” and “sameness” 1n 1, as the
two beginmngs of all things, and these $wo sre
found to differ from each other only by 1, Thus
“the other’ 1s fundamentally “other” by 1,80d
by ro other number, and for this reasen cus-
tomanly “other” 15 used, among those nho
speak correctly, of two things and not of more
than twa

(1t wagshow nthatali odd suro-

“nasps,™ because wasps' bodies also are very
ke them, compressed in the muddle and shon-~
g the resemblance mentioned From this also
the sphekoma, “pont of the helmet,” must de-
rtve 18 naime, for where it 1s compressed 1t tnu-~
tates the wmst of the wasp Others call thesame
numbers “sltars,” using thewr own metaphor,
for the altars of ancient style, particuialy the
Tonte, da vat heve the breadth equal to the
depth, nor either of these equal to the length,
nor the base equal to the top, but sre of vaned
dumenzions everynhere
{87 Now swhereas the two kinds of numbers,
cube and scalene, are extremes, the one equally
extended 1n exery dumension, the other un-
equatly, the so-called parallelepipedons are sol~
td numbershibe meansbetw eerxthem Theplane
surfaces of these are heteromecic numbers,? just
asintheeaseof the cubesthe facea neresquares,
a5 has heen shown

CHAPTER XVII

{1] Agam, then, totshe a fresh start, o num-
Ber 15 called heteromeeie i its representafion,
when graphically descnbed 1z 8 plane, 25 quad-
niateral and quadrangular, to be sure, but the
sides are not equal one to another, nor 1s the
length equal ta the bireadth, but they differ by
3 Examplesare 2, 6, 12, 20, 30, 42, and so on,
for 1f one represents them graphieally he will
always construct them thus I times 2 cquals
2,2 times 3 equals §, 3 times 4 equals 12, and
the succeeding ones ssmulatly, 4 times 5, 5 tumes
§, 6 tunes 7, 7 times 8, and thus indefintely,

Y64
3See the lollomng chapter.

2] M
ber 15 given 1ts speaific form?! by umty, and all
even number by 2, Hence we shall naturslly
say that the odd partakes of the nature of * the
same,” and the even of that of “the other”,
for indeed there are produced by the succes-
sive add of each of th turaily, and
not by our decree—by the addihon of the
odd numbers from 1 to mfnsty the clasy of
the squres, and by the additson of the evens
from 2 to afimiy, that of the heteramecic
numbers 2

£3] There 13, accordingly, every reason o
thnk that the square once more sharey in the
natare of the same, for its mdes display the
same ratio, alrke, unchanging and firmly fix
in equality, to themselves, while the hetero-
mecie number partskes of the nature of the
ather, for just 03 1 32 differentiated from 2, did-
fening by 1 alone, thus also the sides of every
heteromecic number differ from one another,
one duffening from the other by 1 alone

To illustrate, 1f I have set gut before me the
successive numbery in sertes begmung with 1,
and sefect and atrange by themselyes the
numbers i the hioe and the even by themsely e
 another, there are obtamed these two sened

1,3,5,7,9,11,13,15,17, 19,21, 23,25, 27

2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 8
[4] Naw, then, the beginmng of the odd senes
13 truty, which 15 of the same elass a8 the seacs

and possesses the nature of  the same,” and eo
nhether st multiplies itself in two dunensiond

iCf Plato Timaeus 356

o g4
*Cf I1 18 2and 20 8
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orin threeitis not made dxﬁ'erenf. nor yet does
Thmakaon Ak«

Liselt or another number, 14 causes a change,?
for example, 2 tumes 2, 2 times 3

[6] But m cases like § times 8 times 2,0r8
fimes 8 tumes 3, such eohd forms are called

‘brcks,” the pmduct ofa number bytself and
ﬁ.\enth eraallame —L

Provided only 1t be a greater number of times

than the square steelf, then the number 1 &
beam ? thamend ~t~f - 1 o1

inat from whach they begax, these are called
&rhora 1 E3R) ~

gnhemaal and - L

[tr tars atneaga 4 av 2t

ety 1, Usg, 1,490

ICIr 163
1Ct Anstotle, On the Soul 406° 13
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CHAPTER XVIIL

[1} Regarding the sohd numbers ths 1s for
the present sufficient The physical philoso-
phers, however, and those that take their start
with mathematxcs, call "the same" and "the

PSSRSO

wilo ol Lie even numbers, because of theshare
of the oniginal mequahity? and “otherness”
which they have ix the difference between ther
sxdes ‘Therefore 1t 18 most necessary further to

ek mik!&m&'rro 28 s end

conda 1 =n

P

{2] Fust, however, we must make the dis-
tinction whereby the oblong {promesic) num-
ber differs from the heteromecte The hetero-

meane 13, 23 was stated above, the product of
R Y

torme hows en s b 1 E o1
j

¢ v ]

' «
joj suelelore, since squares are produced
i

tesson ste imited and come to an end for “the
equal and “the ssme” are so 1 ono defimte
way But smee tha hatosane

\

1

CE I 17 2
€
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objects 1n the universe which have been cre-
ated with reference ¢o them are divided and
clasaified and are seen to be opposite one to an-
other, and well do the ancients at the very be-
gmmng of their account of Nature make the
first subdivision mn theirr cosmogony on this
prineiple Thus Plato! mentions the distinction
betwcen the natures of “the ssme” and “the
other,” and agan, that between the essence
which 19 indivisible and always the same and
the one which 15 divided, and Philolaus says
that existent things must all be erther limatless
or limited, or limited and limitless at the same
tume, by whach 1t 1s generally agreed that he
means that the unverse 1s made up out of hm-
Hed and imitless thnngs at the same tume, ob-
wiously after the smage of number, for all num-
ber 18 composed of umty and the dyad, even
and odd, and these 1n truth dsplay equality
any hity, and the
bounded and the boundless, the defined and
the undefined

CHAPTER XIX

{1] That we may be clearly persuaded of
what 13 hemng =aid, namely, that things are
made up of warrnng and opposite elements? and
have 1n all hkelihood taken on harmony—and
harmony always anises from opposites, for har-
mony 18 the unsfication of the diverse and the
reconcthation of the contrary minded—let us
set forth 1n two parallel lines no longer, as just
previously, the even numbers from 2 by them-
selves and the odd numbers from 1, but the
numbers that are produced from these by add-
g them succesavely together, the squares
from the odd numbers, and the heteromeaic
from the even For if we grve careful attention
to thair setting forth, we shall admire their mu-
tual fnendstip and their codperation to pro-
duce and perfect the remsining forms, to the
end that wemay with probability conceive that
also 1n the nature of the universe from some
such source 23 this a similar thing was brought,
sbout by umversal providence

[2] Let the two scries then be as follows
That of the squares, from umity, 1,4, 9 16,25,
36, 49, 64, 51, 100, 121 144, 169, 196, 225, and

that of the heteromecic numbers, beginnng
“ mmtbia 0 P 10 o0 20 2%

B P

1Cf Tlato, Timeaus, 35
Plato, Trmacus, 30
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mecie number, the vecond, compared to the
second, 18 1ts sesquialter, the third, sesquiter~
tian of the third, the fourth, esquiquartan of
the fourth, then sesquiquintan, sesquisextan,
and so on smilarly ad wfinstum Therr differ
ences, too, will increase according to the suc-
cessive numbers from 1, the difference of the
first terms 1s 1, of the second 2, of the third 3,
and so on Next, 1f first the second term of the
squares be 4 with the first b

number, the third with the second, the fourth
with the third, and the rest simlarly, they will
keep unchanged the same ratios as before, but
their differences will begin to progressnolonger
from 1, but from 2, remaining the same as be-
fore, and according to the adiance observed ;n
the former companson, the first to the first will
e PN

+Ln qonond

[4] Fusthermore, the squares among them-
selves will have only the odd numbers as dif-
ferences the heteromecic, eyen numbers And
1f we put the first heteromecte number as &
mean term between the first two squares, the
second between the next two, the third between
the two following, and the fourth betw een the
two next succeeding, theremn will be seen still

Tarl 1rel, 3

of three tetms For as41sto2,s01s2to1,and
25919 sesquialter to 6, fo 15 6 to 4, and as 16 to
12, 5019 12 ta 9, and o on, with both numb.ers

- D o s

ent one, by an increase In all the groupng
00, the product of the extremes s equal to the
square of the mean, and the extremes plus
twice the mean, by exchange wmill always give
asquare What 18 neateat of all, from the sddi-
tion of both there comes about the production
of the trangles 1n due order, showing that the
nature of thesc 1s more ancient? than the ongit
of all things, thus 1 plus 2, 2 plus 4, 4 plus &
6 plus 9, 9 plus 12, 12 plus 16, 16 plus 20, ond
by this process the triangles, which give nse to
the polygons, come forth 10 order

CHAPTER XX
1] Stll further, every square plus its ovn

side becomes heteromectc, or by Zens, 1{ s ede
18 subtracted from 1t Thus, “the other” 18 con=

3CE I 17 3,18 1andJ1 7 4,¢f 12 8
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[2] Thisalso s sufficient evidence that the two
forms partake of sameness and otherness, of
otherness 1n an indefimte fastuon, but of szme-
ness defirutely, 1 and 2 genencally, but the odd
of sameness after the manner of a subordinate
epecies because 1t belongs to the same class as
1,and the even of otherness becauce 1t 13 homo-
geneous with 2

[8] There 13 also & still clearer reason why
the squaze, since 1t 13 the product of the addi-
tion of odd numbers, 15 akn to sameness, and
the heteromeeic numbers to otherness because
1618 made up by adding even numbers, for as
though they were friends of one another, these
two forma share 1n thetr two rows the same duf-
ferences when they do not have the same ra-
t0s, and conversely the same ratios when they
do not have the same dufferences For the dif-
ference between 4 and 2 1n the double ratio 13
found between 6 and 4 as a superparticular,
and agan the difference between 9 and 6, asa
sesquialter, 13 found between 12 and 9 as o ses-
quitertian, and soon What 1s the same 11 qual-
1y 1s different in quantity, and just the oppo-
site, what 18 the same 1 quantity 15 defferent
wqualty [4] Again,itisclear that mall thewr
relations the same difference between two
terms will necessanly be called fractions with
Bames that duffer by 1, and be the half of one
and the third of the other, or the third of one
and the quarter of the other, or the fourth of
one and the fifth of the other, and so on

[6] But what will most of all confirm the
fact that the odd, and never the even, 15 pre-
emunently the cause of sameness, 15 to be dem-
onstrated i every series begmmng with 1 fol-
lowing soms ratio, for example, the double ra-
410, 1,2, 4, 8, 16, 32, 64, 128, 256, or the triple,
1,3,9,27,81,243, 720, 2 187, and as far as you
like Youwiltfind thatof necessity all the terms
1n the odd places 1n the series are squares, and
1o others by any device whatsoever, and that
no square 15 to be found 1n an even place 5

Cr11786
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8, 27, 64, 125, ond 216, and those that go on
V f 5 USRSV A

"

the next three, the third, the four next follow-

g, the fourth, the succeeding five, the fifth,
the next six, the sixth, and so on.

CHAPTER XXI

[1] Adfter this 1t would be the proper time
to incorporate the nature of proportions, a
thing most cssential for speculation about the
nature of the universe and for the propos;tions
of muste, astronomy, and geometry, and not
lenst for the study of the works of the ancients,
and thus to bring the Infroduction to Anithmelic
to the end that 13 ot once swtable and fitting

[2]A proportion, then, 151n the propex" se‘n‘se,

[8] Now a ratio®1s the relation of two terms
to one another, and the combimation of such 13
a proportion, so that three 1s the smallest num-
ber of terms of which the latter 13 composed,
altbough 3t can be a geries of more, subject to
the same ratio or the same difference For ex
ample, 1 2 13 one ratio, where there are two
terms, but 2 4 1s another smular ratio, hence
1, 2, 4 13 a proportion, for 1t 13 a combination
of ratios, or of three terms which are observed
to be 1n the same ratio to one another [4] The
same thing may be observed also m greater
numbers and longer series of terms, for let a
fourth term, 8, be joined to the former after 4,
agam m a slar relation, the double, and then
16 after 8 and so on

{61 Now if the same term, one and unchang-
1ng, 13 compared to those on either side of 1t,
to the greater as consequent and to the lesser
as antecedent, such a proportion 1s ealled con-
tmued, for example, 1, 2, 4 15 & continued pro-
portion as regards quality®, for 4 2 equals 2 1,
and conversely 1 2 equals 2 4 In quantity, 1,
2,3, for example, 12 a continued proportion, for
as 3 exceeds 2, s0 2 exceeds 1, and conversely,
83 113 Iess than 2, by so much 213 less than 3

[6] If, however, one term answers to the
lesser term, and becomes its antecedent and &

*Cf Eucld, Elements, V,
10t I 22 2,23 4below

f
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greater term, and another, not the same, takes
the place of consequent and lesser term with
reference to the greater, such & mean and such
a proportion 18 called ro longer conttnued, but
digyunet for example, as regards quality, 1, 2,
4, 8, for 2 1 equais 8 4, and conversely 1 2
equals 4 8, and again 1 4 equals 2 8 or 4 1
eq 7~V onoouantity, 1,2,3, 4, forast
" ~dad by

4,
terchange, as 3 exceeus 4,
8s 11s exceeded by 3, by so much 2 18 exceeu-
edby 4
CHAPTER XXII

[1) ‘The first three proportions, then, which
are acknowledged by all the ancients, Pythag-
oras, Plato, and Anstatle, are the anthmetie,
georelrse and harmonie and there are three
athers subcantrary to them, which do not have
names of their own, but are called in more gen.
eral terms the fourth, fifth and sixth forms of
mean after wluch the moderns discover four
others as well making up the number ten,
which, according to the Pythagorean vew, ig

+ wamtact possible 11945 m accordanee
* oner gza the

N,
sions and forms of the exuer o 3
and feet and countless other things which we
shall notice 1 the proper place
[2] Dow however, ne must treat from the
beginning first that form of proportion which
by quantity reconciles and binds together the
comparicon of the terms, which 18 a quantits
five equakity as regards the difierence of the
several terms to one another This would be
the anthmetic proportion, for it % as previously
reported that quantity 18 its pecuhar belong-
mg [8] What then, s the reason thaty e shall
treat of this first, and not another? Is 3t not
clear that Nature shows it forth before the rest?
For 1n the natural seres of simple numbers,
beginmng #ith 1 with no term passed over or
omitted, the defimtion of this proportion alone
is preserved morcover, in onr previous state-
1 * —wratrated that the Arithmetical
. ot erg,
w self
but 18 not abohsneu « o and
beeause 119 1mphed by them but does notim
ply them Thus it is natural that the mean
which shares the name of anthmetic will not

ICf 1 4 26

NICOMACHUS OF GERASA

unreasonably take precedence of the means
whuch are named for the other scientes, the ge-
ometric and harmonie, for it 13 plam that all
the more wall 1t fake precedence aver the sub-
eontranes, over which the first three hold the
1 * b thafimst and onginal, (.he,re;
- 1o}

at our hands besose v o

CHAPTER XX1iI

£17 It 15 an anthmetic propertion, then,
whenever three or more terms are set forth 1a
succession, or are 50 concewved, and the same
quantitative difference 38 found to exst bee
tween the suceessive numbers, but not the same
rat10 among the terms, one to another Torex-
ample 1,2,3,4,5,6,7,8,9,10,11, 12,13 for
1 this natural serses of numbers, examined cont
secutnvely and without any omisstons, every
term whatsoever 1s discovered to be placed be-
tneen two and to preserve the anthmetic pro-
partion to them Far tts differences as com
pared with those ranged on either side of 1t ar®
equal thesamerato, hovever,snot preseeved
among them

££} And we understand that in such 4 senes
there comes sbout both a continued and a dif
Junct proportion for if the same middle term
anssvers to those on either sule 2 both ante
eedent and cansequent, st would bea continued
proportion, but if there 1s another mean along
with ¢ & disjunct proportion comes sbout

{3] Now if we separate out of ths series any
three consecutive terms whatsoever, after the
form of the contioued proportion, or four of
more terms after the disyunct form, and con
sider them the difference of them alf would be
1, but therr ratios would be difTerent through*
ont If homever, agaun we select three or more
terms riot adgacent, but separated sepatsted
nesvertheless by & constant interal, if one term
w03 omitted m setting down each torm, the
difference 1 every case will be 2 and ance more
with three terms 1t will he & contiaued propor
tion with more digunet, If two terms ar¢
omtted, the difference will always be 3 all
of them, continued or dusunct, if three, 4, i
four, 5 and soon .

[4] Such a proportion, therefore, partahes
10 equal quantity 1n its differences, Lut of un+
equal guality for this reason it v nnlhmct;c
1f on the contrary st partook of sinidar quahtyy
but not quantty, it % ould begeometric 1nst

of anthmehe
131 xA 11 ing 18 peculiar to thus proportiot
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that does not belong to any other, namely, the
mean 13 eather half of, or equal to, the sum of
theextremes, whether the proportion be viewed
as disjunet or by al for
either the mean ferm with itself, or the mean
ez with one another, ate equal to the sum
of the extremes

(6] Tt has stall another peculiarity, what ra-
%0 each term has 10 1tself, this the dufferences
have to the differences,, that 18, they ave equal

Agun, the thing which 18 most exact, and
which has escaped the notice of the msyonty,
the product of the extremes when corapared to
the square of the mean 13 found to be sraaller
than 1t by the product of the differences,
whether they be 1,2, 3,4, or sny number what~
ever

In the fourth place, a thing which all previ-
ous writers also have noted, the ratios bebween
the emaller terms are larger, a3 comapared to
those between the greater terms 1t will be
shown that sn the harmonie proportion, on the

contrary, the ratios between the greater terms
ATP oraatar thaw ik~ "o ’

Tepben ape sl

“a ey TAL LRL LR, BS AL WeTe, LLLWILLL
extremes, for this proportion has the ratios
betneen the greater terms and those between
1be smaller equal, and we have seen that the
equal 13 1 the muddle ground between the
greater and the less So much, then, sbout the
snthmetic proportion

CHAPTER XX1V
{1] The next proportion? after thus one, the
geometrie, 13 the only one in the strict sense of
the word to be called & proportion, because 1ts
terms are efen to be 1 the same ratio [t exists
whenever, of three or more terms, as the greate
est 18 to the next greatest, so the latter wto the.

eume quantity but rather by the same quabty
of ratio, the opposite of What was seen to be
the case with the anthmetic proportion
{£] For an example set forth the numbers
begmniag with I that advance by the double
Rigeoner o s

or sny number whatever that may be taken,

Qf Eucld Elements VIU Def 21
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and conversely, they donot, however, have the
same guantitative difference Again, 2,4, 8,16,
for not only does 16 have the same ratio to 8 as
befare, though ot the same difference, but also
by siternation 3¢, preserves n simlar refation—
181618 to 4, 50 81380 2, and comiersely, ns 213
to 8, 80 4 13 to 16, and disjunctly, as 213 t0 4,
50 § 13 to 16, and conversely and 1n disjunct
form, a8 16 1s to 8 50 418 to 2, for 1t has the
double ratio

{3] The geometrne proportson has a pecubar
property shared by none of the rest, that the
differences of the terms are 1n the same ratio to
each other as the ferms to those adjacent to
them, the greater to the less and vice verss
Sull another property 1s that the greater terms
have as a difference, with respect to the Jesser,
the lesser terms themselves, and sinnlarly dif-
ference differs from difference, by the smaller
difference stself, +f the terms are set forth in the

144 VLOIELIIC PLOPUILIODS COME AVOUL BOY
only smong the multiples, but also among all
the superparticular, superpartient, and mixed
forms, and the peculiar property of this pro-
portion m all cases 15 preserved, that i the
continued proporitons the product of the ex-
tremes 18 equal 10 the square of the mean, but
1n disjunct proportions, or those with a greater
number of terms, even if they are not contin~
ued, but sith an even pumber of terms, that
the product of the extremes equals that of the
means

[5] As an Mustration of the fact that n all
the relations, all kinds of ruultiples, superpar-
tieulars, superpattients, and moxed tatios the
peculiar property of this proportion 1s pre-
served, let that suffice® and be suffiesent for us
‘wherewn we fashioned, begiuning with equal-
ty by the three rufes afl the binds of nequaylity
out of one another, when they were 1n both
darect and rever<e order, for each act of fagh-
sonung and each series set forth is a geometne
proportion with all the aforessd properties a3
well 23 & fourth namely, that they keep the

17y
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appear one after the other, v e ju e,
gurtertian, sesquiquartan, and so on
{6] It would be most sensonable, now that
we have reached this point, to oention a orol-
lary that 15 of use to us for & cerfain Plhtome
theorem * for plane numtbers are bound togeth~
er always by a single mean, sohds by two, in
the form of & proportion For with two ton
secutive equares! only one mean term s dige
covered which preserves the geometric propore
fion, as antecedent to the smaller and conse~
quent to the greater term, and never more than
ane Hence we concerve of two ntervals be-
i awan n the

v= mammho A Wuny, o R
N aea

dimenstonsl and the plapseut wa v v

al for example, 1 and 4 are planes, and 2 o

muddle term 1m proportion, or agam 4 and 9,
3 41 - rvddle term 6, held by

f1zrly to each, both togetout proua .«
pumber § In tubes, howneyver, for example 8
and 27, na longer one but two mean terms are
found, 12 and 33, vinth pob Ahemsdives and
the torms 1n the same rotio as that which the
differences bear to one another and the reason
of this s that the two mean terms are the prod
uets of the stdes of the cubes commingled, 2

times 2 times 8 and 3 times 3 times 2
110] In geperal, then, of & square takes &
square, that 18, Toultiphes it b slnoys makes
& square, but if & square multiplies 8 hetero-

1Pmacus, 32
30t Buchd, Blerments, ¥113,11
%3 Tuchd, Elements, VA1, 12
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~ ' = ~evuaversy gt never mekess

N >
with reference to the pusstge vu « i
roamage number 1 the Republet introduced
1 the person of the Muses So then Jeb ua pass
over to the third propartion, the so-called har-
monic, and analyze 1t.

CHAPTLR XXV
[1}'The proportion that 1s placedn the thud
otder 15 one called the harmontc, which exsts
whenever smong three terms the mean on ex
anunation 1s observed to be netther 1o the sawe
atio to the extremes, antecedent. of one and
consequent of the other, as m the geomelne
proportioy, tiar with equal intervals, but an -
equality of ratios, 23 10 the arithmetie, but on
4~ = as thp preatest term Js to the
stand
oean
46,
staelf,
' ol 4

other, but 1n the seconu by
triple ratio
{2] 1t has a peeutiar property, upp?&lw, as
. ‘ (O

4ne barop BTE BFCOL

. slier,
est

i the
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the terms that flank 1¢, 1n the harmonie, how-
ever, 16 13 the opposite, for the nuddle term s
greater and less than the terms on either side
by dxﬁll'erenc fractions of 1tself, but always the
et s fa ' s -

m'e mean, 1t makes twice the product of them-

ouishad he  ant &

T e - .

term and another, but this form, with refer-
ence to relativity, appears now 1 one form,

tée Rreatest term 18 to the smallest, g0 also 18
the cff between the greatest and the pext
greatest, or middle, term to the difference be-

tween the least term and the muddle teim, and
Vice versa

CHAPTER XXVI
{1] In the classificationt of Being previously
set forth we recognized the relstive 'as a thing
pecubar to harmome theory, but the musical
Tattos of the harmonic wntervals are also rather
to ba:_ found m this proportion The most dle-

13410 of term to term Then the combination?

of the diapason and drapente together, which
preserves the trple ratio of the two of them
together, since 1t 18 the combination of double

Beel 3 1

*The examples referred ta are the harmonie pro-
portions aited 1n IT 25 1

WIS 2
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and sesquialter, 1s as 6 2, the ratio of term to
term 1n the example 1n the tnple ratio, and
Likewise of difference to difference 1n the same,
and 1n the propertion with double ratio 1t 1s
the ratio of the greatest term to the difference
between that term and the mean term, or of
the difference between the extremes to the dif+
ference between the smaller terms The last
and greatest interval, th lled di=d
83 1t were twice the double, which 13 1n the
quadruple ratio, 13 as the middle term in the
proportion in the double ratio to the difference
between the lesser terms, or as the difference
between the extremes, 1 the example 1n the
trpleratto to the difference betw een the lesser
terms

{2] Some, however, agreetng with Philolaus,
beheve that the proportion 1s called harmome
because 1t dsuponall h
and they say that ‘ geometne harmony” 1s the
cube hecause 1t 1s harmonzed 10 all three di-
mensions, bemng the product of 2 number thrice
multiphed together Formn every cube thus pro-
portion 18 purrored, there are in every cube 12
sides, 8 angles and 6 faces, hence 8, the mean
between G and 12 1s accordng to harmame
proportion for as the extremes are to each oth
er, 5o 1s the difference between greatest and
ruddle term to that between the ruddle and
smallest terms, and, again, the middle term 1s
greater than the smallest by one fraction of 1t~
self and by another 1s less than the greater
term, but 1s greater and smaller by one and the
same fraction of the extremes And agam, the
sum of the ‘exnemes multaphed by the mean

FER R

—-1a

1% been called harmomie

CHAPTER XXVII

{2] Just as m the division of the musical
canon, when a single string 1s stretehed or one
length of a prpe 15 used, with immovable ends,
and the mud pomt shifts mn the prpe by means
of the finger-holes, 1n the string by means of
the bndge, and 2310 one way after another the
aforesasd proportions, arithmetze, gcumet:nor'
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CHAPTER XXIX

1] 1t remains for me to discuss brefly the
most perfect proportton, that which 1s three-
dinensmonal snd embraces them all, and whieh
13 most useful for all progress in music and 1n
the theory of the nature of the umverse This
alone would properly and traly be called har-
mony® rather than the others, since 1t is not a
plane, nor bound together by only one mean
term, but with two, so as thus to be extended
n thres dimensions,? Just as & while ago i was
explained that the cube s hwrmony

{2] When, therefore, there are tso extreme
terms, both of three dimenwions, either num-
bers multapked thrice by themeelves 80 23 to
be & cube, or numbers mulfiphed twee by
themselves and ance by another number 50 2s
tobe esther beams” or “bricks,” or the prod-
uets of three unequal numbers, s0 as to be sea-
lene, and between them there are found two
other terms which preserve the same ratios to
the extremes alternately and together, in such
a manner that, shile one of them preserves the
harmome proportion, the other completes the
anthmetio, 1t 1s necessary that in such a dis-
position of the four the geometric proportion
appesr, on examnation, commingled with bath
mean terms—as the greatest 13 to the third re-

moved from 1t, 50 18 the second from st to the
fourth, for such a situation makes the product
of the means equal to the product of the ex-
tremes Ard egaw, if the grentess term be

CE YT 28 2,
O I1 24 6

NICOMACHUS O GERASA

shown to dffer from the one next beneath 1t by
‘the amount whereby this Istter differs from the
feast term, such an array becomes an anth-
mebie proportion and the sum of the extremes
1s twice the mean But 1f the thied term from
the greatest exceeds and 18 exceeded by the
same fraction of the extremes, it 1s harmonie
and the product of the mean by the sum of
the extremes 13 double the product of the ex-
fremes.

{3] Let this be an example of this propor
tom, 6, 8, 9, 12 § 13 & scalene number, derved
fram 1 times 2 fmes 3, and 12 comes from the
successive multiphication of 2 times 2 bimes §
of the mean terms the lesser is from § tunes 2
times 4, and the greater from 1 tumes3 imes3
The extremes are both solid and three<himen~
sional, and the means are of the same class
According to the geometrse praportion, a3 12
1810 8, 50 915 10 6, according ta the anthmetie,
a3 12 exceeds 9, by so much does 9 exceed 6,
and by the harmomg, by the fraction by which
8§ exceeds 6, viewed a9 & fraction of 6, 8 132ls0
exceeded by 12, miewed 2 a fraction of 12

[4] Boreaver$ Gor 12 915 the dustessaron,
n sesquitertion ratio, 9 6 or 12 § 18 the dir-
pente m the sesquealter 12 6 js the diapason
in the double Finally, 9 &1 the iterval of 8
tone, i the superoctave rotio, which 18 the
cammon measure of all the ratios m pusic,
swnce 1t 18 olse the more famibar, because 1618
thewise the difference between the first snd
most elementary intervaly

[5] And let thus be sufficient conternlng the
phenomena and properties of number, for &
first Ineroduction

TRINTED IN THE U.8.A
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